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ITepeomosa

KinbKiCTh MiAPYYHUKIB i MOCIOHMKIB YKPaiHCHKOIO MOBOIO, MPHCBSYE-
HUX BMBYEHHIO METOJy IHTErpaJIbHUX MEPETBOPEHb, BKpail 0OMEMKEHO.
Hauuii mociOHMK MpU3HAYEHU#H ISt CTyAeHTIB BigmineHHsa “IlpuiiagHa
mareMaTuka”. Y HbOMY MOKJIAJHO BUKJIAJEHI KJIIACHYHI MUTAHHS, 3B’S-
3aHi 3 po3B’sizaHHsAM 3ajmaui lltypma — JliyBiwis i  peryJsisipHOro
BUNAJKYy, 3a3HayeHi BW3HAuYaubHi BiactuBocTi QyHkuii ['piHa, pi3Hi
MeToau ii mobynoBu i MeTon nmobynoBu GyHaameHTanbHOI GyHkuil. [Tpu-
BE/IEHO BiMOBIIHI MPUKIAAM i JaHi 3aBOAHHS IS CAMOCTIMHOT po6OTH.

JoxmagHo BHKIaJeHa 3arajbHa CXeMa METOJY IHTerpajibHUX Mepe-
TBOPEHB 1 y3arajbHEHA CXeMa METOY iHTErpajibHUX MEePETBOPEHb, 3arpo-
nonoBaHoro I'. SI. TlomoBum. OcTaHHs MpPOLTIOCTpOBaHA Ha MPUKIAMdi
PO3B’s3aHHS AHTUIUIOCKOL 3a[ayi [l BUNIAAKY TEPETMHHUX Je(eKTiB.

OcobarBO KOPUCHUM € PO3MiT, MPUCBAYEHUH OCHOBHUM TEOpeMaM Teopil
CKIHUCHHX IHTErpajibHUX MEpPEeTBOpeHb XaHkens i Dyp’e. MaTtepian Lpo-
ro po3Miny, sIK 3a3HA4YEHO yKjIajayamu, 6a3yeTbcsa Ha MoHorpadii CHen-
noHa “IleperBopeHHst Dyp’e” — KHU3I, WO JABHO CTajia PapUTETOM.
Tomy goBigkoBa iHGoOpMaLlisi, BATSITHYTA 3 L€l KHUTH, Oe3MepeyHo Ko-
pucHa s yutaya. o Takoro X KOPUCHOTO MaTepiajly JOBiJKOBOTO
XapakTepy BapTO BiHECTH TaOMMII iHTETPANIbHUX MEPETBOPEHb 3 MOHO-
rpadii 3. M. Kapramosa “AHamiTHYHI METOAM B TETUIONMPOBIIHOCTI
TBEpAMX TUT’. 3aMpoONOHOBAaHUI yKIaayaMU MaTepian 3py4yHo o6'eqHa-
HUI Y €OWHUI OOBIAKOBUI MaTepial.

HoBuM € B MOCIOHUKY pO3MiI, MPUCBAYEHUNH OTHOMY CrIocoby rnoby-
[IOBY IHTErpajbHUX MEPETBOPEHb, 3ampornoHoBaHomy I'. . ITonoBum.
Lleii crocid mpoiTIOCTpOBaHUM Ha JEKIIBKOX MPHUKIAaaax, e OTpUuMaHi
HOBI iHTerpaJibHi MEPETBOPEHHS [UIsl CKIHUEHUX IHTEPBAJIiB.

Januii HaBYaJIbHUM MOCIOHUK PEKOMEHIOBAHMM JIJIsi CTY/EHTIB 1 aci-
ipanTiB cneuiansHocTi “TlpukiangHa mMaTemMaTHka”.



§1. 3aranbHa cxemMa MeTOAY
iHTerpajbHHX NepeTBOPEeHb

Meton, SKnit BUKIaAa€eThCsl, € OQHUM 3 epeKTUBHHMX 3ac00iB pO3B’s-
3yBaHHs KpalOBUX Ta MOYaTKOBO-KPAiOBMX 3afay MaTeMaTH4HOI (i3u-
KM, IO ONHKCYIOThCsl Au(epeHLiAIbBHUMY PIBHSIHHIMU y YaCTHHHUX ITO-
X1HUX.

