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1. INTRODUCTION

In the theory of linear systems of differential equations is well known prob-

lem of the construction for the linear homogeneous system of the differential

equations
dz
— = A(t 1
" _ At )
where x = colon(21, ..., %), A(t) = (ajk(t)); y—17, Lyapunov’s transformation
z = L(t)y,

which leads the system (1) to the triangular kind

dy
o=
where T(8) = (b1(0)) s bir(t) = 0 (j < &) [1-4].

In this paper, we assume, that the system (1) already reduced to a kind,

T(t)y,

close to triangular:

& = (T + kP(0) )
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where p — small parameter, and the matrix P(t) has a some special kind. And

we study the problen on bringing the system (2) to a purely triangular form

dy
= — D(t
7 )y,

where D(t) = (d;i,(t)) dix =0 (j < k).

This paper continues the research, begun in the paper [5|. The basic no-

j?k:177n7

tation and definitions of the paper [5| are retained. As in the paper [5], we
will study this problem for a third-order system (n = 3) so as not to clutter
up the presentation with secondary technical difficulties associated with the
dimension of the system. All fundamental difficulties take place in this case
too.

Statement of the Problem. We consider the next system of differential

equations:
dx
i (B(t,e) + uP(t,e,0))z, (3)
where z = colon(z1, T2, 73),
bll(t, 6) 0 0
B(t’ g) e b21 (t7 8) b22 (t, g 0 )
ba1(t,e) b3a(t,e) b33(t,e)

bir(t,e) € S(m;eo) (4, k =1,2,3), P(t,e,0) = (pjr(t,e,0))j k=123, Pjr(t,c,0) €
F(m;eo;0), p € (0, o) C RT.

We assume that
bjj (t, 5) - bkk(t7 5) = imjkso(t? 5)7 (4)

mj € Z, mj; = 0, mj, = —my; (J,k = 1,2,3), o(t,e) — the function that
appears in the definition of the class F(m;eg;6).

We study the problem of the existence of a transformation of kind
x=(E+p¥(te0,p))y, (5)

y = colon(y1, y2,y3), F — unit matrix of third order, ¥ — matrix of third order
with elements from F(l;e1;0) (0 < 1 < m, 0 < g1 < &), which leads at
sufficiently small p the system (3) to the kind:

dy
Y K(te b
7 (t,e,0, 1))y, (6)
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where K = (k:jk(t,s,G,,u))j?k:m, kir =0 (j < k), kjp(t,e,0, 1) € F(l;e150).
That is, the same problem is considered as in work [5], but, taking into

account conditions (4), in the resonance case, in contrast to [5].

2. AUXILIARY RESULTS

Lemma. Let we have the system

% - <A(t,e) + ;Qz(t, £, 9)ul> v, (7)

v = colon(vy, v2,v3), ¢ € N,

im12<p(t, E) —C32 (t7 5) 0
A(t,e) = 0 im13p(t, ) 0 (8)
0 021(7575) im2390(t75)

mjir € N, cji(t,e) € S(m;eo), and p(t,e) — the function in the definition of
class F(m;eo;0), the elements of matrices Q; (I = 1,q) belongs to the class
F(m;e0;0).

Then there exists 1 € (0, o), such that for all ;€ (0, p1) there exists the

Lyapunov’s transformation of kind

v = (E +) Wi(te, 9)M> w, (9)

=1

where elemens of matrices Wi(t,e,0) (I =1,q) belongs to the class F(m;eq;0),
which leads the system (7) to kind:

d q q
dqu = (A(t,éf)+ZUl(t,€),Uzl+€ZV2(t,5, H)MZ_F,LL(H_IW(tveaea/JJ) w,
=1 =1

(10)
where Uj(t,e) — the matrices with elements from S(m;eg), Vi, W — the matrices
with elements from F(m — 1;¢¢;0).

Proof. We substitute the expression (8) into system (7), and require that
the transformed system has the kind (9). We obtain the next chain of matrix

differential equations for detemining matrices Uy, ..., ¥,:

LG
% =A(t, e)¥; — V1 A(t,e) + Qi(t,e,0) — Ui(t,e) — eVi(t,e,0), (11)
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4y,

-1
— = A(t, &)U — WAt ) + Qi(t,e,0) — z::l QU ,—

-1 -1
= UL (te) =Y U Vi (te, 0) = Uilt,e) —eVi(t,e,0), 1 =2,q. (12)
v=1 v=1

where U; = (¢§k)j7k:1,2,3, Q = (qék)j7k:17273, U = (uék)j7k:17273’ v, =
(Wi )jk=1.23 (1 =1,9).

