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ARITHMETICAL FUNCTIONS IN MATRIX RING OF ORDER 4
AND HIGHER

Beauuko . M. Apudmernuni ¢pyHKIT HAO KiJbIeM MATPHUIlb PO3MipHOCTI
4 1 Bume. Ilobynosan psa Jipixse mis PyHKIN JJIBHUKIB Y KiJbIl MaTPULb MIOPSIKY 4.
OTpuMaHi OIIHKY PO3HOILTY AeAKUX apuPMeTHIHUX (YHKIH.

Kuro4uosi ciioBa: QyHKISA TIBHUKIB MATPUIH, apudMeTrdHl QYHKINT y KA MaTPHUIIh,
OIHKY (DYHKII JITBHUKIB MaTPHUIh.
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Hoctu 4 m Bbime. [locTrpoen mpousBomsamumii pan Jupuxsre nnga GyHKIuN AeauTeseil B
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apudmernaeckux QyHKIHIL.

KuaroueBbie ciaoBa: JyHKIMA geuTeiedl MaTpull, apudmMeTudeckue (PyHKINU B KOJIbIE
MAaTPHIL, OIEHKU (DYHKITUN TEJIUTEIeH MaTPHIIL.

Velichko I. N. Arithmetical functions in matrix ring of order 4 and higher.
We constructed the generating Dirichlet series for divisor function in matrix ring of order 4.
Estimates for distributions of some arithmetical functions were obtained.
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INTRODUCTION.

Let My (Z ) denotes the ring of integer matrices of order k, GL;(Z) is the unite
group of My(Z). We denote the number of different (to association) representations
of matrix C' € My(Z ) in the form C = A1 Az, Ay, As € My(Z) as 14(C).

G. Bhowmik and H. Menzer [1], H.-Q. Liu [2], H. Menzer [3] studied the distri-
bution of function ¢2(n), where

In particular, the asymptotic formula

To(x) := Z ta(n) = Kyzlog® x + Koxlogx + Ksx + Ag(z)

n<x

was proved. The best estimate of As(x) that is presently known was obtained by
G. Bhowmik and J. Wu [4]:

Ay (z) < /8 log .

A. Ivi¢ [5] gave bounds for second moment of remainder term A, (z):

[ 831z = 0 10g) ),

(© 1. N. Velichko, 2008
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/A2 Q2% log® x).

Study of the distribution of function #4(n) for ¥ > 3 has some difficulties. N.Fugelo,
I.Velichko [6] constructed the generating Dirichlet series for t3(n):

= i tSTE:L), (Res > 1).

Besides, one proved the asymptotic formula

Z ts(n) = xPy(logz) + O(2°/%),

n<z

where Pj(u) is the polynomial of fourth degree.
In this paper we study the distribution of function t4(n) and prove the following
statements

Theorem 1. For x — oo the estimate

x) = Z ty(n) = Coz®* + O(z%/® log® x)

n<zx
holds.

Theorem 2. For any natural number k > 1 we have

Z te(n) = zPy(logz) + O(x/? log® x),

n<x

where the sign " in sum ZI indicates that the summation runs over all square-free
numbers, Py(u) is the polynomial of second degree.

Notations: Let ged(a,b) denotes the greatest common divisor of a,b € Z, u(n) is
the Mobius function. Vinogradov’s symbol ”<* is used in a sense of Landau symbol
70, in other words f(r) < g(x) is equivalent to f(x) = O(g(z)). For complex number
s = o + it we denote zeta-function as ((s). res, F(s) is the residue of function F(s)
at the point s = a.

Notation and auxiliary lemmas

We say, that matrices Ay, As are

(1) associated on the left (accordingly, on the right), if Ay = A,V (accordingly,
A, =V A5) holds for some matrix V € GLy(Z);

(2) associated, if A; = UA,V holds for some matrix U,V € GLi(Z).

