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IMPULSIVE QUASIDIFFERENTIAL EQUATIONS
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PoarmsiaioTiesl MTAHHS HENEPEPBHOT 3AIEXKHOCTI PO3B’S3KIB IMITYILCHUX KBa3imupepeHIfaTbHux
PIBHSHB i METOJ YCepe/HEHHS VIS IMX PiBHSHE B MOMYJHHIMHIX METPHYHHX TIPOCTOPaX.

PaccMaTpuBalOTC BONPOCHL  HEMPEPHIBHOM 3aBHCHMOCTH  PEIUCHHI WMITYIECHBIX KBasumud-
(epeHIMATHHRIX YpaBHEHUH M METOJ] YCpEeJHEHHS IS 3THX YpaBHEHWI B TIONYTMHEHMHBIX METPHYECKUX
TPOCTPAHCTBAX.

In this paper we study some problems about continuous dependence of the solutions of mmpulsive
quasidifferential equations and the method of averaging for these equations in semilinear metric spaces.

1. Introduction.The investigation of different problems, in which the solutions are
multivalued trajectories, led to the creating of the theory of quasidifferential equations in
metric spaces [1].

In the quasidifferential equations is not used the operation differentiation, and that
permit us not to require linearity of the space of solutions, and from general point of view
to consider differential equations in linear metric spaces, equations with multivalued solu-
tions and dynamic systems in nonlinear metric spaces [1-5].

In this way, we can say that quasidifferential equations define a dynamic system in a
metric space.

Let X be a semilinear metric space, i.e. it has a binary operation +, for which X is
Abel semigroup, and multiplying operation by a positive number, moreover, 1-x=x ;
Ax+px=(A+p)x; A(x+y)=Ax+Ay, (Ap)x=A(px), where A, p>0,x,yeX;
the distance function §(x,y) is invariant over shifting and have property of homogeneity,
ie. 8(x+z,y+2)=8(x,y);8(Ax,Ay) =|\8(x,y) = A8(x, ) . Let us denote ||| = 5(x,6) .

Definition 1.1 A quasidifferential equation in semilinear metric space is called the equation
t+h

S(x(t +h), x(f) + j F(s,x(t))ds) = ha(h), x(ty)=x,, (1.1)
t

where x:[t,,6, +T]> X, F:[ty,ty+T]xX - X, a(h) is an infinitesimal function
when 27— 0.

A solution of equation (1.1) is called a absolutely continuous map
x:[ty.ty +T1— X, which satisfies (1.1) for t e{¢,,T).

2. Continuous Dependence of the Solutions of Impulsive Quasidifferential Equations.
In the domain Q ={kh €[0,7),t €[t,,¢, +T], P c X} we consider the following impulsive

quasidifferential equation:
t+h

B(x(t +h),x(t)+ [ F(s,x(®))ds) = hou(h) t#7,(x), @.1)
t
x(t; +0) =y, (x(z;)), 2.2)
where y; : X — X, x(t;) = x(t; - 0).
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Theorem 2.1 Let X be a semilinear metric space and in the domain Q are fulfilled

the following conditions:
1) let the solution x(t,y,),8(xy, ¥,)<8, of quasidifferential equation (1) exist, Jor

tefty,ty +T) and belongs with some its p -neighborhood to the domain P , and in addi-
tion ©}° denotes time when this solution intersects surface t =1;(x);

2) the map F(t,x) is continuous and satisfies Lipschitz condition in x with constant vy,
and |F (¢, x)| < 2

3) the maps ,(x) and v;(x) satisfy Lipschitz condition in x with constants v and p

respectively;
4) for every x € P is correct the inequality
L) 27y (x). (23)
Then when p <1 every solution of quasidifferential equation intersects every hyper-
surface t =,(x) just once and

P
B(x(t, 1, %0), X(t, o, ¥)) < [%E] " 8(x5, ¥,) 2.4)

for telt], v, where 1] =min{t;*,1°}, v} =max{t®,1°}, p is the number of
impulses on the interval [ty,t, + T), that means that the solution x(t,ty,x,) depends
continuously on the initial conditions in the following sense: for every m >0 there exists
such a 8, =8(n)>0, that for any other solution x(t,t,,y,) of the equation (1), which
satisfies the inequality 3(x,,y,) <8, we have
B(x(t,ty,%,),x(t,t0, o)) <M
for all t e[ty t, +T), which satisfy inequalities l t—10 I >1.
Proof. Let us denote
8; =8(x(T; .20, %), x(T; , by, ¥p)), 8] =8(x(t] +0,t,%0),%(1] +0,t5,¥,)).
Let us divide the interval [t],7,,,] into m parts. In the moment
telt .l o), =1 +kA, A=[t,, -1 )/m, k=0l,...m-1,
the error estimation due to the initial conditions is:

