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ON A REDUCTION OF NONLINEAR FIRST-ORDER
DIFFERENTIAL EQUATION WITH OSCILLATING COEFFICIENTS
TO A SOME SPECIAL KIND

ITorosneB C. A. Ilpo 3BeaeHHsi HeJIiHIMHOro AudpepeHniaJbHOrO pPiBHSAHHS
[IEPIIOro MOPSAAKY 3 KOJUBHAUMU KoedillieHTaMu 40 OJIHOTO CHEeIliaJIbHOTO BUIJISI-
ay. uas seniHiitHOro avdepeHIiaapHOr0 PIBHSHHS TEPIIOro MOpsiaKy 3 Koedirienramu
KOJIMBHOTO THITYy MOOYIOBAHO MMEPETBODEHHS, siIKe 3BOAUTH 1€ PIBHAHHS 10 DPIBHSAHHS 3 I0-
BL/IIBHO 3MiHHUMU KoOedimieHTamu.

Kuarodosi caoBa: udepeHniaibauii, MOBIILHO 3MiHHMMA, psian Dyp’e.

IIléromne C. A. O npuBengeHnn HeJMHENHOro Aud depeHnaIbHOI0 ypaBHe-
HUS MePBOro MOPSAKa ¢ OCHUIJIMPYIOIMUMU KO3(h PUIMEHTAMU K OJJHOMY CIIeliu-
anbHOMY Buny. [lns HesmHEHHON KOI€6aTERHON CHCTEMBI BTOPOTO TIOPSIIKA TIOCTPOEHO
upeobpazoBaHue, IPUBOLILEE ITY CUCTEMY K OJIM3KOHM cucreMe ¢ MeJJIEHHO MEHAIOMUMUCH
K03 punmenTamu.

KuroueBble cnoBa: mnddepeHnnaapHbIi, MeIIeHHO MEHSIOMNNCS, psiasl Dypre.

Shchogolev S. A. On a reduction of nonlinear first-order differential equa-
tion with oscillating coefficients to a some special kind. For nonlinear oscillating
second-order differential system construct the transformation which reducing this system
close to a system with slowly varying coefficients.
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INTRODUCTION. In the theory of nonlinear oscillations is an important problem
of reducing a system defined on a s-dimensional torus, to so-called pure rotation,
allowing you to explore the behavior of the system trajectories on this torus. In the
case s > 1 we obtain multi-frequency system. Theory of quasi-periodic solutions of
such systems is the subject of numerous studies [1 — 4]. In the case s = 1 torus degen-
erates into a circle, the system is a single frequency, and becomes an one first-order
equation, which greatly simplifies the study. At the same time, if this equation is
nonautonomous, in general, it is not integrated in quadratures, and then the task
of bringing this equation to a simpler form is relevant. In this paper we consider
the first-order differential equation, right part of which are represented by an abso-
lutely and uniformly convergent Fourier series with slowly varying coefficients. The
purpose of this paper is to obtain conditions for the existence of a similar structure
transformation, this equation leads to an equation with a slowly varying right-hand
side.

AUXILIARY ARGUMENTS. Let G = {t,e: t € R, £ € [0,e0], ¢0 € RT}.
Definition 1. We say, that a function f(t,e), in general a complex-valued, be-

longs to the class Spm(g0), m € NU{0}, if t,e € G and
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1) f(t,e) € C™(G) with respect t,
2) d*f(t,e)/dtk =X fi(t,e) (0< k< m),

m
def *
1 £llm =D sup | (E€)].
k=0 @

Under the slowly varying function we mean a function of class Sy, (£o).

Definition 2. We say, that a function f(t,e,0) belongs to the class ng,l@o)
(m,l € NU{0}), if this function can be represented as:

f(t,e,0) Z fn(t,€) exp (inh),

and:
1) fn(ta 5) S Sm(€0); 0c R;
2)
def
[fllme = 1l follm + Z 'l fallm < 400,
particular
1 £llmo =D N fnllm;

If the function f(t,¢,0) are real, then f_,(t,€) = fn(t,€).
Obviously, the functions of class le,l(fo) are 2m-periodic with respect 6.
If

oo

Z e v = Z vae™ € FY (o),
n=—oo n=—oo
then ku,u +v,uv € F? ,(9), and
1) el = K] ”u”mh
2) Jluzvllmp < [[tflms + |0llms;
3) lluvllme < 272"+ Dllullm - [[0]|m,i-
We prove the last property. From the definition of the norm || - ||,,,; should be
s =l + | 5
Ullm,l = ||UO||m an
a0t |, o

In [5] it was shown that Vp,q € Sm(c0): |[pgllm < 2™||pllm|¢|lm. Using Leibniz’s

formula, we can write:
1

[ v l—v
G(UU):ZCl,au 0" "v

o0t — ="' o0v 90"
We denote: (uv)o = Y, wupv_g. Hense [|[uv||m,0 < 2" ||t||m.o0 - [|v|lm,0- Now we have:
k=—oc0
' (uv) ! 0"u v
RO ke I N a2 Fe I e
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< 2™ [ullm,t - 0llmg + 2™ llm i - [0l - 28 = 272"+ Dl - 0]l
quod erat demonstrandum.

MAIN RESULTS.
1. Statement of the Problem.
Consider the first-order differential equation:

do
e w(t,e) + pO(t, e, 0) + eb(t,e, ), (1)
where real functions w(t, ) € Sy, (g0), iréfw(t,e) =wy>0,0¢€ an’l(so), be ngq,z(fo)v
we (0,1).
We study the question of the existence of the transformation of kind
9 = \Ij(t7€7(p7:u‘)7
where ¥ € F;ﬁhll(el) (m1 <m, 1 <1, &1 < gp), which reducing the equation (1) to
the form:
dp
E = W(t,fyﬂ) +€B(tv€7¢7:u’)7

where W € Sy, (€1) (m2 <m), B € Fyiy-

The peculiarity of this problem is that there appear two small parameters — u
and €, that perform different functions. Parameter u characterizes the smallness of
the nonlinearity ©(t,¢,0) in right part of equation, and parameter £ characterizes
the slow variability of function w and coefficients of Fourier-series, which represents
functions €2 and b. Therefore, restrictions on one of these parameters, in general, do
not involve restrictions on another parameter. At the same time, most of the known
results the smallness of the nonlinearity and the slow rate variability coefficients of
the system are characterized by the same parameter.

Note that analogous problem has been considered by author in [6], but there
equation (1) reduced to form:

(fl—f =w*(t,e) + u T rwn(t e, 0, 1) +eb(t, e, 0, 1),

where r € N, and thus oscillating terms, proportional to the small parameter p in
right part did not disappear completely, but only increases the order of their smallness
relative p. In this paper we prove the existence of a transformation that completely
destroys these oscillating terms, and retains only oscillating terms proportional pa-
rameters €.

2. Principal Results.

Theorem. Let the function ©(t,e,0) in right part of equation (1) belongs to
class thl_‘_Q(so). Then exists po € (0,1) such that for all p € (0,p0) exists the
transformation

0=p+uv(tepmp), (2)

where v(t,e, 0, 1) € Fy (c0), reducing the equation (1) to kind:
dy _

ﬁ—w@d+¢@am+ﬁ@&%m, (3)
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where ®(t, e, 1) € Sm(e0), B(t, e, 0, 1) € F,ﬁ_Ll_l(Eo)-
Proof. We define the function v from equation:

0
((:0) + @(ts2,0) 57 = 4Ot 3p +v) = D12, 0. (4)
We introduce the operators:
1 27
Lt e 0) = - [ Olteg) ¢ vdp ne 2.
0
in particular
27
1
Tole(t,z.0)] = 5- [ Otz o)des
0
= T.[0(te9)]
1[0(te, )] = 5PN gine,
D e
(n#£0)
Obviously To[O(t, ¢, )] € Sin(eo), I[O(t, e, )] € F) 1 (o), and
00(t
1 [(a’;’w)} =0O(t,e, o) —To[O(t,e,p)] € F,il(Eo)-

If in particular Tg[O(t, ¢, p)] = 0, then

7 [8@(1&,5,(;7)

5 } = O(t,e, 0).

The operators I'g[O(t, e, ¢)], I[O(t, &, )], obviously, are linear.

Consider equation (4). We seek a solution v € F¥ (o) of this equation and
function ® € S,,,(gp) by the method of successive approximations, defining the initial
approximation vg, ®¢ from the equation:

81)0

w(t7€) agp = M@(t757 90) - q’O(t7€7u)v (5)

and the subsequent approximations vy, ®; (k =1,2,...) defining from the equations:

w(t,s)aa—f;C = uB(t,e, 0+ vg_1) — q)k_laggl — Dp(tye,p), E=1,2,... . (6)
We denote:
Do (t,e, 1) = plo[O(t, €, )], (7
w(t. o) = 11002, 9), (®)
Ppr1(t,e, p) = plo[O(t, €, ¢ + vi)], (9)
15 Py (t, e, 1)

Uk+1(ta57(pa M) = w(t 6)1[@(15,6,()0 +Uk)] - Uk(t>5390:u)' (10)

w(t,e)
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We show that all the approximations ®x(t,e,u) (k = 0,1,2,...), defined by the
formulas (7), (9), belongs to class S;,(gp), and all the approximations vk (¢, ¢, @, 1)
(k=0,1,2,...) belongs to class F} (o).

Obviously ®q € Sy (c0), vo € F;Z,lﬂ(eo) C FTfLJ(so), vo € R and Tylvg] = 0. We

show that function Og(t, e, v, ) = O(t, e, ¢ + vo(t, &, , 1)) belongs to class Ffl_’l(&“o).

7

Since by hypothesis holds O(¢,¢, ) € Fi’l+2(€0), then
rO(te, 9) ’
sup sup |—————=| < +o0, s=0m, r=0,1+2. 11
t,se% welr)t ‘ ots Q" ( )
Converting expression
2m
1 in
Lalo(t.ec )] = 5 [ Ooltie.o) ", 0

0

by the formula (I + 2)-fold integration by parts, and noting that

%Z%“) = pu(O(t, e, ¢) —To[O(t, €, 9)]),

we obtain:
1 27
Ln[®o(t, e, 0, 1)] = W/P(t,&%u) e "dp, n#0,
0

where P(t,e,, 1) is polynom of degree [ + 3 with coeflicients are belongs to class
% (r = 0,14+ 2), which are calculated by val-

ues of argument ¢ is equal ¢ or ¢ + vy, where vyg € R. Given (11) we obtain,
that ©¢(t, e, o, 1) € F7 (e0). Thus taking into account (9), (10), we obtain, that
@1 S Sm(ef()), V1 € F:;’l(ffo).

Suppose by induction, that ®; € Sy, (g0), vs € Fu(eo) (s = 2,k), and show,
that then ®;11 € Sy, (0), vk+1 € Fini(g0). For that we must to show, that function
Or(t, e, 0, 1) = O(t, e, 0 + vi(t, e, p, 1)) belong to class F;’;,l(ao). Same as above, we
transform the expression

Sm(g0) relatively derivatives

2m

1 )
.0kt e, 0, 1)] = %/@k(t,atp) e "™dp, n#£0

0
by the formula (I 4 2)-fold integration by parts, and using the equality (6), we obtain

2
1

Fn[@k(ta57§0au)] = W/Q(ta67§0au) eiin(pdgpa n # Oa

o

where Q(t,¢, ¢, 1) is polynom of degree I + 3 with coeflicients are belongs to class

Sm(g0) relatively derivatives %;’f’w (r = 0,1+ 2), which are calculated by values
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of argument ¢ is equal ¢ or ¢ + v,, where v, € R (s = 1,k). Given (11) we obtain,
that ©(t,e, ¢, u) € FY (g0). Thus taking into account (9), (10), we obtain, that

(I)k+1 S Sm(é‘()) Vg+1 € F l(&‘o)
We introduce the sets:

Q={DeSnen): [|Pm<d},

Q= {veF(co): olmi<d}, d>0.

We denote: sup ||©(t,&, ¢ + v)|lm,;- We show that for sufficiently small values of
vEQ

parameter u all the approximations ®;, belongs to set 21, and all the approximations
v belongs to set Q2. On the basis of (7), (8) 3 K € (0,+00) such that ||®g],, <
pEKM(d), ||vollm,; < KM (d). Suppose by induction, that

k
@l < B M(d), forllma < mol < pKM(d) S (27 uK M (d))*.

s=0

Then for sufficiently small p: @5 € Q1, v € Qs. Now:
@kr1llm < pKM(d),

k k+1

kg1 llmp < B M (d)+pK M (d) Y (2™ K M(d)* ™ = pKM(d) Y (27 K M(d))*.
s=0 s=0

We require that
w2™KM(d) <1, (12)

pK M (d)

k<L <¢ (13)

Then all the he approximations ®;, belongs to set €21, and all the approximations vy
belongs to set Q9 (kK =0,1,2,...).
Now we prove the convergence of the process (9), (10). We have:

D1 — P = pulo[O(t, e, 0 +vi) — O(t, &, 0 + vp—1)], (14)
ves =0k = s 110060+ 0i) = Oty + v
—wEI;kS) v + f)(’;’_;) Vp1 = ﬁ I[O(t, e, +vi) — Ot e, 0 + vg—1)]—
—wifg) (Vg — Vk—1) — @ (P — Pr—1)Vk—1- (15)

As performed O(t, e, +vy) € F;fLJ(eo) (k=0,1,2,...), then

00(t _ — Vg
O(t,e, o+ i) — O(t,e, 0+ vp—1) = (e + v 81;— V(vk = ve-1)) (v — vk—1),
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(0 <v <1),and 00(t,e,¢ + vp—1 + V(v — vk-1))/0p € F, ;1 (c0). We denote:

009(t, e, +v)

L(d) = sup a0

vEQ

m,l—1

Then from (14), (15) we obtain:

1Prr1 — @il < pKL(d)||vk — vi—1lm,i,

KM(d
okt — kllmg < HEL(d) ok — vt [|mg + Emm " (@) 2" v, — vg—1llma+
0

1
+W—MKL(d)Hvk — V1l - 272N+ 1)d.
0

It follows that for the convergence of process (9), (10) is sufficient that the inequalities
(12), (13) and also

wK M (d) om pKL(d)2™ (2" +1)d

uKL(d) +
wo wo

<1

Thus equation (4) have a solution v(t, e, ¢, 1) € F¥ (o), and this solution belong
to set o, therefore

KM(d
follng < —EBMHD
PSS T emKM(d)
As performed v € F (o), then % = ev(t, &, ¢, ), where v € F7 | (o), and
g—:; € F}, ;1 (c0). Now we define the function 3(t, ¢, ¢, u) in (3) from the equation:

6 ~
(1 i 35)) Bt e, 0,1) = bt e, +v) = 0(t, €, 0, ).

For the sufficiently small p this equation has a unique solution 8 € FTfl*Ll*l(go)'
Theorem are proved.

Remark 1. For the conditions of the above theorem is only necessary smallness of
the parameter u, but not parameter . Therefore the solution v(t, e, ¢, 1) of equation
(4) and function ®(t,e, ) are defined in the same area G, that coefficients of this
equation.

Remark 2. Using the chain of transformations analogous to the construction in
[7], we can increase the order of smallness of the parameter € of the oscillating term
ef(t e, p, 1) in equation (3) and to transform this equation to the kind:

@ _
dt
where o(t,e, 1) € Sy, (e1) (M1 <min(m — 1,1 —1), g1 < &9).

o(t,e, p),

CoNcLUSION. Thus, for the equation (1) the sufficient conditions of the exis-
tence of the transformation, which reducing this equation close to a equation with
slowly varying coefficients and the algorithm for constructing this transformation are
obtained.
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