Cnin 3ayBaxkaTH, 110 caMe HasiBHICTb JU(EPEHLIiaIbHOrO orepaTopa B
YAaCTHMHHUX MOXIHUX € OCHOBHUM YTPYJHEHHSIM PO3B’SI3yBaHHs 3MEHILEH-
HHX 3aj1a4, TaK K METO/IB MOOYHOBU 3arajibHUX PO3B’s3KiB MHOTOMipHMX
nudepeHLiaTbHUX PiBHSIHb, aHAJIOTMYHKMX METOAaM MoOyaOBH 3arajlbHHUX
PO3B’s13KiB 3BUYAaHHNUX AU(epeHLiaTbHIX PiBHSIHb, HE iCHYE.

Mero/1 iHTerpaJibHIX NMEPEeTBOPEHb 0a3y€eThCsl HA B3aEMHO OOEPHEHUX
hopmynax

= | FOK (x Dy

ay

f® =] R Do),

nepuia 3 sIKUX BU3HAa4ae TpaHchopmanTy f, GyHkuii f{x), wo 3anaHa Ha
inTepBam a, < x < a,, a Apyra BigHOBmoe opuruHan QyHkuii f{x) 3a
fioro TpaHcopmanToro. DyHkuii K(x,A) Ta R(x,A) Ha3MBaIOTHCA AAPAMH
NpSMOro Ta 0GEpHEHOro MepeTBOpeHHs. B apyrili dopmyii A Moxe Haby-
BATH KOMIUIEKCHMX 3Ha4y€Hb. Y BiAMOBIAHOCTI 3 LIMM iHTErPyBaHHA MpO-
BOJUTLCA MO KOHTYpY / ¥ KOMIUICKCHIH TUIOILMHI.

TToSCHUMO CXeMy METOJy iHTerpajbHUX MEPETBOPEHb Ha MpHUIKJIa
KpaiioBoi 3agadi

n-k

r(x)—-[p(x) —] q(x)u+ Z 2o s 3 lf = f(x, ), (1.1)
k=0 iy,

u=u(x,y), a0<x<al, by<y<bh

U,[u]zoc,-(,u(a,-,ywroc,,a (a;,9)=A;(9), (12)
1=0.1 b, <y<b,
V,[ul= 2[B$’j‘f( b)+/3k‘,”a 2 (x,b)]= B, (%), 13

k=0,n——1, a; <x<a,.

Tyt rx), p(x), g(x), P,(y), Axy), A (), B(’f) i70. L kS0 on-1—

3amaHi QyHKuii, u(x,y)
Ines merony iHTErpabHUX MEPETBOPEHL CTOCOBHO MMOCTABIEHO! 3aaaui

(1.1) — (1.3) MicTUTBCS y MEPEXoMdi A0 BifIIyKyBaHHS TpaHCHOPMaHTH

u,(y)= J r () K (x, Au(x, y)dx (14)
IyKaHoi (PyHKLII Mo 3MiHHIN X.

IIpu upoMy sApo iHTErpasibHoro nepetBopeHHs K(x,A) moBuHHO OyTH
ninibpaHo tak, wo6 BuxigHa ABoBUMipHa 3amaua (1.1) - (1.3) TpaHc-
(opmysanach B 0OAHOMIpHY KpaioBy 3aady Mis u,(y). 3BMuaifiHO pO3B’s-
3aHHs 3agayi (1.1) — (1.3) MeToaoM IHTerpajlbHUX MEPETBOPEHDb MOIiIs-
IOTh Ha TPH €TaIu.

Ilepmmii eran. [1id6ip sdpa inmezpanvio2o nepemeopenHs ma 36e-
O0eHHsl BUXIOHOL Kpatiogol 3adauu 00 0OHOMIPHOL.