t
S(x(t’toyxo)’x(t)tO?yo))S S(x(tk;to’x0)+J’F(S,x(tk’tO’xo))dsyx(tk9t03y0)+
3

+ [ F(s, Xt 5, 70))dS) +0(8) < (1+ AY)S(x(ty , by, X ), Xty oo ¥o)) +0(A) <

73
S(l+((t,‘+, —t,?“)/m)-y)"S,+ +((1+ AP -1 (AY) - o(A) <

<=5t L o(A)/ AT 1y 2.5)
From (2.5) when A — 0 we obtain

8, <Y 57 (2.6)
We will proof that every solution x(t,7,,x,) of the equation (2.1), (2.2), belonging to

domain P in #, <t<t,+T, intersects every hypersurface ¢=1,(x) in the interval
[t5,% +T) just once.
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Suppose that the opposite is true. Let for some solution, which go out of the point
y;{(x,) when t=1;(x,)+0, intersects the surface ¢ =1;(x) in some point (t,.‘ %),
t; =1,(x") . It is obvious, that t* > 1,(x,) and the interval t,(x,) <t <t, is appear as an
interval of continuity of the solution x(f,7;(x,) +0,y,(%,)) and therefore

*

t—1,(%) =1, (x") -1, (%) =1, (¢7) = T, (y; () +

+7T; (Wi (xo)) -T; (xo) < “ﬁ(x',\l’i (xo )+ T, (y; (xo N- T,'(xo) <

<P -, (5)) + T, (W (%6)) — T4 (%) @7
From (2.7) we obtain
(L= A = 7,(%) S T, (wi (%)) — T, (%) - 2.8)

Taking into account that (1-uA) >0 and f; —1,(x,) >0 we obtain that (2.8) contra-
dict to (2.3).
Suppose that 17 =1/°, t7 =1°. Then

X(T} +0,00,%0) =, (57 +0,00,%0)) , X(Tf +0,80,%0) = X(x), 77, (437 to» YO
8w, (XCT7 o, %o D Wy (X(F 0, %)) S VAR =7,

BOHCE; %7 W (T o, Yo )W (KTt Yo ) S Mt =7,

B, (T o> Yo ) W (XCT7 by, %) S VB,

57 = 80w (¥(t] s %)), 3T 77, 9, (K] b, Yo)) <

< ?\.vltf - 1:,7' +vd; +7\.,1:,A+ -1:,7| . 2.9

Let zy =x,,if 1; =1/°,and z, = y,, if 7} =1;° then

€0 — 10| =[5, (R0, 7)) - T, (K o, ) €

< ’Jﬁ(x('t: sthxO )ax(ti_st0>y0)) + ”‘lﬁ(x(tfo ’to,zo)rx(t;'vo ,thZO)) <

SUO(x(T; L, X%0)s X(T; 1y, Yo )) + M{ri“’ -7 I . (2.10)
From (2.10) we have
Itf" —r,-y°|5uf>{ M-Ap). @.11)

If we substitute (2.11) in (2.9), we obtain
3 <(Ap+v)/(A-Ap)-5; . (2.12)

It is obviously that (2.12) is true also for 7; =1;°, 1; =t}° . From Lemma 1 of [5]
follows that

8 < 87(71—’0)50 ,
B S Tgy,
S(x(ty +Tte,Xo), X(to +T,tg, %)) S e’ @™ 7, (2.13)

From (2.12), (2.13) we obtain that (2.4) is correct.
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3. Method of Averaging for Impulsive Quasidifferential Equations. Now let us
consider a quasidifferential equation depending on the parameter €
t+h

S(x(t +h),x(t) +€ J.F (s, x(t))ds) = ehae, k) , 3.1
t

where the map F(t,x) is 2nperiodic in f, and o(g, k) is infinitesimal function, when
h—>0.
The quasidifferential equation (3.1) is assigned to the following quasidifferential

equation
t+h

Bt + k), y(0) +5 [ Fy (s, y(0))ds) = shae, k), (3.2)
t

where F(t,y) is 2n periodicin ¢,
2n 2n
[, F,x)t= J’O F(t,x)dt . (3.3)

Theorem 3.1 Let X be a semilinear local compact or a complete metric space, and in
the domain Q are fulfilled the following conditions:

1) the maps F(t,x) and F|(t,x) are continuous, satisfy Lipschitz condition in x with
constant y, and for arbitrary constant )\ are valid the inequalities "F (, x)" <A,
I i