Two representations C' = Ay By = A Bs are considered equivalent, if matrices A,
and A, are associated on the left (or B; and Bs are associated on the right). 74 (C)
denotes the number of nonequivalent representations C, C € My(Z) in the form
C =AB, A,B e M(Z).
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Let S(C') be the Smith normal form of matrix C € M (Z), |C| # 0. Then there
are matrices U,V € GLy(Z) such that C = US(C)V. Besides, if C = AB and
C = US(C)V, then S(C) = U'ABV~! and, U7t A|S(C). So, we have identical
correspondence between left divisors of the matrices C' and S(C), hence, 7(C) =
= 7(S(O)). A

It is well known, that there are a unique lower triangular matrix A = {a;;} where
0 < aij < ajj, i < j, which is associated with A € M (Z). Hence, 7,(C) is equal to
the number of lower triangular matrices A = {a;j} € Mip(Z), 0 < a5 < ajj, i < j,
for which A=1S(C) € My(Z) holds.

Let consider the case k = 4. Let

aiq 0 0 0
A _ asy a9 0 0
az; azz azz 0 ’

a41 Q42 Q43 Q44

where a1, a2, asz, ass €N, 0 < a1 < age, 0 < asgr,ass <ass, 0< aq1,a42,a43 <
< Gy4;

C11 0 0 0
. 0 C29 0 0
¢= 0 0 C33 0 ’
0 0 0 Cq4

where ci1]ca2, c22|css, c33]caa. A
Then we have, that the relation A=1S(C) € M4(Z ) holds if and only if the system
of the congruences

( C11 = 0 mod aiyl, C2 = 0 mod a2,
C33 = 0 mod ass, Cq44 = 0 mod aqq,
c
agli = 0 mod a29,
aii
Co:
22 __
azo— = 0 mod ass,
a22
c
33 _
< Qg3 — = 0 mod aqq, (1)
ass
a210s5 C11 C11
=% az1— = 0 mod ass,
ai1as2 ail
asalyg C22 C22
2243 27 s —= = 0 mod Q44,
220433 a22
_a43(a21 asz — a31a22)c11 i 21042C11 a C11 = 0 mod ay
\ 11022033 a1i1ao2 aii

has solutions.
Hence, 74(C) is equal to the number of different solutions of system (5) with
variables ai1, as1, @22, a31, a32, a33, Qaa, Qa1, Qa2, Qa3.

q—1 ¢=1 _ (1a_b)n
i — _ 1 2me 2 s
Using the fact, that ¢{z| az = bmod ¢, 0 < x < q} = gwE:O hgzoe , it is
easy to show, that 74(C1C5) = 14(C1)714(C%), (|C1],|C2|) = 1. In other words 74(C)

is multiplicative.
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Let consider t4(n) := > 74(C). Note, that t4(n) is multiplicative too.
|C=n
Now we need the following statements:

Lemma 1. For any prime number p and integers 1,5, k,c1,¢co,c3 : 0 < ¢ <
<ec, 0< )3 <, 0<k<es, 1 <co <cg the system of congruences

z1p = 0 mod p?,
zop®2 77 = 0 mod p*, (2)
Z122p T — 2ap®1 Tt = 0 mod pF.

has prllin(cl—i+k, min(j, c1 —%)+min(k, c2—j)+min(k, ¢1 —1)) solutions.

Proof. We remark that the relation ged(p®, p®) = pmin(a:b) holds. Then, from the
first and second congruences we have &1 = t1p/~minlha1=1) gz, = ¢, pk—min(k.ca—j) 4 —
=0,..,pminGe—i) 1 ¢, =0,..., pmintkhe—i) 1

Therefore the congruence 1 zop® ~ 7 —x3p® ~% = 0 mod p* has a solution if and
only if first summand of this congruence is divisible by p™i®(k:c1=%) "and in that case
it has precisely pmin(k:c1=%) golutions. But this divisibility is equivalent to realization
of the inequality

ord,(tita)+c1 —i+k—min(j,c; —i) —min(k, co—j) — min(k, ¢; —i) > 0. (3)

Now if 5 := min(j, ¢; — i) + min(k, co — j) + min(k, ¢; —i) —c; +i¢ — k > 0 holds,
we infer that (3) can be realize only if ord,(t1t2) > n. And if n < 0, then (3) holds
for all ¢1,t5. So, the number of solutions of the system (2) is equal to

prnin(j, c1—1)+min(k, ca—j)+min(k, c1 —i) —max(0,n7) _

= pmin(cl—z#k7 min(j, 1 —é)+min(k, c2—j)+min(k, c1—1)) (4)
The proof of Lemma 1 is complete. H