[Tin6ip 3mifiCHIOETHCS TakuM 4WHOM. MHoxaTh piBHsHHA (1.1) Ha
r!(x)K(x, A) Ta MHTETPYIOTb HOTO MO YAaCTMHAX HA BIAPi3KY (a, a,). ¥
pe3ynbTaTi Nepluit foaaHok piBHAHHS (1.1) HaGyne BUrIIsIIY:

j' K(x,/’t)—[p( >~]dx N(y)+fua[p(x)—1dx (15)

aq s

dK. i
= e (16)

SKiio ternep BpaxoByBaTH, 110 saApo K(x, A) 3a00BobHSE AuU(epeHLIiaTb-
HE PIBHSHHS

N(y) —[Kpg—u—-up

d dK
r(x);[p(x)z] —g(x)K =-AK, a,<x<a,, 17
Ta B3siTW A0 yBaru (1.5), To 3amicTh (1.1) MOXHO 3amucaTH

ZP(y)d,,k — A, = £,(0) = N(y), (13)
k=0

0= jr" (0K (x,A) f (x, y)dx. (19)

Y oxepxanomy audepeHiiaTbHOMY PIBHSHHI TiIIbKU OCTaHHINW q01a-

HOK Mae 3aMicTh TpaHcopMaHTH caMy uiykaHy ¢yskiito. 11106 Bukio-
YUTH 1 3 PIBHSIHHS, TIEpeTBOpMMO Bupa3s (1.6) mo BuUrIsiay
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= am“; (@, y)—oyu(a,, y)

N(y) s pla)U [ K]
&, + O,
oot (Gy> ¥) = o1 (4, )
= - 1.10
a&) +06]20 p(ay)U,[K] (1.10)
e amK;(ax A) -0, K(aq, ,A) pla)U,[ul+ a(x)K;(aov /’L)_aon(aoa A) (@)U, [u).

2 2 2 2
aOI +all aOO +al0
3Bigku 6aunMMo, WO OCTaHHIN HomaHOK y piBHsHHI (1.8) He MicTHTHL
HeBinoMy (yHKLIIO u(x,y), SKIIO SAPO IHTErpajbHOro NEPETBOPEHHS Oyae
3a{OBOJIBHATH CPAHUYHI YMOBH

Uj[K]EajOK(aj,l)+aj,‘j{—K(aj,/l):O,j=0,l. (L11)
X

Taxum 4MHOM, AP0 iHTErpajbHOrO MEPETBOPEHHS MOBUMHHO OyTH
po3B’sizkoM 3apaui ltypma — Jliysimns (1.8), (1.11).

Ha xinui uporo nocibHuka HaBeeHa TAOIMUS IHTETPAJIBHUX IIEPETBO-
peHb, 1O BIAMOBINAIOTH TUM 4M iHWIM 3agadam [lltypma — JliyBuimis.

Hexait tenep K(x, 4) — Bnacna dyHnkuis 3agaui [ltypma — Jliys-
s (1.8), (1.11). IomHoxuMo Ha r'(x)K(x, A) rpanuuni ymosu (1.3) Ta
TIPOIHTETPYEMO TI0 X y MexXax oT a, 10 a, OTpumaemo:

V[u,1=B,(A), k=0,n—1, (112

Ac

B.(A)= j r (x)K(x,A)B, (x)dx. (L13)

do

Takum unMHOM, Tpch¢opMa§Ta u,(y) € po3B’A3KOM OJHOMIPHOI Kpaii-
oBoi 3amaui (1.8), (1.12), B sikiid

== aOlK; (a()’l) —amK(ao,l)

N(y) ol +o e
00 10
(114
%K@ -0nK@A)
0631 +a121 par, ¢
.

Hpyruii eran. Poszgszanns szadauu y mpancgopmanmax.

Sxio BioMa (yHIAMEHTaNbHA Ga3iCHA CHCTEeMa PO3B’A3KiB Y (),
J =0, n—1Ta dyukuis [pina G,(y,n) kpaiosoi 3amaui (1.8), (1.12), To
TpaHCHOPMAHTY u,(y) OTPUMAEMO 32 (POPMYTIOI0

n-1 hy
1, =Y, B, 0+ [[/m-NMIG, (ymdn. (L9
J=0 by

Tperiii eran. Ob6epHenns inmezpaiblio20 nNepemseopeHHs.