Then the matrix W at sufficiently small values u is determined from the

equation:

q q—1
(E + Z ‘I’ml> W= Z Z (Qo¥s — W, Us | p°—
1=1

s=0 | o+4+d=s+q+1

—_

q

DR 278 T (13)

s=0 \o+d=s+q+1
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We consider the equation (11). In the component it looks like this:

d 1
qfijtll = _632(t7 5)¢%1 + Qh (t7 &, 9) - uh(t, E) - Ev%l(ta g, 0)7

dapl .
2 = i(muy — mus)e(t €y — eaa(t €) (b — ) — em(t )+

+qiq(t, e,0) — uly(t, e) — eviy(t, e, 0),
Whs (g — teVha — can(t, £)iplat
a = i(mi2 — mas)p(t, )i — csa(t, €)thag
+qi5(t,e,0) — uls(t,e) — evis(t, e, 0),

War — i(mys — t )l + abi (t,e,0) — uby (t,€) — e, (t,e,0
g = i(mas — ma2)p(t,e)va + aa1 (L€, 0) —uyy (t,€) — vy (t,€,0),

032(t7 8)1/}%1 - ch(tv 6)1/1312 + q%Z(tﬂ & 9) - uh(t, 8) - EU%Z (t7 &, 6)7

sy
3
I

a i(m13 - m23)30(t7 5)¢%3 + q%?)(tv &, 0) - u%3(t7 5) - 81}%3@’ &, 6)7

Wir — (s — t, e t,e)s
a = 23 — ma2)p(t, €)Yz + cai(t, €)y+

+q§1 (t,e,0) — u}ﬂ (t,e) — av%l (t,e,0),

U

1
%2 — i(mag — mua)e(t, €) by + co1(t,€) (Wl — Vls) + caalt, )d +

+Q31,2(t, g, 0) - u%)?(ta 5) - 61}31;2(75’ &, 9)7

d 1
155’3 = co1(t,€)ds + g3 (t, €,0) — uls(t, e) — evis(t, e, 0).

(14)

Define w;k, ujl-k, vjl-k by the following expression:

o0

Fn[ql (t, g, 0)] i
. _ 21 inf(t,e)
Va1 (1€, 0) Z i(m13 —mi2 — n)p(t,€) ‘

M
n=—00
(n#mi3—mi2)

u%l(tv 5) - I‘77113—77112 [qél (t/57 6)]?
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1 > d Tnlgd(t,e,0 in
7151(75,5,9) - - Z @ <Z( [ 21( )] ) e 9(t,s)’

3 e o mi3 — mi2 — n)(p(t, 8)
(n#mi3—m12)

olai(t,e,0) — c3a(t, e)vd (t,e,0)]
L(t,e,0) = E HAD = ) 21\" <> ind(t,e)
it 0) S — ing(t,e) € )
(n70)

u%l (t7 E) = FO[Q%I (t7 g, 0) — (32 (ta €)¢%1 (t7 &€, 0)}7

1 & d [(Talgly(te,0) — caalt, o)l (t.e,0)]\ .
1 - _ = el 11\"» <> ) 21\% < ind(t,e)
vt e, 9) € nz_:oo dt < inp(t,e) ¢ ’

(n#0)
= Tolgd (t,6,0) + cor(t, e)d (t,6,0)]
1 _ ni1431\" <> ) 21\% né(t,e)
t,€,€9 = . € )
il ) n;oo i(ma3 —miz2 —n)p(t,€)

(n#ma3—m13)

uilil(tv 5) = szs—mm [q%l <t7 &, 9) - 632(t7 8)1#51(’57 & 9)]7
1 i d (Fn [qél(tv &, 0) + 21 (ta 5)¢%1 (t7 & 9)} ) einé(t,s)

1
te,0) = — o
v (t,€,0) - dt i(mas — mia — n)p(t,e)

n=—oo
(n#mogz—m12)

o0

Lnla33(t, €, 0)] :
! = — 23 ind(t,e)
¢23(t7 €, 0) Z i(m13 — Mgy — Tl)g&(t, 8) € )

n=—oo
(n#m13—mao3)

u%i’) (ta ‘5) = DIinig—mas [Q%?, (ta &, 0)]7

[e.e]

1 Ilq4 ,
U%3(7§,6, 9) — g Z d <Z( [QQS(t7579)] ) 6m€(t,5)’

e oo dt mi3 — Ma3 — n)gp(t, 6)
(n#myz3—ma3)

