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ON A REDUCTION OF NONLINEAR FIRST-ORDER

DIFFERENTIAL EQUATION WITH OSCILLATING COEFFICIENTS

TO A SOME SPECIAL KIND

Shchogolev S. A. On a reduction of nonlinear first-order differential equa-

tion with oscillating coefficients to a some special kind. For nonlinear oscillating

second-order differential system construct the transformation which reducing this system

close to a system with slowly varying coefficients.
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In the theory of nonlinear oscillations is an important problem
of reducing a system defined on a s-dimensional torus, to so-called pure rotation,
allowing you to explore the behavior of the system trajectories on this torus. In the
case s > 1 we obtain multi-frequency system. Theory of quasi-periodic solutions of
such systems is the subject of numerous studies [1 – 4]. In the case s = 1 torus degen-
erates into a circle, the system is a single frequency, and becomes an one first-order
equation, which greatly simplifies the study. At the same time, if this equation is
nonautonomous, in general, it is not integrated in quadratures, and then the task
of bringing this equation to a simpler form is relevant. In this paper we consider
the first-order differential equation, right part of which are represented by an abso-
lutely and uniformly convergent Fourier series with slowly varying coefficients. The
purpose of this paper is to obtain conditions for the existence of a similar structure
transformation, this equation leads to an equation with a slowly varying right-hand
side.

Let G = {t, ε : t ∈ R, ε ∈ [0, ε0], ε0 ∈ R+}.

Definition 1. We say, that a function f(t, ε), in general a complex-valued, be-
longs to the class Sm(ε0), m ∈ N ∪ {0}, if t, ε ∈ G and
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1) f(t, ε) ∈ Cm(G) with respect t,
2) dkf(t, ε)/dtk = εkf∗k (t, ε) (0  k  m),

‖f‖m
def
=

m∑

k=0

sup
G

|f∗k (t, ε)|.

Under the slowly varying function we mean a function of class Sm(ε0).

Definition 2. We say, that a function f(t, ε, θ) belongs to the class F θm,l(ε0)
(m, l ∈ N ∪ {0}), if this function can be represented as:

f(t, ε, θ) =

∞∑

n=−∞

fn(t, ε) exp (inθ),

and:
1) fn(t, ε) ∈ Sm(ε0), θ ∈ R;
2)

‖f‖m,l
def
= ‖f0‖m +

∞∑

n=−∞

|n|l‖fn‖m < +∞,

particular

‖f‖m,0 =
∞∑

n=−∞

‖fn‖m;

If the function f(t, ε, θ) are real, then f−n(t, ε) ≡ fn(t, ε).
Obviously, the functions of class F θm,l(ε0) are 2π-periodic with respect θ.
If

u =
∞∑

n=−∞

une
inθ, v =

∞∑

n=−∞

vne
inθ ∈ F θm,l(ε0),

then ku, u± v, uv ∈ F θm,l(ε0), and
1) ‖ku‖m,l = |k| · ‖u‖m,l;
2) ‖u± v‖m,l  ‖u‖m,l + ‖v‖m,l;
3) ‖uv‖m,l  2

m(2l + 1)‖u‖m,l · ‖v‖m,l.
We prove the last property. From the definition of the norm ‖ · ‖m,l should be

‖u‖m,l = ‖u0‖m +

∥∥∥∥
∂lu

∂θl

∥∥∥∥
m,0

.

In [5] it was shown that ∀p, q ∈ Sm(ε0): ‖pq‖m  2m‖p‖m‖q‖m. Using Leibniz’s
formula, we can write:

∂l(uv)

∂θl
=

l∑

ν=0

Cνl
∂νu

∂θν
·
∂l−νv

∂θl−ν
.

We denote: (uv)0 =
∞∑

k=−∞

ukv−k. Hense ‖uv‖m,0  2
m‖u‖m,0 · ‖v‖m,0. Now we have:

‖uv‖m,l = ‖(uv)0‖m+

∥∥∥∥
∂l(uv)

∂θl

∥∥∥∥
m,0

 ‖(uv)0‖m+

l∑

ν=0

Cνl 2
m

∥∥∥∥
∂νu

∂θν

∥∥∥∥
m,0

·

∥∥∥∥
∂l−νv

∂θl−ν

∥∥∥∥
m,0
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 2m‖u‖m,l · ‖v‖m,l + 2
m‖u‖m,l · ‖v‖m,l · 2

l = 2m(2l + 1)‖u‖m,l · ‖v‖m,l,

quod erat demonstrandum.