I1{o6 3aBepluMTH pPO3B’sI3aHHS MOCTABACHOI KpAaHOBOI 3ajauyi, 3aju-
maetbcss 0bepHyTH Bupas (1.4). Lle obepHeHHs mpsimMo moB’s3aHo [7] 3
NMpoOIeMOI0 pO3KJIaficHHs Mo BiiacHUX yHkuisx 3agaui [typma — Jliy-
BiLIs. B 3aranbHOMY BUDJISIII BOHO 3aNMCYETHCS Tak:

u(x,y) = [ R(x, Dy (y)do(A). (116)
!

[lincranorka B (1.16) Bupaza (1.15) Ta 06YHCIEHHS OTPUMAHHUX crabo-
30DKHMX PSIB Ta IHTErpAiB CKIIAJA€ 3aKIIFOYHUM eTam Po3B’s3aHHs 3a1adi

(1.1) - (1.3).
§ 2. 3apaua HIrypma — JliyBisaa
Dynoamenmanrvna cucmema po3e’azkie

PosrisHeMo niHilHe omHOpinHe midepeHiiialibHe PIBHSAHHSA 1-TO TIOPSAKY:
Lu= Z p.log ool 2.1
k=0

Cucrema uacTkoBHX po3B’s3kiB piBHsHHA (2.1) {¢,}, k =0,n—1 € dyn-
JIAMEHTAJIBHOIO, SIKILIO BOHA CKIIAJETHCS 3 72 JHIMHO HE3AIKHHX (DYHKLIH.
Sk BimOMO 3 Teopii 3BMYaMHUX AudepeHIiaTbHUX PIBHSIHb, YMOBOIO (yH-
JAMEHTATbHOCT] € HEPIBHSAHHS HYJIIO BU3HAYHWKA BpoOHCHKOTO:

Py @, & O
¢ ’ Skass 3 . n—1
Wi 0oy )= TR Pril= defpt " <0
(p(()n~—l) (P|(n—l) A2 (p(n—l)
n-1

Ze j = 0,n—1 Ta HaBHaKu.



Harnpuxknap,
U'=0. 22)
®dyHpaMeHTanbHa cuctema po3s’saskiB (PCP) Taxa:
: 1= %
o) =1 g(x)=x  W(@,9)= e i

MoskHa nokas3aTH, 1O Oyab-sike JiHiiiHe oAHOpiAHe mudepeHLiaibHe
piBHsIHHS Mae He3niueHy MHOXUHY DPCP. Tak, ®CP pisusuus (2.2) € i
Taka cucrema (yHKLUii:

1
0,0 =1 @x)=x-a W((po,(p,)z'o la L
Po3risiHeMO piBHSIHHS:
U’'+aU =0. 23)
®DCP Taka:
sinax cosorx M
@y(x)=cosax @ (x)= W(g,,0,) = a |=1#0.

—osinox cosox

HacTynHi cHCTEMH 4acTKOBUX po3B’si3kiB Takox Oyaytb ®CP (2.3):

1)@y (x) = cosa(x—a), <P.(x)=w ;
S SR )
1P S o e N

—asina(x—a) cosa(x—a)

2) Py(x) =cosa(x—a), ¢,(x)=cosa(x~b),

cosa(x—a) coso(x—b)

W(p,,0,) = =osin(a(b—-a)) #0
i SO REO GOV SRS (i
Tk
OFE——
b-a
Posrisinemo ®CP anst piBHSHHS:
U"-a’U =0. (24)

10

/
1) @y (x) = charx, cp,(x>=“§“,

S5 shox
W((P(),(0|)= o =ch2ax—sh2ax= 10,
ashox  chox

2) §y(x) = char(x+a), <p,(x)=ﬂ(;‘+i),

cha(x+a) M
W(®,,0,) = o =ch’o(x+a)—sh’a(x+a)=1#0.