. Fn[ql (t,&,e) + CQl(tag)wl (tagae)] in
Usa(tie,f) = ) o S enotte),
“nz0)
u%ﬁ (tv 6) =Ty [Q?IB (ta g, 0) + c21 (t, €)¢%3 (t7 &, 9)}7
1 & d (Tulgds(t,e,0) + car(t, e)ds(t, e, 0]\
1 _ - el 33\% <y ) 23\% < ind(t,e)
,033(757550) - Z dt < anp(t,€) € c y
")
= Pn[ql (t7€70) +C32(t7€)¢1 (t7570) B CQl(t, €)¢1 (t7579)} in
¢%2(t757 9) = Z 2 mi;(t 5) 2 € 6(t78)7
iy

u%2(ta 5) = FO[q%2<t7 &, 9) + 632(t7 5)¢%1(t7 & 9) - C2l(ta 5)¢%3(t7 g, 9)]?



On the Reduction of the Linear System 37

uby(t,,0) % i dﬂ < nla35(t,€,0) + caa(t, €)vy (t,€,0) — ean(t, €)yds(t e, 9)]) eind(t:e).

inp(t,e)
"o
o Dufada(te,0) + car(t ) (Vs — is) + eaalt, )]
1 _ 324, 6, , 22 33 ' E)V31] inb(te)
P3a(t, €, 0) n;oo i(ma3 —mag — n)p(t,€) ‘ ’

(n#ma3—m13)

ué2(t7 5) = 1_‘77123—m13 [q§2(t, & '9) + c21 (t7 5)(¢%2 - 1/{%3) + 632(t7 5)7»0?{1]7

1 = d (Talady(t.e,0) + ca(t,e) Py — ¥is) + csa(t, )]\
1 _ = el 32\ < ) 22 33 ) 31 nf(t,e)
vga(t:€,0) € Z dt < i(mag —mi3z — n)p(t, ) € ’

n=—oo
(n#mgz—mg3)

o)

Tonlals(t,e,0) — csa(t, e)is(t,e,0)]
L(t.e ) = — 13\ <> ) 23\% <) ind(t,e)
¢13( y €y ) Z i(m12 — Mg — n)«p(t,e) €

)

n=-—00
(n#m13—ma3)

u%?)(tv 5) = I‘m12—m23 [q%?,(t? €, 9) - 032(t7 E)w%:%(tv & ‘9)]7

’U% (t g 9) = 1 i i Fn [q%?)(m & 0) 632 (t’ 8)¢%3(t7 &, 9)} ein@(t,s)
T < n=—00 dt i(m12 — ma3 — ”)80(75, 5) ’
(n#mi13—ma3)

o0

Dlo(t e, 0) = — Z Lolgia(t ,0) — caa(t, €) (W3 — ¥1y) — car(t, €)¢i1) ey

i(mi2 —miz —n)e(t, )

n=—oo
(n#mig—m13)

U%Q(u 5) = 1_‘77112—77"013 [Q%2(t7 & '9) - C3Q(t7 5)(w52 - w%l) - ch(tv €)¢%3]7

. B 1 0 i Fn [q%z(t’ g, (9) — ng(t, E)(QJJ%Q - w%l) —C21 (ta 8)1/}%3] nf(t,e)
via(ts€,0) = c Z dt i(miz2 — miz — n)p(t,e) ’ ‘

n=—o00
(n#mig—m13)

All the elements of matrix U; belongs to the class S(m;ep). All the elements
of matrix ¥; belongs to the class F'(m;ep;0). All the elements of matrix V)
belongs to the class F(m — 1;e0;6).

All the equations (12) are considered similarly to equations (11), and so
the matrices ¥;, U, V; (I = 1,q) are determined. And also all the elements
of matrix ¥; belongs to the class F'(m;ep;0), all the elements of matrix U,
belongs to the class S(m;ep), all the elements of matrix V; belongs to the class
F(m —1;60;0) (I =1,¢q). Matrix W are determined from the equations (13).

Lemma are proved.
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3. PROBLEM SOLVING METHOD AND BASIC RESULTS.
We seek the transformation of the kind:
x=(E+p¥(teb,pn)y, (15)
y = colon(y1, y2,y3), F — unit matrix of third order,

0 ¢12(t»€797ﬂ) 17[)13(15,6,9,,&)
\I’(t,E,e,,U/) = 0 0 ¢23(t7579’:u> )
0 0 0

i € F(my;e1;0) (0 <my <m; 0 < e <eg), which leads the system (3) to

the kind:
dy B

dt - (B(t,8) +1U’D(t78)97:u))y7 (16)
where
dll(tvgveau) 0 0
D(ta 6797#’) = d21(t,5,9,,&) d22(t7579nu) 0

d31(t757‘9’/j“) d32(t58)95/4") d33(t58)97,u')

We substitute the expression (15) into system (3), and require that the
transformed system has the kind (16). We obtain the next system of the
differential equations for detemining 12, Y13, Y¥23:

d’ﬁtm = K12(t7 &, 9? ¢127 wl?n 1/]237 N)a

d’ﬁ;g — K13(t;‘5’97¢127w137w237ﬂ)5 (17)

28 = Kos(t,e, 0,12, V13,123, 1),
where
Kia = (m11 — ma2)p(t,€)h12 — baa(t, €)v13 + p1a(t,e,0)+

+ b1 (t, €)1hTy + pbsa(t, €)Prathas—
—u2par(t, &, 0)1%y + pPbs1 (t, €)biathas + 1’ paa(t, €, 0) 12903+

+12b31 (¢, €)h1avis 1 psa(t, €, 0) i3+ psi (t, €, ) igtos+1Ppsi (¢, €, 0)b1ats,



On the Reduction of the Linear System 39

K3 = (m11 — ma3)p(t, €)v13 + pis(t, e, 0) + p(pi(t, €,0) — pss(t, e, 0)) 13+
+pp12(t, €, 0)23 — pubis(t,€)1his — pbsa(t, €)1gthas—
—i?p3i(t, €, 0)0Ts — 1 paa(t, €, 0)b13thas,
Koz = (maz — ma3)p(t, €)thes + bar (¢, €) P13 + p2s(t, €, 0) + upai (t, €, 0)h1a+
+u(p22(t,€,0) — p3s(t, €, 0))v23 — pbsi(t, €)Yh13v23—
—pbsa(t, €)33 — pPpsi(t, €, 0)h1sthas — (°p3a(t, e, 0)13.
In this case dji(t,€,60, 1) (j > k) has a kind:

d3i(t,e,0) = pai(t,e,0),

dsa(t,e,0, 1) = p3a(t,e,0) + b31(t, €)P12 + ups1(t, €, 0) 12,

ds3(t,e,0, 1) = p33(t, e, 0)+b31(t, €)P13+b3a(t, €)as+u(psi(t, €, 0)P13+p3a(t, €, 0)1a3),
do1(t,€,0, 1) = p2a1(t,€,0) — b1 (t, €)1 — pupai(t, €, 0) P23,

daa(t,€,0, ) = p2a(t, e, 0)—=ba (t, €)P12—bsa(t, €)has+pup2i (L, €, 0) 12— pdsa(t, €, 0, p1)1os,

dll(ta &, 97 /.L) = pll(t> g, 9)_b21(t7 5)¢12—b31 (tv 5)¢13—M(d21(t> g, 97 M)¢12+p31(t; &, G)QPIS)

(18)
Together with the system (17) we consider the auxiliary system:
Sp(ta 6)% == KIQ (t7 €, 07 5127 6137 5237 M)a
80(75,5)% = Ki3(t,¢,0,812,813, 623, 1), (19)

Sp(ta 6)% == K23(t7 g, 07 5127 6137 5237 M)a

where ¢(t,¢) — function in the definition of the class F(m;eg;0), and t, e are
considered as constant. Using the method of the small parameter of Poincarais
[6], we construct the partial sums of the series in degrees of the small parameter
representing the 2m-periodic with respect to € solution of the system (19):

Enlte,0,1) = Ey(t,6,0) + pfy(t,e,0) + ...+ p* 7 C 7 (t,e,0),  (20)
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where £3,.(¢,€,6) (s = 0,2¢ — 1) — 2m-periodic with respect to 6 functions.
Regarding these functions, we obtain the chain of the system of the differential
equations:

d512 —

o zm12§12 + ’”Zﬁ 2)0)’
553 = imy3&ls + pilzgzzf), (21)
233 = imao3lds + + pi‘;’g:z’)e),
déiy 1 baa(te) 1 0 (0 (0
12 ——Fo(t, e, 0
7 im12§1o — ot ) s + o005) 12(t,€,0, 19,813, €3),
dely = imizly + ;Fw(t £,0,05,&05,35) (22)
da (P(t’ 6) ) b ) b ) b)
dﬁ%:s bo1(t,€) 1 0 ¢0 (0
- 235 + —— E F23 t75707€ 75 75 )
d9 23 90( ) 13 gD(t,E) ( 122613 23)
where
Fio(t,,0,09, &13, £93) = bar(t,€)(£92)% + baa(t, €)193,
F13(t7579a§?2>£(1)37£[2)3) =
= (pu(ta & 9) — p33(t, e, 9))5?3 +P12(t’ & 9)5(2)3 — b31(t, 5)(5[1)3)2 - b32(t7 5)5[1)35837
Fs(t,e,0,£0y, &3, £93) =
= (p2a(t,e,0) — ps3(t,e,0))E95 + P21 (t,&,0)E0 — baa(t,€)(€33) — b1 (t, €)ED5E0s,