2) the solutions of the quasidifferential equations (3.1) and (3.2) exist for t [0, Le™'],

e€(0,g,], and together with their p -neighborhoods belong to the domain P,L and s,

are arbitrary constants.
Then for every me(0,p) exists €,(n)<e, such that when £e(0,5,] and

te[0,Le™") is valid the inequality
d(x(t,&,xp), ¥(t,8, %)) <M (34)
where x(t,€,x,), y(t,€,x,) are respectively solutions of the quasidifferential equations.
Proof. Let us divide the interval [0,Le™']on parts with points 2km k =0,,....We
construct generalized Euler's polygons

t
x"(t,8,%,) = x" (;,€,%;) +z—:IF(s,x"'(tk,s,x0))ds R

[

t

ym(t$89x0) =ym(tk,8,x())+8I[?l(s9ym(tk)8’x0))ds’ te [tk,tln-l] .
[

Let us estimate

5(x'"(tk,8,x0),x(tk,8,xo)) <
SA+eh)3(x™ (t,_),€,%0), Xty €, X,)) +EhO(E,R) < ...

oc(e h)

2™ ). 3.5)

2ED (e -1 < 22
Y

By analogy we obtain

-1. 3.6)

(Y™ (t,8,%0), Wty .6, %)) < (SY h)
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We consider

t
8(x'"(t,s,xo),x'"(tk,s,xo))S8(x'"(tk,e,x0)+SIF(s,x"'(tk,s,xo))ds,x"'(tk,e,xo)) =
%

<eMt-t,)<e2im,

t
sftk F(s,x™ (t; ,€,x,))ds|

(Y™ (L8, %), y" (1, €, X)) S€2hm, B(U(t,€,xy), Yty ,€, %)) < €2AT,
d(x(t,e,x,), (1, , ¢, X)) <e2\m. G.7D
From (3.5)-(3.7) follows, that for every 1 >0 exists g9(m) such that when &<gy(n)
we have
S(Y(t,%xo),ym (ts S’xO )) < n/2 ’ 5(x(t,8,xo),x'"(t, 8,‘x())) < n/2 . (38)
Now let us estimnate
8(xm (tk+1 »&, Xp )’ ym (tk+l »E,Xp )) <

<8(x" (t,€,%,) "'SJ.,:M F(sx™(t,,6,%0))ds, y™ (8,,€,%,) + ej.;"“ Fi(sy™(t,,&,x,))ds) <

<1+ eyh)S(x'"(tk »€, %), ¥" (1 ,8,%)) .
Since 3(x™(0,¢,x,), y™ (0, ¢, %,))=0 we have
S(xm(tk’S’xO),ym(tk’erx())) =0- (3'9)
From (3.8) and (3.9) follows the statement of the theorem.
Now let us consider a impulsive quasidifferential equation depending on the parameter ¢
S(x(t + h), x() + SJ.:MF (8, x(5))ds) = eha(e,h), t#1,(x), (3.10)

x(t; +0) = x(1,) +el,(x(z;)), t=1;(x), 3.11)
where the map F(t,x) is 2n periodicin ¢ » and there is an integer p, such that
Tip(X) =1;(x)+ 21
The quasidifferential equation (3. 10),(3.11) is assigned to the following
quasidifferential equation

Bt + 1), ) +&[ " Fy (s, y(s)ds) = shaute, ), 15,(x), (3.12)

Vs, +0)=x(sj)+eKj(y(s]-)), t=5,(x), (3.13)
where the map F|(1,y) is 2n periodic in ¢, there is an integer /, such that
S =5;(y)+2x,
j ¥ B, x)dt + S L= j ¥ E @ Xt + Sk, (3.14)
0 , 0$1,(x)<2’/t o 11 OSs,(x)<2;: ‘ -
Theorem 3.2 Let X be a semilinear local compact or a complete metric space, and in
the domain Q, ={c € (0,¢,],h €[0,7],t € [0,Le™ lLxe Pc X} the following conditions

are fulfilled:
1) the maps F(t,x) and F,(t,x) are continuous and satisfy Lipschitz conditions in x

with constant y, and "F (, x)" <A, ”F] «, x)" <A;
2) the maps I,(x), K i), (%), s ;(X) are continuous and satisfy Lipschitz condi-
tions with constant v, and ”I ; (x)" <A, "K ; (x)" <A

3) the solutions of quasidifferential equations (3.10),(3.11) and (3.12), (3.13) exist when
e€(0,5],te[0,Le™') and logether with their p -neighborhoods belong to the domain P .
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Then for every me(0,p] exists €,(n)<e€, such that when ee(0,5,] and
te[0,Le™'] for |t— 70 l > 1 is valid the inequality
3(x(t), y(t)) < m, (3.15)
where x(t) and y(t) are respectively solutions of quasidifferential equations (3.10),
(3.11) and (3.12), (3.13) with the initial conditions x(0) = y(0) = x,.
Proof. Let us divide the interval [0,L&™'] on parts with points 2kn, k =0,L.... We
construct generalized Euler's polygons

@) =x" () vef Fls,x"@Nds+ Y L"),
* t <ty (& (fk),)<f

Y"O =y e[, Ry t)dste Y K", f€lttin].
* tess, O™ Bt
We estimate
Bx™ (1), %() S B ) +6f " Fls,x" @ ds e T LG (h),

1 ST (™ (1 <ty

M) veft Flsxtodste Y LGl S

ty ST (et D)<t

a(e2n) (1+%).

< (L+8hy +&vp)S(x™ (ty ), x(t,, ) + sha(sh) < ... s ———2 » (3.16)
T+ 2_n
By analogy we have
Liy+2Z)
8™ (), (1, ) < 2EZD 3 (3.17)
Y+ Py )

We consider

B(x™ (1, x™ (8,)) < Hx" (t,) + 8_[: F(s,x"(t,)ds+e Y, L(x" (), x" () =

* <TG ()t
={ & : F(s,x"(t)ds+ Y L") | ser2m+eph, (3.18)
* tr <7 (™ (g <t

SO0, ¥ (4)) SEAQ2m + p), B(x(1), ¥(£;)) SEAQ2T+ p), B(x(F), x(t;)) SEA(2m+ p).
Then from (3.16)—(3.18) , for each i > O there exist £,(n),such that when € <g, the
following inequalities are correct
8(x(t), x" (t,))sn/2, SO,y N<n/2 . (3.19)
Now let us estimate 3(x"(f,)), " (1)) < (L+ehy +evp)d(x" (¢,),y™ (). Since
8(x™(0), ™ (0)) = 0, we have
S(x" (1), y" (# ) =0. (3.20)

From (3.19) and (3.20) follows validity of the theorem.
Now let us consider the following quasidifferential equation with impulses

S(x(t + k), x() +€ LHhF(s, X())ds) = shofe, h), t#1,(x), t#B(x)/e, (3.21)
x(t; +0) = x(z;) +1,(x(z;)) , (3.22)
X((B; +0)/€) = x(B} /&) + M (x(B; /€)) . (3.23)
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The quasidifferential equation (3.21)~(3.23) is assigned to the following quasidifferen-
tial equation

S(t+h O+ F (s y0)ds) =shate, ), t2s,(0), t=BiD)e (3.24)
V(s; +0)= p(s;)+£K ;(¥(s))) 5 (3.25)

Y(B] +0)/e) = y(B] /) + Ny (x(B] /€)). (3.26)

Theorem 3.3 Let X be a semilinear local compact or a complete metric space, and
in the domain Q are fulfilled the following conditions:

1) let conditions 1) and 2) from theorem 3.2 hold;

2) the maps M(x), N,(x) and, B} (x), B,Z(x) satisfy Lipschitz condition with con-
stant v, M, (@) A, V@) <A

3) the solutions of quasidifferential equations (3.21)~(3.23) and (3.24)—(3.26) exist
when te[0,Le™"], and together with their p -neighborhoods belong to the domain P .

Then for every me(0,p] exist g’ m)>0, 80(1]) >0 such that when €€ (0,2-:0] ,
5€(0,5°] and te[0,Le”' 1N {lt— B;/e | >nl/e } n {It‘Ti I >N } is valid the inequality
3(x(t,€,x5), ¥(L,6, %)) <1,
where x(1,€,%,), V(t,€.x,) are respectively solutions of the quasidifferential equations
(3.21)~(3.23) and (3.24)—(3.26) with the initial conditions x(0,&,x;) = y(0,€,x,) = X, .
Validity of this theorem follows from the theorems in [5] and from the theorem 3.2.
Remark 3.1. Let j;"F(r,x)dr =2MFa(x), Toce yernli () = 2710(x),, then accord-

ing to (3.14) we have

Bt +h), y(t) + €20 Fy (y(0) + Lo (¥(t)] = sha(s, ) , (3.27)
or
3(p(t + h), y(t) + €2nFy (¥(2)) = ehau(e, k), t#2mi, (3.28)

y(2mi +0) = y(2mi) + &l (y(27i)).

We can show, that for the impulsive quasidifferential equation (3.21)—~(3.23) there is
a corresponding quasidifferential equation without the impulses (3.27), quasidifferential
equation with impulses at 2=i (3.28) and the discrete equation

y(2mi) = y2u(i - ) + (o (y2r(i - D)) + Fo (y(2ni - 1)) - 27
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