asho(x+a) cho(x+a)

PosrisiHeMo piBHSIHHSI Diisepa:
XU+ 2U’ £ 02U =0, (29)

3 ; deg i dt. dU de.. 1.dU
3pobumMo 3aMiHy: x=¢ — t=lhx,x>0—=—, —=——=—
dx S tidy midpsidarviaseds

dU U N dl s 1

PR Wl o g 26
dx dr | x ar\.
B pesysnbTati 3aMiHM ofiep)KyeMo piBHsHHS Tumy (2.3), @CP sikoro 3amu-
CYEMO y TaKOMY BUTJISIII:

py(x) =cosalt=Ina) g (n="mXND.

3pobuBLIM 0OEpHEHY 3aMiHy, YIEBHUMOCS, 1O OJepXaHa cucTemMa
¢yHkuii € GCP:

cosa(ln x/a) M {
o

W((po7¢|)= 1 =—#0;
——sina(lnx/a) —coso(lnx/a)
X X

Jlns gpyroro piBHsHHs B (2.5) mpuxoaumo micis 3aminu (2.6) Ha
piBusinHs vy (2.4). @CP apyroro piBHsiHHSI Oyae MaTH BUTJISL

S L su i L alnde)

11



cho(in x/ a) ————Sha(l; #ia) :
W(p,.0,) = i = ;¢O.
—sho(lnx/a) —cho(lnx/a)
by x
Posrnsinemo piBHsAHHA (2.5) y BUnajky, koiau o = 0:
x*U"+xU’ =0. @2.7)

3pobuBluK 3aMiHy (2.6), opepxyemMo piBHsiHHS Buriasay (2.2), @CP sikoro
MO>HO 3aIlicaTH TaK:

1 In(x/a)
®,(x) =1, ¢(x)=In(x/a), W(<p0,<p,)=0 o= —20
= X
X

3adaua IImypma — Jliyeinna
Posrisinemo onHopinne audepeHLiaibHe PIBHSAHHS APYroro MopsmKy

d di
LH(X)E;[P(X) ﬁ]—q(x)u =-Ap(x)u, Gy <X<0:, (2.8)

p(x)e C'lay, 4], g(x), p(x)€ Clay,a,],
p(x)>0,4(x)20,p(x)>0 Ha [ag,a] —o<a,<a <o,

IO 3aJIeXUTh BiJl JOBIILHOTO YMCENBHOTO napamerpy A. Bymemo 6yny-
BaTW PO3B’A3KM PiBHAHHS (2.8), 1[0 3a0BOJILHSIOTE TPAHUYHI YMOBU

Vj[u]EaJ.% +B;u(a;)=0, j=0,1, 29)
x=a,
me o u B, — crami Ta o + 2> 0.
3anaya noOynOBU HETPUBIAILHOTO PO3B’A3Ky piBHAHHA (2.8), w0 3a-
MOBUJIBHIOE IPAaHWYHMM yMOBaM (2.9), Mae Ha3By kpaiioBa 3anaua Illtyp-
ma —JliyBinis; 3HaueHHs napamerpa A, s skux 3agaya (2.8), (2.9) mae
HETPUBiabHUI PO3B’I30K, HA3UBAIOTH BJACHHMH 4HCJIaMH, a00 BIIACHU-
MU 3HaYEHHSMH, a PO3B’A3KH, IO M BiAMOBIAaIOTh, — BJIACHAMH (QYHK-
wismu 3agaui [Itypma — Jliysinmst.
Po3p’s3arn 3anauy Llltypma — Jliysiis — ne 3HaidTH BCi 1i BaacHi
3HAYEHHS Ta BCi il BiacHi QyHKIIi.
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Bracmugocmi enacnux 3nauenv i ¢hynkuii

1. Kpaiiosa 3apaua (2.8), (2.9) Mae 37iueHHy MHOXXHHY BJIaCHUX 3HAYEHb,
1 BCI BOHM [i}CHI; SIKILO BJIACHI 3HAUEHHS YIOPSAAKYBATH IO 3POCTAHHIO

A Apssnne, yeol<d, .oy

TO limA, =eo.