LS s tE)
- = imikiy — 5Ly Szt

1 —1 -1
+<p(t75) PfQ(t75v07§(1)2’€?37§(2)37"'7512 ’ TS ’ 53 )7

défs _ - 0
0 = lm13€13+

1
+m §3(t7579’£[1)27£?3a£[2)37'"7512 ) 13 75 )7

dé3s

s b21 (t 8)
40 — Zm23€23

ote) SiaT

—1 es—1
+ﬁ R§3(t75707€?27§(1)37§837'"’512 ) fS ’ 53 )7 3—2 3 q_l

(23)
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P%,y, Q35 Ry; — polynomials from &0, ..., &55 " with coefficients from the class
F(m;eo;6).

Theorem. Let the system (17) such that:

1) there exists the such functions f;k(t,a,ﬁ,p,), Qp(t,e,0,p1) (4,k =
1,2,3;7 < k;1 = 1,2,3) belongs to the class F(m;eg;0), that the transforma-

tion

Vjk = Ep(t, 6,0, 1) + jpa(t, 6,0, p)or2 + Pjra(t, €, 0, p)ois + js(t, €, 0, 1) oas
(24)

13, k=1,2,3;7 <k,

leads the system (17) to a kind:

d q
d% - <A1(t, &)+ y Uit 6)#’) o+eg(t,e, 0, p) + p?le(t,e, 0, p)+
=1

q
Te (Z Vilt,e, G)Ml> o+ uI Lt e, 0, 1) + pH(te,0,0,1),  (25)
=1

where o = colon(o12, 013, 093),

imi2p(t,e)  —bsat,€) 0
Aq(t,e) = 0 imazp(t, €) 0 ’
0 boi(t,e)  imasp(t,e)

Ui(t,e) (I =1,q) — matrices with elements from S(m;ep), g = colon(g1, g2, g3),
gj(t,e,0,n) € F(m —1;e0;0) (j = 1,2,3), ¢ = colon(c1, ¢, ¢3), cj(t,e,0,p) €
F(m;e;0), Vi(t,e,0) (I =1,q) — matrices with elements from F(m — 1;e0;6),
L(t,e,0, n) — matriz with elements from F(m;eo;0), the components of vector-
function H — polynomials in respect to o12, 013, 023, containing terms not lower
than second order with respect theese variables, with coefficients, belongs to the
class F(m;eo;0);
2)the eigenvalues \j(t,e,p) (j = 1,2,3) of the matriz

q
Ult,e,pn) = A(t,e) + > Ui(t, o)
=1

such that
inf [Re);(t,e,0) > vop® (v0 >0, 0 < go < q);
G(eo)
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3) for the matriz U(t,e, u) there exists the matriz Y (t, e, 1u) such that
a) inf |detY (¢,e,u)| > 0,
G(eo)

b) YUY = A(t,e, ) — diagonal matriz.

Then there exists p1 € (0, po), €1(p) € (0, o) such that for all € (0, p1)
and for all € € (0,e1(p)) there exists the transformation of the kind (15), whose
coefficients V;(t,€,0, 1) (j < k) belongs to the class F(m — 1;e2(p); 0), which
leads the system (3) to a triangular kind (16), where dji(t,,0, 1) (j > k) are
determines by the formulas (18).

Proof is complete analogous to the proof of the Theorem 3 from [5].

Now for different relationships between mj; we get for the system (17)
more specific conditions of existence of the transformation (24). We will check
only condition 1) of the theorem, assuming conditions 2) and 3) to be satisfied.

Case 1. mj2 # mi3, mi3 7# Mmag, Mi2 7# Mag3.

Consider a generating system (21). Under the conditions

27
[ p13(t,e.0) e~msfgH — ),
0

27 .
[ (pra(t,e,0) — bsa(t, e)x13(t, €, 0)) e~ ™12040 = 0, (26)
0
27 .
[ (pra(t, e, 0) + bor (£, £)x13(t, £, 0)) e=M2:0d6 = 0,
0
where
- Fn[p13(t757‘9)] ind
t,e, 0) = , e 27
xas ) n_z_:oo i(n—mag)e(t, €) 27
(n#mq3)

