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O PACIHIPE/IEJIEHUN IIEJIBIX TOYEK HA IIOBEPXHOCTU
U?2+V?2=N3B APUOMETNYECKOU IMIPOTPECCUU

Casacrtpy O. B. IIpo posnoziy nijmx to4ok Ha noBepxHi u’ + v? = n® B apu-

dMmeTnuHill mporpecii. VY pob6ori nobymosana acumnroruaaa GOPMyYIa s CyMAaTOPHOL
byFKIi, sKa MO3HAYAE KiABKICTH MIAMX TOWOK, po3TamoBannx wa mosepxwi u? + v? = n®.
Hocnimkennam niel npodaemu 3aiimanucsa Kiihleitner M. u Nowak W. V craTTi posrnanae-
Thed giodanToBe piBHaHHA y Bunaiky, komm 0 < n < x, ¥ — 3pocrarouuil napamerp, n = [
(mod q), (I,q) = 1. KopucTyounch 3araJbHOI0 CXEMOIO OIIHKW CePeHIX 3HAYeHb paAmiB n-
puxje, OTpUMaHa OIlIHKA I CePeIHBOI KiTbKOCTI IIINX pPO3B’'A3KiB BKA3aHOTO PIBHAHHS,
sKa HeTpuBiaibHa npu ¢ <K z2C (logz)™* .

Kurodosi cioBa:  acumnrornana dhopmysa, giodantosi pisasuus, L-dyukuis dupuxme,
apudmMeTHIHa TIpOTpeECcis.

Casactpy O. B. O pacnpeesieHun neabix ToYeK Ha nosepxaocrtu u? +v? = n’
B apudMeTrudeckoii mporpeccun. B pafore mocTpoeHa acHMITOTHIECKast (popMysIa 1Ist
CyMMATOPHOH (HYHKIINN, 0603HATAIONEI KOJTUIECTBO IEJIBIX TOUYEK, JeKAINX HA TTOBEPXHO-
cru u? +v? = n®. Uccneposanmem sroit npodaemsr sanumaucs Kithleitner M. u Nowak W. B
cTraThe paccMaTpuBaeTcs ArogaHTOBO ypaBHeHUE B ciy4ae, korga 0 < n < x, & — pacTyimmnii
mapamerp, n = [ (mod q), (I,q) = 1. Mcmomanr3yst mMeTox npowsBoAsmunx psigos Iupnxie,
OBILILYIO CXeMy OIEHKU CPEJHUX 3HAYEHUN ITUX PHAJIOB, LOJIYYEHA OLEHKA Jjisd CPEJHEro KO-
JIMYIEeCTBa IEJIOYUCIEHHBIX DENIeHnil YKa3aHHOIO yPaBHEHHs, KOTOPasd HETPUBHAJIBHAST IIPU
q <K x%7€ (log x)74 . Brramcimvbie KOHCTAHTHI B TJIABHOM 9JjIeHEe 3aBUCST TOJIHKO OT (.
KuaroueBble cioBa: acuMnToTudeckas HopMmyna, THOGAHTOBB ypaBHeHUd, L-byHKIII
Jupuxire, apudmerndeckasi IpoOrpeccus.

Savastru O. V. About the distribution of integer points on the surface
u? +v? = n® in an arithmetic progression. The aim of our paper is to construct the
asymptotic formula for the summatory function, that denote the number of integer points
on the surface u? + v? = n®. This problem was investigated by Kiihleitner M. and Nowak
W. We consider this diophantine equation in an arithmetic progression, when 0 < n < x,
x is a large parameter, n in residue class [ (mod ¢), (I,q) = 1. The proof of theorem is
based on the method of generating Dirichlet series. Using the Phragmen-Lindel6f theorem
and the general scheme of the estimation of the mean values of Dirichlet series we obtained
the non-trivial result for the average number of integer solutions of the above equation for
q < z2 (logz)™* . The computable constants in main term depend only of ¢q. The ana-
logical result can be proved in general case, when (I,q) > 1.
Key words: asymptotic formula, diophantine equation, L-Dirichlet function,arithmetic pro-
gression.
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BBEOEHUE.
IIycrs k € N. Beezem B paccmorpenue dbynkumio Ag(x), 0603HAYAONIYTO KO-
YEeCTRO TEIOUHUCICHABIX PEeHnii TnOManTOROTO yPABHEHMST