R

2. KoxHomy BrnacHOoMy 3HaveHHIo 3adaui LlItypma — Jliysiwis (2.8), (2.9)
BiNOBiae ofHa BiacHa (GYHKLIs 3 TOUHICTIO O MOCTIMHOrO MHOMKHUKA.

3. BracHi ¢yHKLIi, 110 BiANOBIAAIOTh PI3HUM BJIACHUM 3HAUEHHAM, €
OPTOrOHaJIbHUMH 3 Barolo p(x) Ha Biapisky [a,a ], To6TO Hexaii BlacHa
dynkuis U (x) Bianosizae BIacHOMy 3HaueHHIO A, a BlacHa (QyHKLis
U(x) — BIacHOMy 3HAY€HHIO A ; TOAi

[" pU, U, (0)dx=0,k #n. (2.10)

4. (Teopema CreknoBa). Axujo Gyukyin @(x):

a) na cezmenmi [a,a)] mae nenepepény noxiowy ma uacmkoseo He-
nepepemy Opyzy NOXiOHY;

6) 3adosonvHac epanuuHi ymosu (2.9),

MO BOHA PO3KNAOAEMbCA 8 DIBHOMIPHULL i AOCONIMHO 30idCHUL PO
Dyp’e no enachux Qyuryisx xpaiioeoi 3adaui (2.8), (2.9)

D %)= id)kuk (x),
59 (2.11)

@, ="—1—2 | PP, (s [ = [ o2 (s
U ay

5. (Teopema Pucca). Skujo gynryin @(x) na siopisky [a, a)] niocy-

G

Moeana 3 keadpamom, mo il pad Dyp’e 2d>kuk (x) 36icaemovcs 0o
k=1

D (x) y cepeonvomy 3 eazoio p(x), mobmo

lim f p(x)[(b(x)—zn:d)kuk (x)] P @.12)

k=1

3ayeaoncenns 1. Teopemu nmpo posknaneHHs ¢yHkuii P(x) mo

psay mo BIAacHUM (PyHKLIsSIM KpaiioBoOi 3ajadi MarOTh MiCLiE i B BUMAAKY,
KOJIM TpaHUYHi yMOBU MAalOTh XapakKTep NepioJU4HOCTI
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u(ay) =u(a), u'(a)=u'(a).

3ayeaxnenns 2. KiHuesa Touka Biapika [a, a,] HazuBaeTbCs
CiHry/IApHOI0, SKIIO B Wil Touli koedillieHT mpu CTapuiiif MOXiaHii B
PIBHSIHHI JOPIBHIOE HYIIO. B 1IbOMY BUMaiKy MepepaxoBaHi BUILE TEOPe-
MU BTPAYaIOTh CHILY.

ITPUKIIAN 1. Po3p’szatu 3amauy ltypma — JliyBins

w A =00 =u(h)=0"""0<v=1{ (2.13)
Po3risiHyTa 3a/aya € 4aCTKOBMM BMIaJIKOM KpaitoBoi 3amaui (2.8), (2.9)
npu a,=0, a =1, p(x)=1 p(x)=1, gx)=0, o, =, =0, B,=p =1
Posp’szaTtu 3ajauy Lltypma — JliyBijuisi — Lie BUBHAUMTH BCi BIACHI
3HayeHHs i BuacHi GyHkuii. BracHi 3Havenns 3apaui IItypma-JliyBinns
MiACHI, uepe3 Te PO3MISHEMO TP BUIMAJKU:
A Q0 M=0007 >10.

Hexait A =-a” <0,00#0. Tozi 3araasHuit po3s’s3ok piBHauHS 3 (2.13)

Ma€ BUTJISI:
u(x) = C;shoex+ Cychox.