Since t4(n) is multiplicative, it is enough to calculate t4(n) for integer degrees of
prime p. So we can suppose, that ¢i1 = p,coo = P2, ¢33 = p,c4q = p, 0 < ¢ <
< ey <c3 <ey, ¢+ 3+ c3+cy =n. Since the congruence ax = b mod ¢ has no
more than ged(a, ¢) solutions mod ¢ (exactly ged(a, c), if ged(a, ¢)|b), then the system

c
r 11 _
a1 — = 0 mod ass,
ail
c
61,32ﬁ = 0 mod ass,
Ga22
c
a43—=2 = 0 mod Q44,
G33
{ a21a35 C11 c11 _ (5)
————— — a3 —— = 0 mod ass,
11422 ail
azay3 C22 C22
et B Ago— = 0 mod aaq,
(22033 a2
Q43 a32 — A31422)C11 a21042C11 C11
— (@51 ) + —a41— = 0 mod aas.

\ a110a22033 a110a22 ail
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has no more than

C11 C22 C33 C11 C22 C11
—Q22 )| —,a33 ) - | —,Q44 ) - | —,Q33 ) - | —,Q44 ) - | —, Q44
aii a22 ass ail a22 ail

solutions. So, setting a;; = p’,as0 = p,azs = pFra = pF, 0 < i < ¢,0<j <
<,0 <k <e3,0<I< ¢y, weobtain

C1 Co

7'4(])") S Z Z Z i f: p’y(c1,02,03,04,i,j,k,l)’

ST =0 40 k=0 1=
where y(c1,¢2,¢3,¢4,1,7,k,1) = min(j, c; — i) + min(k, ca — j) + min(l, ¢35 — k)+
+min(k, ¢; — %) + min(l, ¢co — j) + min(l, ¢; — 7).
Moreover, using Lemma 1, it can be shown, that the system composed from the
first, second, fourth congruences of (5) coincides with the system of congruences (2),
and, hence, has

pmin(cl—z'—i—k7 min(j, c1 —i)+min(k, co—j)+min(k, c1 —1))

solutions. Similarly, the system composed from second, third, fifth congruences of (5)

has
pmin(CQ —j+1, min(k, ca—j)+min(l, cs—k)+min(l, ca—j))

solutions. Now if we denote

A1(7,7,k,1) := min(c; — i+ k, min(j, ¢; —4) + min(k, co — j)+
+ min(k, ¢; —4)) + min(l, ¢z — k) + min(l, ¢ — j) + min(l, ¢; — 1),

A2(7,7,k,1) := min(cy — j + 1, min(k, co — j) + min(l, c3 — k)+
+min(l, ¢z — j)) + min(j, ¢; — i) + min(k, ¢; — ) + min(l, ¢; — i),

A3(i, 4, k, 1) := min(j, ¢; — i) + min(k, co — j) + min(k, ¢; — i)+
+min(l, ¢3 — k) + min(l, ¢ — j) + min(l, ¢; — 7).

Then we infer

e ¥ SEE S e

c1teategteg=n =0 j=0 k=0 [=0
0<ci<cg<ecgz<cy

C1 C2 C3 C4

Z Z Z pkg(i,j,k,l)7

c1teategteg=n 3=0 j=0 k=0 [=0
0<er<ep<eg<ey

T4(p") < >

c1tegtegteg=n =0 j=0 k
0<cy<eg<eg<cy

Z p)\B(Z7.77k=l)

c1teategteg=n =0 j=0 k=0 [=0
0<c1<eg<eg<cy

IA

C

[y

Z pr2(idikl) <

C2 Cc3 C4g
=0 (=0

IN
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Furthermore, we remark that

)‘3(i7j7k71) < (Cl—i+k)+(03 _k)+(62 _])—'_(cl _7’) =

:261 +Cg+Cg—2i—j;

Ag(i,j,l{?,l) S (Cl—i+k)+(63—]€)+l+(01 —i) :261 +03—2i+l;
Ag(i, g, k1) S jt+k+(cs —k)+k+ (2 —j)+ (a1 — i) = (6)
=c1+co+c3—i+k;

Ag(i,j,k,l) S (Cg—j+l)+j+k+01—i201 +02—i+1€+l;

Ag(i,j,]{?,l) S (Cl—i—f—]{?)+(Cg—k)+02—j+l:Cl+02+03—i—j+l.

We define A(i, j, k,1) := min(A1 (4, 4, k, 1), A2 (4, 7, k, 1), A3(i, j, k,1)). Then for all prime
number p > 15 the inequality

c1 co cs3 Ca
LUEEND YD 3 3D 3D e

¢1Feateztea=n =0 j=0 k=0 [=0
0<c1<co<Lc3<Ley

D R0 35 SI5 3 P

citeategteg=n Ni=0 0 k=c l=c
0<cy<eg<ecg<cy = 27 27

c2—C1 ca—j—1 c1 ca—cy c2—j—1 Cq
_|_ p)‘(lzj kl _|_ p (lvjv k) ) _|_
=0 j=0 k=co—j = i=0 j=0 k=0 Il=co—j

c1 cp—cy c2—j—1 ca—j—1 C4

+ Z Z Z pA(z,j,kl + Z i Z A(i,j,k,l)_|_

o
[y

&)
L™

i=0 j=0 k=0 =0 =0 j —c1+1 k=co—j l=ca—j
c1 co c3 ca—j—1 c2 c2—j—1 cq
_I_ p>\(17j k l) p (ZJ: ) _|_
=0 j:CQ—Cl+1 ’C:CQ—j =0 =0 j262—01+1 k=0 l:CQ—j

c1 ca—c1 c2—j—1 ca—j—1
+ g Z p)‘(z7.77k7l)>

holds.
Using (6), we can estimate the sums from (7) in the following way

co—cCq co—j—1 co—cCq co—j—1
E : § : E : E /‘ pA(z,jkl) < § : 2 : § : E : p2cl+03 24+l <
i=0 j=0 k=ca2—j =0 =0 j=0 k=co—j =0

c1 ca2—cC1

KDY (e —e+ 1 iprrtenite ol « (g — o + Dpartete
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c1 co—cy c2—j—1 Ca co—cy c1—1—1
>3 g <3 TS S ey
i=0 3j5=0 k=0 I=co—j 7=0 k=0 I=c2—j
ca—cy1 c2—j—1
+ Z Z p2C1+02—|—03 25—j & (CQ —c + 1)(04 —c + 1) 2c1+catc3—1 +

=0 Jj=0 k=c1—1 l=co—j

+(ca — €1)(cq — o + 1)pcrteates,

c1 co—c1 c1—i—1 ca—j—1

CQil CQi 1p>\(”kl) < Z Z Z Z p61+62—1+k+l+
=0 k=0

=0 j5=0

€1 C2—C1

=0 j5=0

c1 C2—cC1 C2 —1

co—

—j—1 J
Z Z p201+63—2z+l & p201+262—2 + (62 _ Cl)p2cl+C2+03—1;
k=c1—1 =0

¢c1 co—cyp c2—j—1 co—j—1 ca—cy1 Co—j—

Z Zj ZJ pA(i,j,k,l) < czl Z Z 1 czflpm-l-cz—i—l-k—&-l <
= j=0 k=0 1=0

i=0 j k=0 1=0 i=0

Cc1 Co—Cq
3co—1—25—2 3 —4
< pc1+ co—1—27 <<p c1+c2 .
i=0 =0

Cc1 Cc2 c3 Ca Cc1 C2 Cc3 Ca
Z Z Z Z p)\(i,j,k,l) < Z Z Z Z p201+02+03*21*j <

1=0 j:C2_Cl+1 k:CQ—j ZZCQ—j =0 j:CQ—C1+1 k:CQ_j l:CQ—j

<Y D) (- tit (-t pratetetizig
i=0 j=co—c1+1

< (c3 —c1)(es — er)p*res™h

c c3 Cc2 c2—C1 ca—j—1

Z Z_: > ilp (i2d:k:0) <Z . Z Y, pretetanitl g
i=0 j=0 1=0

k=co—j i=0 j=0 k=ca—j =0
€1 c2—cC1
< Z Z (C3 — €2 +] + 1)(04 — Cy _|_] + 1)p201+02+63—2z—j <

< (63 — Co + 1)(04 —Co + 1)p201+02+c3;

co—j—1 Ccq co—j—1 Cc4q

Z Z YooY pakd <Z Z SOy perteteith ¢

1=0 j=co—c1+1 k=0 I=cs—j 1=0 j=co2—c1+1 k=0 I=ca—j
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< Z Z (C4 —co+j+ 1)pc1+262+63—i—j—1 < (C4 — o+ 1)p201+62+63—2;
=0 j=c2—c1+1

ca—j—1 ca—j—1

Z Z Z Z pk(ldkl) < Z Z Z Z perteates— i—jtl

1=0 j=c2—ci1+1 k=co—j5 =0 i=0 j=ca—c1+1 k=co—j [1=0

<Y Y (es—ea A Dp et it ey — ey +j + )Pt
=0 j=cz2—c1+1

Finally we obtain

7_4(pn) < Z ((CB—CQ+1)(C4—C2+1) + (02—cl)(c4_02+1))p201+62+63 —

¢c1+4cotecztcg=n
0<cy<ecg<cg<cy

= Z (c5 —c1 +1)(cq — co + 1)p?arteztes <

c]~+cotcztcg=n ( )
0<cy<Leg<ez<ey

<Y (-t
c1+tcotcgtecyg=n
0<c1<ep<ecg<ecy

Now we use the following statement:

Lemma 2. Let ¢1,ca,c3,¢4 € Z, 0 < 1 < 3 <3 < ¢y, p> 15 be a prime
number, then we have

Y. (e —a PP = (g + 1% (1+0(1/p),  (9)

c1+cotecztca=n
0<ep<eg<eg<ecy

n, if n =4k

n — 1, otherwise

where ng = {

Proof. Note, that 2¢; + ¢o + ¢3 = ¢4 + n — ¢4. Thus the summand with the
greatest degree of p is a term with maximum of ¢; — ¢4. Since ¢; < ¢4, then ¢ — ¢y <
< 0. The relation ¢y — ¢4 = 0 holds only if ¢y = ¢3 = ¢3 = ¢4 =: k, in that case
n=2c+c+c3 =4k. Ilf n Z 0mod 4, then ¢; —cy < —1. And equality takes place:
forcy =co=c3=k,ca =k+1(ifn=4k+1),forci =co =k,ec3 =c4 =k+1 (if
n=4k+2),for c; = k,co =c3 =c4 =k + 1 (if n = 4k + 3).

Since 0 < ¢ < ¢ < 3 < ¢4, then the values as := ¢ — ¢, a3 = c3 — ¢a,
a4 1= ¢4 — c3 are nonnegative, and the set of (¢1, ¢, c3,¢4), where 0 < ¢ < ¢y <e3 <
< ¢4, €1+ C2 4¢3+ ¢4 = n, one-at-one corresponds to the set of (c¢y,as,as, as), where
0<ce¢,a0,a3,aq4, 4c1 + 3as + 2a3 + a4 = n.

Let O denotes the set of (c1,c2,c3,¢4), for which 0 < ¢; < ¢ <3 < ¢y, 1+
+co + 3+ ¢4 =n and 2¢; + 2 + ¢3 = t. Besides, ; denotes the set of (¢1, a2, a3, aq),
for which ¢y,a2,a3,a4 > 0, 4¢1 + 3as + 2a3 + a4 = n and 4¢q + 2a2 + az = t. Let’s
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|®t—

show that |@t|1‘ < 15. But, there are one-at-one correspondence between 0; and €2,
[©¢—1| _ [Q:—1]
5% Te T Tl

Note, that the €;_; can be presented as sum of sets Q; = {(c1,a9,as3,a4)
€ Q1| as > 2}, Qo={(c1,a2,a3,a4) € Qi_1]| a2 < 2, ag > 3}, Q3 ={(c1,a2,a3,a4)
€ Qt_1| as < 2, az < 3, ag > 2} and Q4 = Qt—l/(Ql U Qs UQg).

Let’s introduce the following mappings:

1) o1 1 = Q, pi(er,a2,a3,a4) = (c1 + 1,02 — 2,a3 + 1,a4) € Qy;

2) o1 Qo = Wy, paler,as,a3,a4) = (c1,a2 +2,a3 — 3,a4) € Qy;

3) w3 : Q3 = Qy, @3(01,@2,&3,&4) = (Cl,ag,ag +1,a4 — 2) € .