the system (21) has a family of the 2m-periodic on 6 solutions:
£h(t,e,0) = x13(t, &, 0) + My3(t, €)e™13?,
Ea(t,e,0) = xaa(t, €, 0) — ara(t,€)e"™ 3% + Mg (t, €)e™ 2,
5(2]3(757 € 9) = X23(tv &, 0) + a23(ta 5)eim130 + M23(t7 5)€im2307

where

Lnlp12(t,e,0) — baa(t,)xa3(t, €, 0)] gint
i(n —mi2)p(t,e)

xi2(t, e, 0) = Z

n=—00
(n#my2)
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bgz(t, E)Mlg(t, 6)
i(miz — mi2)p(t,e)’

a2 (t, 6) =

o0

Iy [pes(t,e,0) + bai(t, e)x13(t, €,0)] g
t 0 — mn
xnlbef)= 3 i — ) (E.2) ‘

n=-—o00

(n#ma3)
bgg(t, 6)M13(t, 6)

’i(mlg — m23)<p(t, 6) ’

and My3(t,€), Mia(t,€), Mas(t,e) — the function from the class S(m;eq), which

defined from the next system of the equations:

a23(t, E) =

2
Rgl) (ta &, M127 M137 M23) - /F13 (tv &, 07 6(1]27 6?37 égS) e*im139d0 = O,
0

2w

Rgl)(ta g, Mya, Mys, M23) = / (F12 (ta & 97 5?27 6?37 5[2)3) - b32(t7 €)X13(t7 B 0)) e*iﬂlu@dg =0,
0
27
Ri(’,l)(ta g, Mya, Mys, M23) = / (F23 (ta & 97 §?27 5?37 633) + b21(t7 €)X13(t7 & 0)) e—im239d9 = 0.
0
(28)
We assume, that the system (28) has a solution Mjj(t,€), such that
1) (1) p
| o (R, B, RYY)
inf |det > 0. (29)

G(eo) O(My2, M3, Mas)

Then, in accordance with the small parameter method, all systems (23) will
have a solution, belongs to the class F'(m;ep; ). Consequently, the functions
& (t,e,0, p) in (20) will also belongs to the class F'(m;eo;6).

Thus, the functions f;‘k (t,e,0, 1) in the theorem are defined, and the sub-

stitution
i = E(ty2,0,1) + Y (G < F) (30)
leads the system (17) to the kind:

dip?! I
% = (Al(t,@ + ZK:(@&G)M) D!t egl(tie, 0, p) + p*lct(t e, 0, )+
=1

+utT L (t e, 0, )t + pU (¢, e, 0,91 ), (31)
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where 1 = colon (15, V13, 135), elements of the matrices K;, L' (I = 1,q) and
the vector ¢! belongs to the class F(m;ep;6), and the elements of vector g'
belongs to the class F(m — 1;e9;60). The components of the vector-function
Ul are the polynomials in respect to elements of vector ¢! with coefficients
from the class F'(m;ep; ), and containing the terms not lover second order in
respect theese variables.

Based on the lemma, using the transformation of kind

q
Yl = (E +) (e, 0)m> o (32)
=1
we will lead the system (31) to the kind (25).
Case 2. mig = MmMi13, M13 7é mos.
In this case under the conditions
2

[ p13(t,e.0) e~ st dg = 0,
0

(33)
27 )
f (p23(t, g, (9) + b9y (t, E)Xlg(t, g, 9)) eilm%ed@ = 0,
0
where x13(t, €,0) are defined by formula (27), the system (21) has a family of

the 27-periodic on 6 solutions:

5?3(7575, 0) = x13(t,¢,0) + MlS(t,€)€im139,

> | [p12 (t £, 9) — b32(t7 6)(X13(t & 0) + MlB(t 6)6im139] '
. B , s 5 inb
§a(t,e,0) = nz_:oo i(n —mig)p(t, ) ’
(n#m12)

+M12(t, E)eimme,

o Dulpia(t,e,0) + bai(t,6) (st €, 0) + Mu(t,e)e™s0]
. B inf
§3(t,€,0) = Z i(n —maz)p(t, €) ’

n=—00
(n#ma3)

+Mos (t, E)eim%e,
where x13(t, €, 0) are defined by formula (27),
27
1

- - _ —im120
M13(t7€) - 27Tb32(t,€) /(pIQ(t7€70) b32(t7€)X(t7€70))€ d97
0
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and Mia(t, ), Mas(t,e) — functions of class S(m;ep), which defined from the

next system of equations:
2) 27 )
R1 (t7 £, M127 MQS) = f F13 (t7 g, 97 5(1)% 5?3) 6(2)3) e—zm139d9 = 07
0

2T )
R§2) (t,e, M1z, Maz) = [ (Faz (t,£,0,&0,&%,95) + bar(t,€)x13(t, €, 0)) e7 2049 = 0.

0
(34)
We assume, that the system (34) has a solution Mia(t,e), Mas(t,e) such
that

inf deta <R§2), Rg))

—_— 2| > 0. 35
G(eo) O(Mi2, M>3) (35)

Further reasonings are the same as in case 1.
Case 3. mo3 = 1M13, 1M12 75 mos.

In this case under the conditions

2

[ p13(t,e.0) e~msfgh — ),
0
(36)
21 )
f (plg(t, g, «9) — ng(t, E)X13(t, g, 9)) 671m129d9 = O,
0

where x13(t, €,0) are defined by formula (27), the system (21) has a family of

the 27-periodic on # solutions:

5?3@75, 0) = x13(t,€,0) + M13(t’5)eim136’,

—  Tnlpia(t,e,0) — bsa(t, e)(xa3(t, €, 0) + Mis(t,e)e™3]
i = — ’ L ) inf
512(t7 87 9) - n:z:oo ’L(’rL - m12)(p(t75) e +,
(n#m12)

-I—Mlg(t, S)Gimlze,

o~ Tulpas(t,e.0) + baa(t ) (xas(ts €, 0) + Mg (t, e)e™™%]
. B , s ) inb
E3(t,e,0) = nz_:oo i(n —ma3)p(t, €) o
(n#mag3)

+Mog (t, €)€im239,
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where x13(t, €, 0) are defined by formula (27),

2
1 )
P S — —ima3z6
M13(t76) 27Tb21(t,€) / (p23(t7€79) + b21(t7€)X(t7€79))e dev
0

and Mia(t,e), Mas(t,e) — functions of class S(m;eg), which defined from the

next system of equations:

2 )
Rg?’) (ta g, M127 M23) = f F13 (tv g, 07 5?27 6(1)37 §83) e—zm139d9 = 07
0

Rgg) (t7 g, M127 M23) =
2T ) )
= [ (Fi2 (t.€.0.605,€05,605) — ba2(t,€) (xa3(t, €, 0) + Mis(t,€)e™37)) e7"120df = 0.
0
(37)
We assume, that the system (37) has a solution Mis(t,e), Mas(t,e) such

that
3 3
| o (R, RSY)
inf |det

—2 1 > 0. 38
G(eo) (Mo, Ma3) (38)

Further reasonings are the same as in case 1.
Case 4. mig2 = 1mMa3, 1M12 75 mis.

In this case under the conditions

27
[ p13(t,e.0) e~ m3fdg = 0,
0

2 )
f (plg(t, g, (9) — b32 (t, E)Xlg(t, g, 9)) eflmmed(g = 0, (39)
0

2T )
f (pas(t,e,0) = ba1(t, e)x13(t, €,0)) e—im2st qp — 0,
0
where x13(t, €,0) are defined by formula (27), the system (21) has a family of

the 27-periodic on # solutions:

5?3@75, 9) = X13(t,€,9) + Mlg(t’g)eimlb’e’
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0 _ im136 )
5?2(1/_’5’9) _ Z Fn[plQ(t7€70) b32(ta€)(X13(t7€70) + M13(t,€)€ ] ezne

i(n —my2)p(t,e) +

n=—oo

(n#mq3)
+M12(t, €)€im129,

—  Dulpas(t,e,0) + bai(t,e) (xas(t, e, 0) + Ms(t,e)e™3]
e = 3, Dlmtaftinl It Ot Mall O oo,
n=—00 23)90( ,8)
(n#ma3)

+M23(t, E)eim%@,
where x13(%, €, 0) are defined by formula (27), and Mi2(t, €), Mi3(t,e) Mas(t, <)

— functions of class S(m;egp), which defined from the next system of equations:

2
R§4) (t7 g, M12> M13a M23) = f F13 (ta £, 97 6?27 5?37 583) efzmlgﬁdg = 07
0

Ré4)(t,€,M12,M13,M23) .

2 )
= f (F12 (ta &, 97 5?27 5(1)37583) - b32(ta 8)Xl3(ta & 9)) e—zm129d9 = 07 (40)
0
R§4)(75,€7M12,M13,M23) =
2 )
= f (F23 (ta €, 9) 6?27 6(1]37 583) + b21(t7 €)X13(t7 g, 9)) e—zng@d& - 07
0

We assume, that the system (37) has a solution Mia(t,e), Mis(t,¢)
Mos(t,€) such that

o (R, kY, RYY)

inf |det > 0. 41
G(eo) O(Maz, My3, Ma3) )
Further reasonings are the same as in case 1.
Case 5. mi1o9 = Mi13 = M3 = M.
In this case under the conditions
2m .
f plg(t,E,G) e_””edﬁ =0,
0
(42)

2
(tv 79) (t7 79 —imb —
/ (pzﬁz(fe) + pifl(fs))) e""™df =0,
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the system (21) has a family of the 27-periodic on € solutions:

£(t,e,0) = x13(t, €,0) + Myz(t,e)e™?,

> o im6 )
5(1)2(t,€,9> _ Z Fn[pl?(tvgae) b32(t7 E)(X13(t7€70) +M13(t,€)€ ] 67'”94-,

N——00 Z(TL - m)@(t7 5)
(n#m)

+Mia(t, €)€im9,

Fn[ng(t, g, (9) + b21 (t, 8)(X13(t, g, (9) + Mlg(t, E)eimlg’e] emg

i(n —m)p(t,e) +

533(157 €, 0) = Z

n=-—00
(n#m)

+Mas(t, )™,
where x13(t, €,0) are defined by formula (27),
27

1 .
/ (p23(t, €, 0) + baa(t,)x(t, £, 0))e ™",

M - -
13(t76) 27rb21(t,€)
0

and Mia(t,e), Mas(t,e) — functions of class S(m;ep), which defined from the

next system of equations:

27T )
RO (t, 6, Mg, Mag) = [ Fiz (t,¢,0,0, 0, 69,) e=mdo = 0,
0

R (t,e, My2, Mag) = (43)
2 )
= f (F23 (t7 £, 0, 5?27 5?37 533) + b21 <t7 5)X13<t7 &, 6)) e~ 'mPdfh = 0,
0

We assume, that the system (37) has a solution Mia(t,e), Mas(t,e) such
that

inf |det i (R?)’ Rg5))

——2 1 > 0. 44
G(eo) O(Mi2, M>3) (44)

Further reasonings are the same as in case 1.
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4. CONCLUSION

Thus, for the system (2) the conditions of the existence of the transforma-
tion with coefficients are represented as an absolutely and uniformly convergent
Fourier-series with slowly varying coefficients and frequency, which leads it to

triangular kind, are obtained in the resonant cases.

IIJozones C. A.
TIPO B3BEJIEHHS JIHIMHOI CUCTEMM JIM®EPEHIIAJIbHUX PIBHSIHb 3 KOE®®IIIEHTAMU
KOJIMBHOT'O TUITY O TPUKYTHOI'O BUIJISIIYB PEBOHAHCHOMY BUMAJIKY

Pesrome

st miniitHOT OMHOPIAHOT nudepeHIiaIbHOI CUCTeME, KOeMIlieHTH siKol 300pazkyBaHi y BU-
st abCOTIOTHO Ta piBHOMIpHO 36ikHUX psiiB Pyp’e 3 MOBIILHO 3MIHHUMEU KoeillieHTaMu
Ta YACTOTOIO, OJEPKAHO YMOBU ICHYBAHHSI MEPETBOPEHHS, IO MPUBOIUTH IO CUCTEMY 10
TPUKYTHOT'O BUIVISAIY B PE30HAHCHOMY BHUIIQJIKY

Karowosi crosa: ainiting dugpepenuiasvhi cucmemu, mpuxymuutl euzand, padu DPyp’e, no-

BIADHO 3MIHHT NAPAMEMPU.

I]éz0one6 C. A.
O MPUBEJEHUU JIUHENHON CHUCTEMBI JJU®PEPEHIIUAJIBHBIX YPABHEHUN C KODDOUIIN-
EHTAMU OCIHUWIJIMPYIOIIETO TUIA K TPEYIOJIbLHOMY BU/IY B PE3OHAHCHOM CJIVUAE

Pesrome

st uneitHON OmHOPOAHON MuddepeHnnaaIbHONl CUCTEMBI, KOI(DMUIMEHTH KOTOPO Ipes-
CTABUMBI B BHJIe aDCOJIIOTHO U PABHOMEPHO CXOAIIUXCs PsAsioB Pypbe ¢ MeJIEHHO MEHSIOIIU-
Mucst K03 dUIMEeHTaMI U 9aCTOTO, HOJIyYeHbl YCJIOBUs CYIIECTBOBAHUS 11PEOOPa30OBAHMS,
MPUBOJISAIIETO 9TY CUCTEMY K TPEYTOJIBHOMY BUJIY B HEPE3OHAHCHOM CJIydae.

Karoueswie caosa: aunetinvie dudpeperyuaibroie cucmemsl, mpey2oivhuti 6ud, padv, Pypove,

MEINEHHO MEHAIOWUECH NAPAMEMPDL.
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