1. Statement of the Problem.

Consider the first-order differential equation:

dθ

dt
= ω(t, ε) + µΘ(t, ε, θ) + εb(t, ε, θ), (1)

where real functions ω(t, ε)∈Sm(ε0), inf
G

ω(t, ε) = ω0 > 0, Θ ∈ F θm,l(ε0), b∈F θm−1,l(ε0),

µ ∈ (0, 1).
We study the question of the existence of the transformation of kind

θ = Ψ(t, ε, ϕ, µ),

where Ψ ∈ Fϕm1,l1
(ε1) (m1  m, l1  l, ε1  ε0), which reducing the equation (1) to

the form:
dϕ

dt
= ω̃(t, ε, µ) + εβ(t, ε, ϕ, µ),

where ω̃ ∈ Sm2
(ε1) (m2  m), β ∈ Fm1,l1 .

The peculiarity of this problem is that there appear two small parameters – µ
and ε, that perform different functions. Parameter µ characterizes the smallness of
the nonlinearity Θ(t, ε, θ) in right part of equation, and parameter ε characterizes
the slow variability of function ω and coefficients of Fourier-series, which represents
functions Ω and b. Therefore, restrictions on one of these parameters, in general, do
not involve restrictions on another parameter. At the same time, most of the known
results the smallness of the nonlinearity and the slow rate variability coefficients of
the system are characterized by the same parameter.
Note that analogous problem has been considered by author in [6], but there

equation (1) reduced to form:

dϕ

dt
= ω∗(t, ε) + µr+1ωr(t, ε, ϕ, µ) + εbr(t, ε, ϕ, µ),

where r ∈ N, and thus oscillating terms, proportional to the small parameter µ in
right part did not disappear completely, but only increases the order of their smallness
relative µ. In this paper we prove the existence of a transformation that completely
destroys these oscillating terms, and retains only oscillating terms proportional pa-
rameters ε.

2. Principal Results.

Theorem. Let the function Θ(t, ε, θ) in right part of equation (1) belongs to
class F θm,l+2(ε0). Then exists µ0 ∈ (0, 1) such that for all µ ∈ (0, µ0) exists the
transformation

θ = ϕ+ v(t, ε, ϕ, µ), (2)

where v(t, ε, ϕ, µ) ∈ Fϕm,l(ε0), reducing the equation (1) to kind:

dϕ

dt
= ω(t, ε) + Φ(t, ε, µ) + εβ(t, ε, ϕ, µ), (3)
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where Φ(t, ε, µ) ∈ Sm(ε0), β(t, ε, ϕ, µ) ∈ Fϕm−1,l−1(ε0).
Proof. We define the function v from equation:

(ω(t, ε) + Φ(t, ε, µ))
∂v

∂ϕ
= µΘ(t, ε, ϕ+ v)− Φ(t, ε, µ). (4)

We introduce the operators:

Γn[Θ(t, ε, ϕ)] =
1

2π

2π∫

0

Θ(t, ε, ϕ) e−inϕdϕ, n ∈ Z,

in particular

Γ0[Θ(t, ε, ϕ)] =
1

2π

2π∫

0

Θ(t, ε, ϕ)dϕ;

I[Θ(t, ε, ϕ)] =
∞∑

n=−∞
(n #=0)

Γn[Θ(t, ε, ϕ)]

in
einϕ.

Obviously Γ0[Θ(t, ε, ϕ)] ∈ Sm(ε0), I[Θ(t, ε, ϕ)] ∈ Fϕm,l+1(ε0), and

I

[
∂Θ(t, ε, ϕ)

∂ϕ

]
= Θ(t, ε, ϕ)− Γ0[Θ(t, ε, ϕ)] ∈ Fϕm,l(ε0).

If in particular Γ0[Θ(t, ε, ϕ)] ≡ 0, then

I

[
∂Θ(t, ε, ϕ)

∂ϕ

]
= Θ(t, ε, ϕ).

The operators Γ0[Θ(t, ε, ϕ)], I[Θ(t, ε, ϕ)], obviously, are linear.
Consider equation (4). We seek a solution v ∈ Fϕm,l(ε0) of this equation and

function Φ ∈ Sm(ε0) by the method of successive approximations, defining the initial
approximation v0, Φ0 from the equation:

ω(t, ε)
∂v0
∂ϕ
= µΘ(t, ε, ϕ)− Φ0(t, ε, µ), (5)

and the subsequent approximations vk, Φk (k = 1, 2, ...) defining from the equations:

ω(t, ε)
∂vk
∂ϕ
= µΘ(t, ε, ϕ+ vk−1)− Φk−1

∂vk−1

∂ϕ
− Φk(t, ε, µ), k = 1, 2, . . . . (6)

We denote:
Φ0(t, ε, µ) = µΓ0[Θ(t, ε, ϕ)], (7)

v0(t, ε, ϕ, µ) =
µ

ω(t, ε)
I[Θ(t, ε, ϕ)], (8)

Φk+1(t, ε, µ) = µΓ0[Θ(t, ε, ϕ+ vk)], (9)

vk+1(t, ε, ϕ, µ) =
µ

ω(t, ε)
I[Θ(t, ε, ϕ+ vk)]−

Φk(t, ε, µ)

ω(t, ε)
vk(t, ε, ϕ, µ). (10)
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We show that all the approximations Φk(t, ε, µ) (k = 0, 1, 2, ...), defined by the
formulas (7), (9), belongs to class Sm(ε0), and all the approximations vk(t, ε, ϕ, µ)
(k = 0, 1, 2, ...) belongs to class Fϕm,l(ε0).

Obviously Φ0 ∈ Sm(ε0), v0 ∈ Fϕm,l+1(ε0) ⊂ Fϕm,l(ε0), v0 ∈ R and Γ0[v0] ≡ 0. We

show that function Θ0(t, ε, ϕ, µ) = Θ(t, ε, ϕ+ v0(t, ε, ϕ, µ)) belongs to class F
ϕ
m,l(ε0).

Since by hypothesis holds Θ(t, ε, ϕ) ∈ Fϕm,l+2(ε0), then

sup
t,ε∈G

sup
ϕ∈R

∣∣∣∣
∂s+rΘ(t, ε, ϕ)

∂ts∂ϕr

∣∣∣∣ < +∞, s = 0,m, r = 0, l + 2. (11)

Converting expression

Γn[Θ0(t, ε, ϕ, µ)] =
1

2π

2π∫

0

Θ0(t, ε, ϕ) e
−inϕdϕ, n -= 0

by the formula (l + 2)-fold integration by parts, and noting that

∂v0(t, ε, ϕ, µ)

∂ϕ
= µ(Θ(t, ε, ϕ)− Γ0[Θ(t, ε, ϕ)]),

we obtain:

Γn[Θ0(t, ε, ϕ, µ)] =
1

2π(in)l+2

2π∫

0

P (t, ε, ϕ, µ) e−inϕdϕ, n -= 0,

where P (t, ε, ϕ, µ) is polynom of degree l + 3 with coefficients are belongs to class

Sm(ε0) relatively derivatives
∂rΘ(t,ε,ϕ)
∂ϕr

(r = 0, l + 2), which are calculated by val-

ues of argument ϕ is equal ϕ or ϕ + v0, where v0 ∈ R. Given (11) we obtain,
that Θ0(t, ε, ϕ, µ) ∈ Fϕm,l(ε0). Thus taking into account (9), (10), we obtain, that

Φ1∈ Sm(ε0), v1 ∈ Fϕm,l(ε0).

Suppose by induction, that Φs ∈ Sm(ε0), vs ∈ Fm,l(ε0) (s = 2, k), and show,
that then Φk+1 ∈ Sm(ε0), vk+1 ∈ Fm,l(ε0). For that we must to show, that function
Θk(t, ε, ϕ, µ) = Θ(t, ε, ϕ + vk(t, ε, ϕ, µ)) belong to class F

ϕ
m,l(ε0). Same as above, we

transform the expression

Γn[Θk(t, ε, ϕ, µ)] =
1

2π

2π∫

0

Θk(t, ε, ϕ) e
−inϕdϕ, n -= 0

by the formula (l+2)-fold integration by parts, and using the equality (6), we obtain

Γn[Θk(t, ε, ϕ, µ)] =
1

2π(in)l+2

2π∫

0

Q(t, ε, ϕ, µ) e−inϕdϕ, n -= 0,

where Q(t, ε, ϕ, µ) is polynom of degree l + 3 with coefficients are belongs to class

Sm(ε0) relatively derivatives
∂rΘ(t,ε,ϕ)
∂ϕr

(r = 0, l + 2), which are calculated by values
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of argument ϕ is equal ϕ or ϕ + vs, where vs ∈ R (s = 1, k). Given (11) we obtain,
that Θk(t, ε, ϕ, µ) ∈ Fϕm,l(ε0). Thus taking into account (9), (10), we obtain, that

Φk+1 ∈ Sm(ε0), vk+1 ∈ Fϕm,l(ε0).
We introduce the sets:

Ω1 = { Φ ∈ Sm(ε0) : ‖Φ‖m  d } ,

Ω2 =
{

v ∈ Fϕm,l(ε0) : ‖v‖m,l  d
}
, d > 0.

We denote: sup
v∈Ω2

‖Θ(t, ε, ϕ + v)‖m,l. We show that for sufficiently small values of

parameter µ all the approximations Φk belongs to set Ω1, and all the approximations
vk belongs to set Ω2. On the basis of (7), (8) ∃ K ∈ (0,+∞) such that ‖Φ0‖m  

µKM(d), ‖v0‖m,l  µKM(d). Suppose by induction, that

‖Φk‖m  µKM(d), ‖vk‖m,l  m, l  µKM(d)
k∑

s=0

(2mµKM(d))s.

Then for sufficiently small µ: Φk ∈ Ω1, vk ∈ Ω2. Now:

‖Φk+1‖m  µKM(d),

‖vk+1‖m,l  µKM(d)+µKM(d)
k∑

s=0

(2mµKM(d))s+1 = µKM(d)
k+1∑

s=0

(2mµKM(d))s.

We require that

µ2mKM(d) < 1, (12)

µKM(d)

1− µ2mKM(d)
 d0 < d. (13)

Then all the he approximations Φk belongs to set Ω1, and all the approximations vk
belongs to set Ω2 (k = 0, 1, 2, ...).
Now we prove the convergence of the process (9), (10). We have:

Φk+1 − Φk = µΓ0[Θ(t, ε, ϕ+ vk)−Θ(t, ε, ϕ+ vk−1)], (14)

vk+1 − vk =
µ

ω(t, ε)
I[Θ(t, ε, ϕ+ vk)−Θ(t, ε, ϕ+ vk−1)]−

−
Φk

ω(t, ε)
vk +

Φk−1

ω(t, ε)
vk−1 =

µ

ω(t, ε)
I[Θ(t, ε, ϕ+ vk)−Θ(t, ε, ϕ+ vk−1)]−

−
Φk

ω(t, ε)
(vk − vk−1)−

1

ω(t, ε)
(Φk − Φk−1)vk−1. (15)

As performed Θ(t, ε, ϕ+ vk) ∈ Fϕm,l(ε0) (k = 0, 1, 2, ...), then

Θ(t, ε, ϕ+ vk)−Θ(t, ε, ϕ+ vk−1) =
∂Θ(t, ε, ϕ+ vk−1 + ν(vk − vk−1))

∂ϕ
(vk − vk−1),
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(0 < ν < 1), and ∂Θ(t, ε, ϕ+ vk−1 + ν(vk − vk−1))/∂ϕ ∈ Fϕm,l−1(ε0). We denote:

L(d) = sup
v∈Ω2

∥∥∥∥
∂Θ(t, ε, ϕ+ v)

∂ϕ

∥∥∥∥
m,l−1

.

Then from (14), (15) we obtain:

‖Φk+1 − Φk‖m  µKL(d)‖vk − vk−1‖m,l,

‖vk+1 − vk‖m,l  µKL(d)‖vk − vk−1‖m,l +
µKM(d)

ω0
2m‖vk − vk−1‖m,l+

+
1

ω0
µKL(d)‖vk − vk−1‖m,l · 2

m(2l + 1)d.

It follows that for the convergence of process (9), (10) is sufficient that the inequalities
(12), (13) and also

µKL(d) +
µKM(d)

ω0
2m +

µKL(d)2m(2l + 1)d

ω0
< 1.

Thus equation (4) have a solution v(t, ε, ϕ, µ) ∈ Fϕm,l(ε0), and this solution belong
to set Ω2, therefore

‖v‖m,l  
µKM(d)

1− µ2mKM(d)
,

As performed v ∈ Fϕm,l(ε0), then
∂v
∂t
= εṽ(t, ε, ϕ, µ), where ṽ ∈ Fϕm−1,l(ε0), and

∂v
∂ϕ

∈ Fϕm,l−1(ε0). Now we define the function β(t, ε, ϕ, µ) in (3) from the equation:

(
1 +

∂v

∂ϕ

)
β(t, ε, ϕ, µ) = b(t, ε, ϕ+ v)− ṽ(t, ε, ϕ, µ).

For the sufficiently small µ this equation has a unique solution β ∈ Fϕm−1,l−1(ε0).
Theorem are proved.

Remark 1. For the conditions of the above theorem is only necessary smallness of
the parameter µ, but not parameter ε. Therefore the solution v(t, ε, ϕ, µ) of equation
(4) and function Φ(t, ε, µ) are defined in the same area G, that coefficients of this
equation.

Remark 2. Using the chain of transformations analogous to the construction in
[7], we can increase the order of smallness of the parameter ε of the oscillating term
εβ(t, ε, ϕ, µ) in equation (3) and to transform this equation to the kind:

dψ

dt
= σ(t, ε, µ),

where σ(t, ε, µ) ∈ Sm1
(ε1) (m1 < min(m− 1, l − 1), ε1 < ε0).

Thus, for the equation (1) the sufficient conditions of the exis-
tence of the transformation, which reducing this equation close to a equation with
slowly varying coefficients and the algorithm for constructing this transformation are
obtained.
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