Since the mappings 1, @2, @3 are injective, then |p1 (1) = |Q4],
lo2(2)] = |Q2], |93(3)| = |Q3|. Without loss of generality, we can suppose, that

max (|1 ()], [2(22)], les(Qs)]) = @1 (D)l

Let’s consider the elements of 24 in more detail. If (¢1,as,as3,a4) € Qy4, then for
c1, a3, a3, aq the following conditions

€
€

4er + 3as + 2a3 + a4 = n,a0 < 2,a3 < 3,a4 < 2.

hold. Hence, |Q24] < 12.
Finally we have

|©¢_1] _ 11| _ 1927 U Qe U Q3 U Qy|
O] |€2: | |€2: | -

(] + [ + (28] +[Qa] _ 3|Q]+12
|1 (€1)] =T S

Hence, for the sum (9) we have inequality

no
Z (64 —o + 1)2p2m+02+03 < Z(n — 4+ 1)215n0—tpt —

c1+co+tcgteg=n t=0
0<cy<eg<ecz<ey

- 5,15 ‘
=p" ) (n =t P00 = (0= no + 1% (L4 O(L/p)),
t=0
which required. B

Thus, we proved the relation

ta(p") < (n —no +1)°p™ (1 + O(1/p)),

n, if n =4k
n — 1, otherwise
Note, that using (5), it can be shown, that matrix

where p > 15, ng = {

1 0 0 0

0 1 0 0
asi asx p* 0 , 0 < as1,asz, as1, a4 < p*,
as1 asz 0 pk
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is a divisor of the matrix

p¥ 0 0 0
0 p¢ 0 0
0 0 pF& o
0 0 0 p*

Therefore t4(p**) > p**, and for n = 4k the following equality
ta(p") = p"(1+ O(1/p))
holds. So, we proved the following statement

Lemma 3. Let p > 15 be a prime number, n € N, then the estimate

ta(p") < (n —no +1)*p" (1 + O(1/p)), (10)
holds, where ng = { Z’_U; no;zjfwise , moreover, for n = 4k we have
ta(p") = p" (1 + O(1/p)), (11)

(The constant in symbol "O% is absolute.)
Besides, we will use some well-known statements about Rieman (-function:

Lemma 4. For 1/2 <o <1, |[t| > 1 the following estimates

IC(o +it)| < t51=) (log(|t] + 3))2° L,
T
/|¢(§ +it)|*dt < TlogT
1

hold.

Proof of the Theorem 1

Let’s consider a summatory function Ty(z) := > t4(n). Using lemma 3, we can
n<z

obtain the generating Dirichlet series for t4(n), Res > 2:

F(s)=Y_ t‘if) =Ja+ t4p(§?) + t‘;(i) +.)=

2 +6 20 +4p+12 4+ 3p3 +9p% + 12p + 25
:H(1 P +P p +P P yY p n

+—+
. ps p2$ p33 p4s
2p* + 8p° + 20p” + 20p + 36 1, 2 1 1
+ et +...)=H( —p—4s_4) '(Hz?Lp—?H +...)-(1—p—48_4 )=

p

= ((4s —4)G1(s),
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where the Dirichlet series for G1(s) is absolutely convergent for Res > 1. By using
the Perron’s summation formula, we have:

b+iT b
rA(2x) log x

n<z

Taking into account lemma 3, we can think that t4(n) < Cn, C > 1, and suppose
A(z) :=Cx, b:= 2.

Then, shifting the line of integration on the line Res = 9/8 and taking into
account that the function F'(s) has pole of 1-st order at the point s = %, we obtain

b+iT b+iT »
/ C(4s — 4)G4 (s ) ds = ress;4((4s — / C(4s — 4)G4 (s ) ; ds+
b—iT 9/8+iT
9/8+iT . b—iT .
/ C(4s — 4)01(3)%613 - / C(4s — 4)G1(s)%ds;
9/8—iT 9/8—iT
x® 4 )

ress/a((4s — 4)Gi(s)— = C12°/*, where Cy = gGl(Z)
s
We can estimate integrals from upper equality in the following way:

b+iT

/ ((4s — )Gl(s)—ds < /|C 40’—4+4ZT)|| 2T|da <
9/8+iT 9/8
. b 14b—4
< f/|C(4a—4+4iT)|a:"da<< T / 1C(u + 4iT) |z 5 du <
9/8 1/2
4b—4 | T4b—4 e o/
1—u 14 x log x ¢
<<—/Ts( Nog T4 du < T2/5 / <T1/3) du < ek
1/2 1/2
9/8+iT T T
z° 1 0/8 o/ 1 dt
/ C(4S—4)G1(s)?d8 < /|§(§ +4Zt)||2+it‘dt Lz /|§(§+4nﬁ)|7 <
8
9/8—iT -T

1
/8 log T — [1¢(5 + 4
< /% log 1<r£g>§/2 /|C(2 + 4it)|dt <

12 90 1/2

1 .

/8log T — =+ 4it)|?

<a"MlogT max o /y<(2+ it)|2dt /dt <
1
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98 1og T 19010822 9/810g> T.
L x°/° log 1<1£e<u%/2@ Q log Q < z7/%log

Now setting T' = 22, we have
x) = Zt4(n) = C2°* + 0% log? x), (12)
n<x

The proof of Theorem 1 is complete. W

Proof of the Theorem 2

By the analogy with t4(n), we can define tx(n) := >, 7(C), where C € My(Z).
|Cl=n
Let’s find an estimation of the sum

Ti(x) = 3 te(n),

n<zx

where the sign '~ in sum 3 indicates that the summation runs over all square-free

numbers.
Note, that

Ti@) =3 th(n) = 342 (n)ts(n). (13)

n<x n<x

It is easy to obtain the generating Dirichlet series for Res > 1

_ i uz(ngik(n) _[lo+ w@)p) | e [[a+2) =

- ps pzs > ps
_ 20002 1. _3 2 O+’
=C@IIa+ 0= 5+ 50 = COTI0 - o+ 5 =

2(5)¢3(2s 2 6 6 8 6 3 2 2(5)¢3(25)C*(3
= %H(H'T_T"'T 2 2= SR 6 ),
(*(4s) pis pts phs pbs pTs pSs  pos (7 (4s)
where the Dirichlet series for G2(s) is absolutely convergent for Res > 1/4.
By using the Perron’s summation formula, we have:

¢*(5)¢%(25)¢*(3s) x® z? zA(2z)log x
27” / C3 48 GQ(S)?dS'i‘O (m) +0 <T) .

We can suppose, that for our case A(x) = z°°, ¢g > 0, b =1+ loém' Then,

shifting the line of integration on the line Res = 1/2 and going around the point
s = 1/2 on the left, it can be obtained the following relation

/ (*(s)¢*(25)¢* (3s) a® ¢*(5)¢°(25)¢* (33)

1) Gg(s)?ds = res; ) Ga(s) +
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SOISEDISCO P eweesees e
/ 5 (1) d + / G (4s) Gz(S)?dS—
1/2—iT 1/2—iT

(*(s)¢%(25) ¢ (35) z®
/ T3 (ds) Gz(s)?ds,
1/244T

¢*(5)¢°(25)¢* (35) z’

res; &3 (43) Gg(s)? = xP5(log z);
2 3 2 s
r681/2c (S)CCS((2433)C (33) G (S)% — $1/2P3 (1ng) — O(:Ul/2 10g5 .’17)

We can estimate integrals from upper equality in the following way:

a

x® T
—d 2 1) | ————d
G2 (s) S ds < /|C (0 +i )||a+iT| oK

(*(s)¢*(25)¢* (3s)
/[ ¢?(4s)

1/244T 1/2

T1/3 T2/3 T ’
1/2 1/2

b b
1 logT o blog T
<<T/|C(a+iT)|2x"da<< o8 /( Ts) do< B

1/244T T

CQ CB 2 CQ 3 s 1
[ RG] < [
1/2—4iT 1

1/2
dt +

+ t 2 1+ t 37
1/2

+ il /[ d < 2% log? 1“/[|< + it)) dt — <z ?log® T

— o x Z xr .

7716+ it o+ & &
— 7 16

Now setting T' = z, we have

Ty (z) = Z ) =Y _u’(n = 2Py (log ) + O(z'/? log® x). (14)

n<z n<z

The proof of Theorem 2 is complete. W

CONCLUSION.

We obtained estimates of functions Ty(x) and T} (z) with the help of Perron’s
summation formula. Using the estimates in the asymmetric divisor problem, the
orders of the remainder terms for Tj(z), k = 3,4 probably can be improved.
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