3a10BOJILHAIOUM KPaioBi YMOBH, OTPUMAEMO CUCTEMY JBYX OIHODIIHUX

JHIMHMX anrebpaiuHUX PiBHSAHB
C,= 0, Cshal+C,chal =0,

BU3HAYHMK SIKOI JOpiBHIOE —shal i, oTxe, BinMiHuME Bif Hyns (/>0,
a#0.). Orxe, C, = C,= 0, i 3a1a4ya Ma€c B LUbOMYy BUMAJKY JHILE

TPUBIANBHUN PO3B’A30K u(X) = 0.
ITpu A = 0 3aranbHUit po3B’130K piBHAHHA 3 (2.13) Mae BUIJISL:

w(x) = C ot Cz'
ITiciis 3a10BONBbHSIHHS FPAaHUYHUM YMOBaM 3HalIeMO
C, =07 Cl[+C,=0.

spimkn C,;= C,= 01 u(x) = 0, omke, i 4 = 0 y HamoMy npukiIaji He €
BJTACHWUM 3HAYEHHSIM.

14

Hexaii A = o2, (o > 0). Toai 3aranbHuii po3B’sa30k piBHsAHHS 3 (2.13)
Ma€ BUTJISIA:
u(x)=C sinax+C,cosax.
3a10BUIBHSIOUM KpaiioBi yMOBU, OTPHMAEMO
C,=0, C ssinal+C,cosal =0,
3BiKH
C,sinal = 0.
[punycrumo, wo C# 0 (y nporuiexHomy Bunaaky u(x) = 0). Ocb yomy

sin o/ = 0. 3BigkM HeTpuBianbHUHA PO3B’s30K 3amaui (2.13) MoXIMBHIA
JILIE TIPY 3HAYEHHSX O, 1O JOPIBHIOIOTH

a, = _7rl_n, n= 5 20 5

(3]

€ BIacHMMHM unciamu 3agaui LlItypma — Jliysinna (2.13). Ix niunnsue

TakuMm 4MHOM

umcno npudomy limA, =co. Koxnomy BracHoMy uuciy A, Biamosizae

n—yeo

dne ! avin
oJHa JHifHO He3alexHa BiacHa GyHKUis u,(x)= sme. 3 Teopii

OpPTOroHaJbHUX PsfiB Pyp’e BiIOMO, L0 BOHU OPTOTOHAJIbHI

l

—. n=k
J'sin%n—x-singxdx= 2 i
0 O =k

1 yTBOPIOIOTh MOBHY cucTeMy y L,(0,1).

ITPUKITAJ] 2. Po3B’sa3atu 3anady Ultypma — JliyBinis
w+2Au=0, ') =u’()=0, >0 .14

Posrnsinemo Tpu Bunagku A > 0, A = 0, A < 0. Hexait A = — o2, a # 0.
Toai 3aranbHMi po3B’s130K AM(epeHLiaIbHOrO piBHSHHA B (2.14) Mae BUIIsL
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u(x)=C shax+C,chox.
3al0BOJIBHSIIOYN KpaioBi yMoBU B (2.14), MpUXoaMMO 10 CHUCTEMHU
JBYX JIHIMHUX OJHOPIAHUX anreOpaidHuX PIiBHSHB BiIHOCHO CGi=172)
oC, =0, aC,chol+ C,oshal =0,

BU3HAYHMK SIKOi [JOPiBHIOE Oshod i BIIMIHHMI Big HyJs, MpU LLOMY
[>0,a#0. Omxe, C,= C,= 0, i B upomy Bunazaky (A = 0) kpaiiosa
3agayva (2.14) He Mae HeTpPUBIAIbHUX po3B'ﬂ3KiB

Hexait A = 0. Toni 3araibHuii po3s’si30K AudepeHLIiatbHOro plBHSlHHﬂ
B (2.14) mae Buriszm:

ox) 7= C ich O (2.15)

3uaiizemo, wo npu C, =0 dynxuis (2.15) 3aa0BoNbHSE KpaioBi yMOBU
B (2.14). Takum umHOoM, A = 0 € BIacHMM 3HaAueHHsM 3amaui (2.14),
SIKOMY Binosinae BiacHa GyHkuis u,(x) = 1.

Hexait A = o2, a > 0. Toxi 3aranbHuii po3s’a30k Au(epeHLianbHOTO
piBHsIHHA B (2.14) Mae BMIUISA:

u(x) = C, sinax+ C, cosox.

3 KpailOBMX YyMOB OTPHUMAEMO CHUCTEMY ABYX JIHIAHUX OJHOPIAHMX

anreOpaiyHuX piBHSHb

aC =0, aC cosal—-aC,sinal =0,

BU3HAYHUK SIKOi JOPIBHIOE —07sin @, 3BiIKM HETPUBIANLHI PO3B’A3KU
4 7
MOXJIMBI JIMILE TPH O = a”=7, A= 1,020 LU oTHe, A= (T)2 e
; L ; n : eyl
BJIACHI 4MClIa KpaioBoi 3amaui (2.14), a u"(x)zcosTx— BIAMOBIIHI
10 HMX BJIACHI (PYHKLIT.
O6’enHyroun Bumaaku A = 0 u A > 0, oTpuMaeMo, 10 pO3B’A3KOM

sagaui Lltypma — Jliysimis (2.14) e Bmachi 3HauenHs A, = (-—)2
=0, 1, 2, ... i BracHi ¢yHkuil

un(x)=cos%x, 7= (0. I
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TTPUKJIAJ 3. Po3s’ssatn 3amauy Lltypma — JliyBinis
W +Au=0,u" (0)-hu(0)=0,u’ (h=0/>02>0. (210

Posrasvemo tpu Bunagxka A < 0, A =0, A > 0. Mpu A= - o< 0, o #
0 3aranbHMii pO3B’s130K AM(EpeHLiaIbHOrO piBHAHH (2.16) mae BurIALN;
u(x) = C, shox+C, chox.
3a/10BOJILHAIOUN KPAiiOBi YMOBH, NIPUXOANMO [0 OAHODIAHOI CHCTEMH IBYX

JiHIHHKUX anreOpaiuyHuX piBHSHb
aC,—hC, =0, aCchal-oaC,shal =0,

BU3HAUHMK AKOi JOpiBHIOE ofochol + hshod), BIAMIHHMEA Bif Hyns
mpu @20, [> 0, h > 0. Tomy C,= C,= 0 i 3aaa4a B IbOMy BUMajky
(A < 0) mae TiabKH TpHBlaJ'IbHHH po3B’s30k. AHJIOTMYHO NPH A=0
maemo u(x) = Cx + C,, ne C, u C, — cyTb po3B /I3KH CUCTEMHU

=210, Mo = 0;

1110 Ma€ TUTbKUA TPUBIaJIbHUN PO3B’A30K.
Hexaii A = 02> 0, A > 0. Toai po3s’si3ok PIBHSAHHA 3 (2.16) mae
BUIJISAL

u(x) = C, sinox+ C, cosox.

3a10BOIBHAOYY KpaioBi yMOBU 3 (2.16), oTpuMaEMO
aC, —hC, =0, aC, cosal —aC, sinol =0,

3BIIKH

a=tiapings [ﬁ—zga1]=0 '
o o

HerpusianpHi po3s’ssku GyayTh npu Tux 3HaYCHHSX MapaMmerpa o,

sKi € KOPE€HAMU TPAHCLECHACHTHOI'O piBHﬂHHﬂ (2 17)

tgal=—}l,a>0.
o

Ile piBHAHHS Mae JIIYNIIbHY MHOXHHY HOAaTHAX KOPCHIB (muB. puc.

1), siki GyaemMo Mo3HaYaTH yepes . /yj 6. j
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\Nl‘s’
S
R
=y

Pucs']

Koxnomy ¢ sinmosigae macHa dyHkuUis

b -l
u"(x)=—131na"x+cosoc,,x=w——), . (2.18)
0% cosa,l

MPUUOMY JIECKO MOKA3aTH, IO Li BJIACHI (GYHKLT OPTOrOHANLHU MiXk COOO0I0

; -l—(1+h—;)+——h~2—,n=k
Iu,,(x)ztk )dr=a2 ¢ o 2o ;
0

0, i £k

Takum unnoMm, 3agava IlItypma — