Researches in Mathematics and Mechanics. — 2019. — V. 24, Is. 2(34). — P. 122-135

UDC 539.3

Z. Yu. Zhuravlova
Odessa L.I. Mechnikov National University

NEW APPROACH OF ANALYTICAL INVERSION OF LAPLACE
TRANSFORM FOR SOME CASES

Laplace transform is a useful tool for solving of dynamic elasticity problems. However,
the problem of analytical inversion of Laplace transform has not yet completely solved.
Therefore, it is relevant to consider the new methods that allow to derive the analytical form
of the original function by the known transform.

In this paper, the new method of analytical inversion of Laplace transform for the trans-
forms of the certain form containing exponents in the denominator that linearly depend on
Laplace transform parameter is proposed. The cases of correlation between the exponential
indices are considered. The theorem is proved according to which the transform is expanded
into the Taylor series, and the original function is derived by term-by-term application of the
inverse Laplace transform. The correctness of the term-by-term application of the inverse
Laplace transform is proved. The results derived by the use of the new method are verified
by comparing them with the previously known formulas. The originals of Laplace transforms
that were not found in the literature are derived.
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1. INTRODUCTION

Dynamic problems for elastic bodies can be solved with the help of Laplace
transform. But the analytical inversion of Laplace transform in many cases is
a complex problem. So, instead of Laplace transform, steady-state oscillations
are sometimes considered. But, of course, they cannot describe an arbitrary
dependence of the time variable.

Some asymptotic schemes are usually used to determine the function’s be-
havior at the points ¢ = 0 and ¢t — oo [1], [2]. Numerical methods for inverting
Laplace transform are usually applied, but their correctness should be con-
firmed by at least some asymptotic methods, because the Laplace transform
inversion problem is not correct [3]. Some numerical inversion methods of
Laplace transform dealing with Laguerre polynomials are used in [4]. These
methods are inverted numerically. The Laplace transform inversion problem for
some functions can be reduced to the problem of solving the Volterra integral
equation of the first or second kind [6], which are usually solved numerically.
The relations dispensing contour integration were derived by the change of
variables in [5].
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In some cases, the original function can be found as the series of residuals
of the transform function [1], [6]. But in many cases the analytical finding of
all poles of the transform function is impossible.

The approach by which the transform function is expanded into series was
proposed in |7]. According to it, the transform function can be expanded not
only into power series, but also into series of exponential functions and even
into series of arbitrary functions if they satisfy the conditions indicated there.
But there were no examples of dealing with generalized functions.

Thus, the problem of analytical inversion of Laplace transform has not yet
been completely solved, but its application is extremely important in solving
dynamic problems.

2. MAIN RESULTS
The following Laplace transform is considered
1

N
co+ Y ciem s
=1

(1)

Here A; > 0,7 = 1,N, ¢;,i = 1, N, cy # 0 are real constants or functions,
which do not depend on parameter of Laplace transform s, N > 1 is natural
digit.

Let’s consider the case when A; = n;A,,n; € N,i = 1, N for some fixed
number 1 <m < N. Then the transform (1) can be rewritten in the following

form
1

_ )
co+ > ciemsniAm
i=1

Denote the single-valued function of the complex variable s e 4™ as z.

Since Rs > 0, then |e™*4m| = |z| < 1. The expression (2) can be rewritten as

f) = — (3)

co+ Y cpzm*
k=1

It is obvious that the function (3) has max nj = 7 singular points z; =

o 1<k<N "
;1 = 1,m. So, the points s; = —tlnai,i = 1,n are singular points for
the function (2). Since < in the formula of the inverse Laplace transform

Yy+ioco
= | f(s)es'dt is the abscissa in the semi-plane of the Laplace integral’s
y—100
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absolute convergence [7], so Rs > v > 0, where v = max {—ﬁ In ai}. Thus,

1<i<v
when Rs > v > 0 it is fulfilled that [e=*4m| = |z| < ¥ < 1, where ¥ =
—vAp,, min n;
e 1<isN - So, the function (3) in the domain |z| < ¢ < 1 does not have

any singular points.
First the following lemma should be proved.

Lemma. The function (3) satisfies Cauchy-Riemann conditions in the domain
|z| <9 <1 where it has no singular points.

Proof. Cauchy-Riemann conditions for the function f(z) = wu(z,y) +
iv(z,y) have the following form [8]:

ou_ovon__on "
oxr 0y 0y  Ox

First let’s present the function (3) in the form f(z) = u(x,y) + iv(z,y):

f(Z) _ 1 _ 1 _ 1 _
- N - N - N ng -
cot+ Yo cpz"k co+ Y. er(z+iy)™k cot+ > e >, Cﬁlkx”k’l(iy)l
k=1 k=1 L k=1 (=0

- N /2 SR -

cot S er > CRamkA(=Dly4i 3o X Cptlame 2Tl (—1)ly2t

k=1 =0 E=1 =0
1 Re—ilm

= Retilm — Re2+Im?

Here
N [w/2]
Re(z,y) =co+ » cp »_ Cala™=2(—1)ly
k=1 =0
N [(nk—1)/2]
Im(x, y) — Z Cr Cgi—i—lxnk—%—l(_l)ly%—i-l,
k=1 1=0

[nk/2], [(n — 1)/2] are integer parts of division.
Then f(z) = wu(z,y) + w(x,y) where u(z,y) = ﬁ,v(w,y) =

__Im
Re2+Im? -

: : : Ju Ov Odu IJv

Calculate the partial derivatives 52, Sy’ Oy’ O

du __ —Rel,Re®+Rel, Im?—2Im/ Relm
oxr — (Re2+1Im?)2 ’
v —Imj Re*+Im;, Im*4+2Re; Relm
872’, == (R62+Im2)2 9
ou _ —Rel Re’+Re) Im?—2I'm/ Relm
aiy - (R62+1m2)2 9
ov _ —Iml Re2+Im/ Im?+2Re! ReIm

ox — (Re2+1Im?)?
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Note that Cauchy-Riemann conditions (4) for the function (3) are fulfilled

when
Re;, = I'my, Rej, = —I'm;, (5)

Calculate Rel,, Imy, Rey, Im/,.

,ore X [mZbAl —2l—1 1,21
Rem = = Z Ck Z an(nk - 2l)$nk (_1) Y3

ox
k=1 =0
P N [ng/2]
Rely= 2 = ¢ 3 C2am2 (1)l 2Dy
k=1 =0

N [(nx—1)/2]
Im!. = 9m _ Sea > Cﬁffl(nk — 20 — 1)z 22 ()l 2L,
k=1 1=0
a1 N [ =1)/2]
Im! = 2m _ Z Ck Z C,%fjlm”k_m_l(—l)l(21+1)y21.
k=1 =0

To check (5) the following differences are calculated:

N [(n=1)/2]
Re; — Im; =Y ¢ > Cr%i (ng — 2l)xnk_2l_1(—1)ly21—
k=1 =0
(22l - l "
T & O a2 (=D 2L+ Dy™ | =
=0
. = —20-1 1,21 ny!
- kzl o z;) o (=1 (WIZ—QZ)'(”’“ —2l)-

ng!
~ @Dy, 2 (2 + 1))) =0;

N [ /2]
Rey+ Imly = 32 e (3 Calam = (1) 20y~
=1 =0
[(n—1)/2]
+ Z C’?le(nk —9] — 1>$nk72172(_1>ly2l+1 _
1=0
3 /2] ny! ng—21 1,20—1
= 2ok | 2 iy (DT (DT

[nk/2]
- (21—1)!(21!—2l+1)! (g — 20 + 1)$"k_21(—1)ly21_1> =0.

It is derived that conditions (5) and, correspondingly, Cauchy-Riemann
conditions (4) for the function f(z) of the form (3) are fulfilled for all |z| <
¥ < 1.

N
cot Y ciemnidm

tion f(z) has the form Z((:S’l)

Theorem 1. L' | ———1—— | = % %6(1& — kA,,), where the func-
k=0
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Proof.

By the proved lemma the function (3) satisfies Cauchy-Riemann conditions
and, therefore, it is holomorphic and regular [8] for all |z| < ¥ < 1.

According to the theorems [8] the regular function in the circle K : |z —

al < R can be presented by Taylor series f(z) = > %(2’ — a)", which is

convergent everywhere in the circle K.
The circle for the function (3) has the form K : |z| < ¢. Inside this circle
the function is regular. So, the following equality holds

oo
k=0

Power series inside the circle of convergence can be term-by-term integrated
and differentiated any number of times, moreover the radius of convergence of
the derived series is equal to the radius of convergence of the original series [9].

Thus, the series (6) has the radius of convergence R = ¢, within which this
series can be term-by-term integrated. That is the following is true:

(6)

1l 1 | -1 [f(z)] = L1 [§ fU:,(O)zk] _
N
co+ Z ciefsniAm =0 !
1=1
VHio0 o : 00 Y+i00
=om J X %e‘s’“‘%“dt Lo YO sk st gy —
~y—ioco k=0 ’ =0 oo
=S (o ¢]
zzwL—l [e=skAn] = zf JS(t— kA,
k=0 5=0
Let’s prove that the derived series
> V(6 — KAL) (7)
k=0 '

converges in the sense that all series

(kzzofk!(m = kA, ) Zf ) -

k=0

absolutely converge for all functions ¢(t) € S UK?, where S is the main space
containing all infinitely differentiable functions which when |z| — oo tends to
zero with all their derivatives of any order faster than any power of 1/|x| [10],
K" is the main space containing all continuous functions that are zero outside
some bounded domain [10]. Obviously, if the absolute convergence of series
(8) is proved for all functions from the main spaces S and K, then it will also
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take place for the functions from the main spaces K™, m > 0 and K, since
KcKm™CKYKcS|[10].
To prove the convergence of the series

Z ‘f (kA ©)

which is real-valued, let’s use the following theorem, accordingly to which if, at
least starting from some place (say, for n > N), the following inequality holds
o0

bl < b’l;J, then the convergence of the series Y b, with positive terms

n=1
o
implies the convergence of the series »_ a, with positive terms [11].
n=1

The comparison will be made with the series
S 1l 0

o0
By Abel’s theorem [9] if the power series > ¢,2" converges at the point

n=0
zs # 0, then it absolutely converges in the circle Ky : |z| < |z, and in any
smaller circle K : |z| < Ry < |z4| this series converges uniformly. In this case
the point 0 < |z9] < ¥ — €9 < 9 is chosen for some small fixed €9 > 0. Then,
by Abel’s theorem, using the convergence of the series (6), it is derived that
the series (10) converges (converges absolutely).
Let’s prove that

F+1)(0) |FEDO)] | gt1
| "D " ((k+1)An)| _ (D) ‘Zo ‘ an
!f O] - RO
lo(kAp)| el £

for the functions ¢(t) € S (it is fair for them that |p(kAy,)| # 0 for all k).

Obviously, the inequality (11) will take place if the inequality W <

|z0| holds or, equivalently, the following inequality holds

lp((k +1)An)|
|20

< lp(kAm)] (12)
By definition of the main space S [10] ‘ 1|im zlp(x) =0forallg=0,1,2, ...
xT|—00

For definiteness, the value ¢ = 1 is chosen. According to the definition of the
limit of the sequence [12] the following holds: for each € > 0, no matter how
small it may be, there exists a number N such that for all n > N: |np(n)| < e.
Accordingly, the following is true for k > N — 1 (A4,, > 0)

[(k+ 1D Ame((k+1)An)| <e (13)
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When 0 < |z9] < ¥ — ¢ < ¥, obviously, there will be such number Ny that
for all k > Ny — 1 the following inequality holds

|z10| < (k+1)A (14)

Let’s choose such a small digit e, > 0 for which
lp(kAR)| > & (15)

Obviously, for the function |p(kA;,)| that does not turn to 0, such a digit
e+ > 0 can always be chosen. Let’s fix it. For this €, > 0 there is some number
N, that for all K > N, —1 (13) will be true. Let’s choose k > max {N,, No} —1
and combine the inequalities (13)-(15):

[k + 1) Am)|

™ <[(F+ DAnp((k +1)An)| < ex <[p(kAn)],

that is the inequality (12) and therefore (11) takes places. Then, by the theo-
rem, the series (9) is convergent for all functions ¢(t) € S.

Note that for the functions ¢(t) € K, since they are equal to zero outside
some bounded domain, there exists a number N such that |p(kA,,)| = 0
for k > N. In this case, the convergence of the series (9) can be proved
by another theorem, according to which if, at least starting from some place
(say, for n > N), the inequality a,, < b, holds, then the convergence of the

oo

o0
series Y b, with positive terms implies the convergence of the series > a,
n=1 n=1
with positive terms [11]. Then for £ > N the following correspondence takes
place 0 = %W(Iﬁlmﬂ < w&éﬂ. Hence the series (9) is convergent
for all functions op(t) € K% Thus, it is proved that the series (8) converges
absolutely for all functions ¢(t) € S U K°, and the series (7) converges in the
sense indicated earlier.

The proved convergence of the series (7) implies the correctness of the
term-by-term application of the series (7) to any function from the main spaces
K" m>0,K,S.

Now let’s prove that the resulting series (7) is the original for the Laplace
transform (2). For this, the Laplace transform is applied to the series (7)

o S < 4(k) o
iy f k!(O)(;(t — kA=Y f k!(O)L 50— kA =3 FO0) i,
k=0 =0

Let’s prove that the series

i f(k)'(o) e—skAm (16)

k
k=0
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converges to the known transform (2).

The series (16), taking into account the change of variables z = e~$4m can

be written as (6), that is, it is an expansion of the function f(z) (3) in Taylor
series. According to the theorems [8] and the proved regularity of the function
f(2), it is derived that the series (16) converges to the function f(z) (3) with
the radius of convergence R = ¢}, which corresponds to the entire range of the
variable |z| < 9.

The statement of the theorem is proved.

The approbation of the proposed method is done on the known transform.
The result of applying of the proposed method to the known transform gave
the same result to the previously known result [13]. The detailed verification
is given in Appendix A.

Let’s consider some examples of application of the proved theorem. Con-
sider the following functions m and W when A > 0, a is a

natural digit.

The Taylor series can be easily constructed for the functions f(z) = ﬁ

and g(z) = (1—&—13)0‘:

f(Z) — 1 4 kzl O((Ot-‘rl)..k.:ga"rk—l) Zk

g(z):l—l—z( 1) (+i!) (atk=1) k

According to theorem 1

1 [(1} =[c=e] = L7 [f(2)]

1 7675A)a
_ - 1+ia(a+l)...k('a+k—1) k:] _
k=1 '
:5(t>+§:a(a+1)..}€('oz+k—l)5(t_kl4)
k=1 '
L [(1 +61_SA>J = [z =] = L7 [g(2)]
P i (—DFa(a+1)..(a+k - 1)2,1 _
k!
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Finally the following formulas are derived

1 [7_ 1 a} = §(t) + Y athAathl) 5y g4
(1—e ) = ! (17)

_ X (=1 Ea(a+1)...(a+k—1
L7 [ty = 0(0) + & (Hleleuletiols — )

Let’s consider the transform that corresponds to the general function of
the form (1)

L
L f7(s)
=—— 18
() co+ KE(s) (18)
The expression (18) can be rewritten in the following form
cox’(s) + a"(s) K" (s) = f(s) (19)

By the convolution theorem of originals the Volterra integral equation of
the second kind [6] is derived from (19)

con(t) + / 2K (- 7)dr = f(2) (20)
0

N
For the function of the form (1) f(¢) = §(¢), K(t) = > ¢;0(t — A;). Since
i=1
these functions are equal to zero when t < 0, the equation (20) can be written
using convolution as follows [10]

N
[cod(t) +) bt — Ay | xa(t) = 5(t) (21)
=1

That is, finding the original z(t) is reduced to the solving of the convolution
equation (21). The solution of the convolution equation of the form a(z) %
y(z) = b(x) is uniquely determined by the formula y(z) = a=!(x) * b(z) in the
case when the inverse generalized function a~!(z) exists [10]. By the definition,
if the generalized function f(z) has its inverse function f~!(x), then [10]

FH @) * fl2) = f(a)* [} (@) = 8(x) (22)

From the above the following consequence can be formulated

Consequence. {coé(t) + > ot —niAdn)| =, fT()é(t —kA,,), where
i=1 k=0

the function f(z) has the fo?*m (3).
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The verification of the formulas (17) by the fulfilment of the equality (22)
for them is done in Appendix B.
The more general cases when A; = n;Aqg + m;Ag,n;,m; € Nyi =1, N for

some fixed numbers 1 < d,q < N,d # q or even when A4; = > niquj,nij S
j=1
N,i = 1,N,j = 1,m for some fixed numbers 1 < ¢; < N,j = 1,m,q; #

qr,J # k,j,k = 1,m can be also considered. For these cases the transform

(1) can be rewritten in the forms < L or 1

m
co+ Z ciefs(niAdﬁ»miAq) N 75]‘;1 niquj
i=1 CO+Z cie

1=

respectively. So, the following theorems take place.

-1 1 o o= 1 9FHf(0,0)
Theorem 2. L T . =Y Z TTCZ(S(t — kA, —
co+ ) ciems(niAatmiAq) k=01=0
i=1
1Ay), where f(2,¢) = N% Here the single-valued functions of the
co+ Z cpz"k(Mk
k=1

sA

complex variable s e %44 and e=*44 are denoted as z and ¢ respectively.

Theorem 3. L~} L =
N s X ongjAg;
cot+ Y cie 471

=1

[o¢]
A { (P)
) 5(t—k1Aq _"'_kmAqm),
k17“'72k7n:0 kil k! 8z]f1...8z,’3{" 1
where 1
f(21, ceey Zm> =

N m e ’
co + Z Ck H Z;
k=1  j=1

Here the single-valued functions of the complex variable s e 49 are denoted
as zj,j = 1,m.

The proof of these theorems is beyond the scope of this article.
Appendix A. Method validation on known originals

Consider the functions I%SA and {—=x when A > 0. From [13] it is
known that

L [1_6 SA] Z(s (t—nA), [W] = i(—l)”d(t—n/&) (A1)

n=0

Let’s show that the results derived from theorem 1 are consistent with the
known results (A.1).
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According to theorem 1
-1 [1761_&4} =[z=e4] =L [
_ ! ijoﬂk,j@zk} —rt [f zk] = S 8(t - kA),
i |

— L [f f““,j,@)zk} — [i (-1)’%}+ = % (-1)fo(— kA)

1 —
1+e—s4 |

k=0
So, the known results (A.1) are equal to the results derived from theorem
1 (A.2).
Appendix B. Verification of derived formulas using convolution
The fulfillment of the formula (22) for the functions (17) can be verified for
any fixed a. Let’s prove this for a = 2.
According to (17)

L [(1763&4)2] =0(t) + ki_oj (k+1)6(t — kA),

0 (B.1)
L [ﬁ] =3()+ (- 1)*(k + 1)8(t — kA)

Consider the following convolution

<[5(t) —26(t— A) +(t —24)] * [ (t) + Z (k+1)6(t — kA)} ,<p(t)> =
—ff §) —20(¢ - A)+5(£—2A)]

X [5( &)+ kgl(k: +1)o(x — €& — k:A)] o(z)drdé =
J18(6) 2306 - )+ 6(€ ~24) [m + S+ Dple+ km} dé =

= 9(0) ~ 20(4) + p(24) + 3 (k + ()~
-2 k§1(k +1De((k+1)A) + kgl(k + 1De((k+2)A) =
= 9(0) = 26(4) + £(24) + 3 (k + 1)p(d)~
-2 kz::2 kp(kA) + k§3(k —1p(kA) =

= 0(0) + p(24) + 3 (1 — K)p(kA) + 3 (k — Dp(kA) = 5(0) = (5(1), p(1))

k=2 k=3
So, it is proved that

[0(t) —25(t — A) + 6(t — 2A)] = +§:k+1 )o(t — kA)| = 6(¢).
k=1
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The inequality [5(75) + ;jl(k‘ +1)6(t — kA)] *[0(t) —20(t — A) +(t —24)] =

d(t) is proved similarly. So, the correctness of the first formula in (B.1) is
shown.
Consider the following convolution

([5(75) +25(t—A)+6(t —24)] x [ (t) + Z (—1)F(k 4+ 1)d(t — kA)} ,go(t)) =
= []16(9) + 2006 - A+ 8(6 — 24)] x
<[oe -9+ ki(— (k-4 D3(o - € - b4) | p(a)aoa =
= 60) + 20(4) + ¢(24) + X (D4 Dp(bA)+
+2 kzzjl(—n’f(k +1Do((k+1)A)+

+ 3 (1R + D) ((k +2)A)
k=1

= 0(0) + 20(A) + p(24) + 3 (—1)F(k + 1) (kA) -

k=1
—2 k;(—l)’“k@(kfl) + kgg(—l)'“(k — D)p(kA) = ¢(0) = (6(£), (1))
So, it is proved that
[0(t) +25(t — A) 4+ 6(t — 2A)] * —i—i k—i—l )o(t — kA)| = d(t).
k=1

The inequality

+f: Bk +1)5(t — kA) | * [5(2) + 20(t — A) +6(t — 24)] = 8(¢)

=1

is proved similarly. So, the correctness of the second formula in (B.1) is shown.

3. CONCLUSION

1. The new method for the analytical inversion of the Laplace transform
for the functions of the certain structure is proposed. The proof of this method
is carried out.

2. The results derived by the new method of analytical inversion of Laplace
transform are compared with the formulas for the original functions known in
literature.
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3. Due to the use of the proposed method, the originals of new transforms
that are important for use in mechanics are derived.

2Kypasavosa 3. IO.
HoBuit miaXIiji 10 AHAJIITUIHOTO OBEPHEHHS MEPETBOPEHHST JIATIJIACA OJISI AESAKUX
BUTIAJIKIB

Pesrome

IleperBopenns Jlamnacy € KOpUCHUM IHCTPYMEHTOB JIJIsT PO3B’ST3aHHs IUHAMITHUX 33189 Te-
opil nmpyzkuocTi. TuMm He MeHII, TpobIEMa AHAIITHIHOrO 0OOEpHEHHSI TepeTBOpeHHs Jlammacy
JIO CHX TIip IOBHICTIO HE PO3B’si3aHa. ToOMy aKTyaJIbHUM € PO3IJISA HOBUX METOJIIB, 38 JOIIOMO-
rOI0 SIKMX MOYKHA OTPUMATH aHAJITHIHE MOIaHHsI OPUTIHALY 3a BiJOMOI0 TpaHC(HOPMAHTOIO.
Y naniit poboTi 3aIIPOIIOHOBAHO HOBUI METOJ AHAJITUIHOIO OOEPHEHHSI II€PEeTBOPEHHS
Jlamtacy njs TpancdOpMaHT IEBHOTO BUIJISILY, IO MICTATH Y 3HAMEHHHUKY €KCIIOHEHTH, sIKi
JIIHIAHO 3aJ/1eKaTh BiJ mapameTpa mepeTBopenHs Jlammacy. Po3risHyTo Bunmajaku criBBigHO-
IIeHb MiXK MMOKa3HUKAMM eKCIoHeHTH. JloBeneHO Teopemy, 3rilHO 3 KO0 TPAHCHOPMAHTA
po3BUBaEThCs y psijt Teitsiopa, i opurinag OTPUMYETHCS MIJIIXOM MTOYJIEHHOTO 3aCTOCYBAHHS
obeprenoro meperBopenss Jlammacy. KopekTHICTh TOUIEHHOTO 3aCTOCYBaHHS OOEPHEHOTO
neperBopenus Jlamracy mosenena. llpoBenena mepeBipka pe3ysbTarTiB, IO OTpUMAaHi 3 BU-
KODHCTaHHSIM HOBOI'O MeETOAy, 3 Bigommmu panime dopmynamu. OTpumani opuriHaau Bif
Tpanchopmant Jlamacy, ki paHiie He 3yCTPiYaINCh y JITEPATYPi.
Karowosi caosa: nepemeopenns Jlanaacy, anasimusne obeprenms, po3eunenmns 6 padu Ted-
A0Pa, Y3a2anvHeHi GyHKyil, 320pmKa.

2Kypasaésa 3. IO.
HoBBIIT NOAXO/l K AHAJIMTUYECKOMY OBPAUIEHUIO ITPEOBPA3OBAHUSA JIATIJIACA 1115
HEKOTOPBIX CJIVUAEB

Pesrome

IIpeobpaszoBanue Jlamnaca siBJIsteTCs OJIE3HBIM HHCTPYMEHTOM JIJIsT PEIIEHUsT TMHAMUIECKUX
3a/Jad TeOpUM yIpyroctu. Tem HU MeHee, MPOOIEMa AHAJIUTUIECKOTO OOpAIIeHus Tpeodpa-
3oBanus Jlamaca JI0 CHX IOpP ITOJIHOCTBIO He perreHa. [109ToMy akTyabHBIM sIBJISIETCS PAC-
CMOTPEHME HOBBIX METOJIOB, C MMOMOIIBI0 KOTOPBIX MOXKHO MOJIYUYUTh AHAJUTHYIECKOE IPE]I-
CTaBJICHHE OPUTUHAJIA [0 U3BECTHON TpaHchOpMaHTe.

B nmannoit pabore mpeioxKeH HOBBIH METOJ AaHAJTUTHIECKOTO OOpAaIlleHusl IIpeodbpa3oBa-
Hud Jlannaca st TpaHcOpPMaHT OIPEIeIEHHOIO BIA, COJAEPXKAIUX B 3HAMEHATEJIE KCIIO-
HEHTBI, JIMHEWHO 3aBUCAIINE OT apaMeTpa mpeobpazoBanus Jlammaca. Paccmorpensr cayaan
COOTHOIIIEHUI MEXKJy IOKa3arTessiMA KCIHOHEHTHI. Jloka3aHa Teopema, COIVIACHO KOTOPOIt
TpaHC(HOPMAHTa PACKIaIbIBaeTCsl B psif Teitopa, 1 OpUrHHAJ MOYyYaeTCsl MyTEM TIOYUJIEH-
HOTO MpUMeHeHust 00paTHOTO npeobpazoBanus Jlammaca. KoppekTHocTs moduseHHOrO IpuMe-
HeHus obparTHOro npeobpasoBanus Jlamnaca mokasana. [IpoBeseHa npoBepka pe3yJsibTaTosB,
MOJTy YEHHBIX C MCIOJIb30BaAaHNEM HOBOI'O METO/A, C U3BECTHBIMU paHee dpopmyaamu. [lorydae-
HBI OPUTHHAJLI OT TpaHcdopmanT Jlamiaca, paree He BCTPEYABIINECT B JIATEPATYDE.
Karoueswie caosa: npeobpazosanue Jlanaaca, anarumuseckoe obpawerue, pasrodicerue 6 pi-
dw Tetinopa, 0606wéHHbIE GYHKUUY, CEBEPMEKQ.
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