u? + 0% =nk, (1)

npn yeqaornn 0 < n < x. Torma

Ap(e) =) r(n"), (2)

n<x

rae r(n) 0603HaYAET KOJIUIECTBO MPEJACTABICHUI T10JI0KUTENBHOIO IIEI0r0 YUCIa 1 B
BUJIE CYyMMBI JBYX KBAJPATOB HMEJBIX TUCE].

Cymmaropmble byHKINI TAKOTO BUIA Npn k = 2 m3ydannch B paborax [1], [5].
B paGore [1] rakxke paccmarpupasicsi BOIPOC O uucie penienuii ypasnenus (1) upwu
k> 2.

Fischer K.H. [8], Kiihleitner M., Nowak W. [10] n Recknagel W. [11] uccaenosann
pacupejiesieHre 1eJIblX TOYeK Ha COOTBeTCTBYOMEH nopepxuoctu pu k = 3. B pabore
Bap6anna I1./1. [12] 6p11a mocTpoera acumnToTrydecKast hopMyJia Jjis 9uCIa TPUMY-
THEHBIX TOYEK HA, AJIUNTHICCKUX KOHycax B apmdmernyaeckoii mporpeccun. [Tostomy
€CTECTBEHHBIM 06PA30M BO3HUK BOMPOC PEIIeHUs MOJ0OHON 3a7aun Ha TTOBEPXHOCTH
(1) upu k = 3.

[lenpio manAOi PAbOTHI ABIACTCS MOCTPOCHUE ACHMIITOTHYECKON (DOPMYJIIBI 115t
cymmarTopHoii dbyukimn As(z,l, q), 0603HAYAONIEN YHCTO TIETBIX TOYEK (U, v,n), Je-
sKamux Ha nosepxuocru u? 4+ v? = n3, npu yenosuu n < z,
n=1 (mod q), rne l,q €N, (I,q) = 1.

B pambHeiimem Mbl GyeM UCTOMB30BATE CIEIYIONINE CTAHIAPTHBIE 0003HAUCHMUS:
s=oc+iteC, o =Rs, t =s;

(a,b) — mambombIIMii OOl nenuTens ancen a u by

((s) m3era-dyurnus Pumana;

L(s,x4) — L-dynknus Tupuxne ¢ nernasabiv xapakrepom no mod 4;
X — xapakrep lupuxse no mod g;

Xo TiaBHbIA XapakTep dupuxie mo mod ¢;

> cymMma mo BceM xapakTepam mo mod ¢;

X
/

>~ — cymma 1o BCeM NPUMHUTHBHBIM Xapakrepam x’ 1mo mod g;

X/

7(n) — dynknus auncna genmreneii;

o(n) — dyukims Jiinepa;

cumBoa Bunorpagosa ” <’ o3nauaer o xe, yro u cumpoa Jlangay “O”.

OCHOBHBIE PE3VYJIbBTATHI.

1. BecnomoraTeabHbIE yTBepPXK/IeHAS.

[TpuBemeM HEKOTOPHIE BCTIOMOTATENHLHBIC YTBEPIKICHWS, WCTONb3yeMBIe B Talb-
HeiireM.

[Iycrs L(s, x) — L-dynknus dupuxne ¢ xapakrepom mo  mod ¢

n

L(s,x) = Z X(ZL), Rs > 1.
n=1
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Xoporro n3BecTHO, uTo L(s, ) sBsiercs metoil dbyHkmmeii (cM., Hanpumep, [4]), ecan
X # Xo. B cnyuae x = xo L-byuxkunsa Jupuxne L(s, Xp) aHATUTHIHA BO BCEH KOM-
TIJIGKCHON S-TIIOCKOCTH, KPOME TOYKM § = 1, TJe OHA WMeeT TOJIIOC MEPBOTO TOPSIIKA

() _ 1
¢ BBIIETOM % =11, (1 — 5).

Paccmorpum nosenerne dbyukumn L(s, y) B obmactn
53S0 14 gup, 25 Y < T\

Jlemma 1. Ilpu % <o<1l+ @,2 < |t| < T, cnpasedausa ouenxa

L(s,x) <y (qlt)) =" (log T). (3)

JoxkazaTrenbcTBo. [l IpOU3BOILHOTO IPUMATHBHOIO XapakTepa x mo  mod ¢
npu s = % + it mmeer mecTo caemyomas ounenka ([9])

L(s,x) < (qls])7. (4)

Mpn s =1+ pp + it
L(s,x) < logT. (5)

Teneps u3 (4) u (5) na ocnosannu npuniuna ®parmena-JIungeneda s
1 1
3S0<1+ 7,2 |t] < T noayuaem

_1__ 1
H T 7 o—3

775
L(s,x) < (qlt]) 2*=7 (logT)* =it <

< (qlt) = (qT)™7 (log T),

rae C > 0. Yuwnrsmas, uro npu ¢, T < x4, rme 0 < A < 1, cnpaseiimea OneHKA
C
g*eT = O(1l), moayvaem yTBEPIKIEHUE JIEMMBL.

JIemma 2. Ecau |T| > 2, ¢ > 2, mozda npu % <oc<1+ @

T
/
> / |L(o + it; x)|*dt < o(q)Tlog* (¢T). (6)
X

JdoKa3aTeqabCcTBO. Y TBEPKJIEHUE IEMMbI C1eayer u3 reopembl MorTromepn ([3],
¢.77) m Teopembr LaGpuaia O BRITYKJIOCTH CPEITHErO 3HAYEHUS IO JBYM MEPEMEHHBIM

([6], c.238).

HUcxons w3 onpenenennst cymmaropuoit dyukmun As(z,l, q), ee MoXHO TipecTa-
BUTDH B BUJIE

AB(x7l7Q) = Z T(ng)' (7)
n=l (?od q)
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Torma B obnactu Rs > 1 umeem

0o r(n3 oo r(n?) n
F(s) = Z (ns) :iZy(l) A()_

n=l (mod q)
n<x

Kax m3mecrno, %r(n) SBJISIETCS MYJBTUTIINKATUBHON dyHKkimeit. Ecin p — mpocroe
9HUCI0, TO OHA IPUHUMAET CJIeAYIONINe 3HAUYeHNd

a+1, ecmnp=1(mod 4),

1 ey ) L ecin p = 3 (mod 4), « — uerHoe,
Zr(p )= 0, ecm p = 3 (mod 4), a — HeweTHOE, (8)
1, ecimp = 2.

Torma B obsnactu Rs > 1 umeem

[es) r(n3)
x(n)
F(s,x) = 247
n=1

TTokazkeMm, 9TO CIPaBeTUBO CJIEIYIONIEE PABEHCTBO

F(57X) = (L(57X)L(5>XX4))2 G(S’X)v (9)

rae G(s,x) peryaspra B obnacta Rs > %
HeiicTBuTe/1bHO,

r(»?) (%)
F(S,x)=H<1+ A8y 42X(p)+...>=(1+215+...)><
X

p° p=°
p
2 2 4
x T (1+BRangd s ). 1 (14X )= (g
p=1 (mod 4) p =3(mod 4)
_ 1 1+2X(0 1
172% p =1(mod 4)(1_)(19(5))2 p =3(mod 4)1_(XIE§))2

C 1pyroit cTOpoHBI

2
L?(s,X)L?(s,xx4) = ( [1 l_i@) - I 1_}((?)) X
p =1(mod 4) p®  p =3(mod 4) P
2

1 1 _

X H 1—x(») ! H 1+ x(p) -
p =1(mod 4) p®  p =3(mod 4) p?

— 1 -

= H (

p =1(mod 4)(17%)4 p =3(mod 4)(17( pg))Q)Q .

[Moacrasisis B (10), nonyuaem
F(s,x) = L*(,X)L2(s, xxa) - 1= ¥

2 2
< T (@) (1) (1o ()" -
p=1(mod 4)( P )( P ) p=3(mod 4) (p )
= L?(s, X)L (s, xx4)G(5, x),
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rie
G(s,x) = T2 %

1
-2

L) )

p=1(mod 4)

Takum obpazom, B obmactu Rs > 1
4
F(s) = 2@ D XL (5, X) L2 (s, xx4) G5, X).- (12)
X

2. OcHoBHas Teopema.
Bocnonbsyemcsa dopwmymnoii [leppona, momaras ¢ = 1 + lo%gr, T>1,e>0.

c+iT
1 s log?
Ag(a,l,q) = 3~ / F(s)%ds +0 (ngqx> +O.(2). (13)
c—iT

B (13) nepeneceM KOHTYD MHTErPUPOBAHMs HA TPSAMYIO Rs = % + (logz)~!. Tpm
9TOM MBI TIPOIIEM HWepe3 MOJIOC TOABIHTErPanbHON (hyHKIMM B TOouke s = 1. Pac-
CMOTPUM WHTErpasl To KOHTYpy ', KOTOpBIH mpeacTaBager coboil MpsaMOyroabHUK ¢
BepiuHaMu c£i71, %—i— (log x) =1 £4T. TlogpmTerpanbHast GYHKINST AHATATAIHA Ha [
W BHYTPW Hero, MCKIIoUas MOJTIOC BTOPO# KpaTHOCTH B Touke s = 1 (3a cuer L2(s, x)
um L2%(s,xx4)). Takum obpazoM, B cuty Teopembl Komm, nveem

c+iT

! /F()xsd F)) + - (I + I + I) (14)
— s)—ds = res s)— —_— .
21 s s=1 s omi TR

c—iT
rie
L4 (logw)~t+iT
a,/.S
I, = / F(s)—ds,
s
$+(ogz)~1—iT
%""(1033)_1_7;T 1+(10gm)’1+iT
x® xs
I, = / F(s)—ds, I3= / F(s)—ds.
s s
1+(logz) =1 —iT $+(ogz)~1+iT

Ucnonbays onenku (3) u3 geMMbl 1, MBI TOTy9aeM BKJIAJ TOPU3OHTAIBHBIX YIACTKOB
MHTEIDUPOBAHMSI:

LI < o't oes . T " oaw log T + g2 Toosw - T4~ 70s7 log T. (15)

Hamee ocranmock paccmorpers waTerpan Ii. Kak m3mectro, ecnm wepes x' 060-
3HAYUTH NPUMUTUBHBINA XapakTep 10 mod ¢', KOTOPBI MHIYIAPYET XapaKTep X IO
mod ¢, rorpa (cM.[2]) B obnactu Rs > 1

L(s,x)=L(s,x) 11 (1 _ %) '

pla, pta’



72 0. B. Casacmpy

[TosTomy
$+(log ) ' 44T ,
I = J St XL (5, X) L2 (s, xxa) G5, x) S ds <
t+(ogz)—1—iT X
< o X
/ T I 1 1 ) , 2 I 1 1 . , 2 ld
DI > f (2+1Ogm+2taX) (2+10gx+lt7XX4) cat] |-
a'lq X' mod g1

B cuny nepasencrsa Kormm u jieMMbr 2 rosrydaeM CJeyronLyio OleHKY
I < 7(q)z? log’ T. (16)

Borancamm Beraersr B Touke s = 1 noapHTerpansHoi dbyrknum B (13).

Ecmn ¢ = 0(mod 4), To cymecTByeT eMHCTBEHHBII XapakTep X no mod ¢, Ta-
KOii, 9TO XY4 = Xo [IVIaBHbIH xapakrep o mod ¢ (nIpu 3TOM X(X4 HE ABISIETCSA
rnasubiM). Ecin xe ¢ Z 0(mod 4), To rakoro xapakrepa He cymecrsyer. Paccmorpum
cHavana caydail, korma g £ 0(mod 4), Trorna npencrasum F(s) B Buze

F(s) = ¢(q) (5 XO)L (s, x0x4)G (s, x0)+

> X(LP(s,x) L (s, xx4)G (s, x))

X#X0

Kak u3BecTHO, B OKpecTHOCTH TOYKH s = 1

©(q)

L(s,x0) = (=D 4y+..),

.Z‘S

?:m—o—(mlogx—x))(s—l)—i-...,

re v — nmocrosinHas Ditnepa. [losTomy mocse HECTOKHBIX TEXHUIECKUX BBIYHUCIEHW
noTydaeM

res (F(s) )

=0

Sy L2 (5, x0) L35, Xoxa)Gi(s, X0) 5 ) = an
Ai1(q)zlogx + Ao(q)z,

s:

rae

w2 1
Ai(q) = @G(l,x()) g (1 - p) , (18)
Ao(q) =
= Ly, (1 2) 2L/(1xa) + 52y~ DL x0) + G (1 x0)]
dbynxmms G(s, ) onpenensiercs B (11).

Ipn ¢ = 0(mod 4) n | = 1(mod 4) 0cOGEHHOCTL BO3HUKAET MPU X = Xo ¥ X4.
YuntsiBas, aro G(s, xo) = G(s, x4), mOMyIaeMm

(19)
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?;E«;(F(«*)”f)—?;g(@ > LQ(s,x)LQ(s,m)G(s,x)f)— (20)

X=X0,X4

=2[A;(q)xlogz + Ao(q)7].

U3 coornomenuii (13)~(20), nonaras T = 22, Mbl UPUXOAMM K CIEAYIOWEH TeO-
pewme.

Teopema 1. IIycmv l,q € N, 0 <1 <gq, (I,q) = 1. Tozda npu x — co cnpased-
AUBA ACUMTIMOMUNECKAH HOPMYAQ

Ag(w,1,9) = 8, [ A (g)wlogz + Ao(q)a] + O (w¥7(q)log’ x )

20e A1(q), Ao(q) — evrmuciumbie KOHCMANMbL, 3a46UCAULUE OM G U ONPEIEAAEMBIE CO-
ommuowenuamu (18) u (19),

5 1, ecau q# 0 (mod 4),
71 2, ecauqg=0 (mod 4) ul=1 (mod 4).
Bameuanme 1. [Tpu g = 0 (mod 4), [ = 3 (mod 4) ypaenenue u® + v? = n? ne
umeem pewenut, noIMoMY IMOM CAYHAT Mbl UCKAIOUAEM U3 PACCMOMPENUA.

SAKJIIOYEHUE. B janHOil cTaThe UCCIEI0BAJICH BOIPOC O CPEJIHEM 3HAYEHUM
unca pemenuii guodantoBoro ypasnenus u’ + v = n’ B apudmerndeckoil mpo-
rpeccun. I[lomyueHHbIN pe3yTbTaT HETPUBHUAJIEH NI BCEX ¢ <K z2° (log x)74. Kpo-
M€ TOr0, AaHAJIOIMYHOE YTBEPXKIEHHEe MOYKHO MOJYyYUTh U JJisi OOIIEro cjydasi, KOrjia

(l,q) > 1.
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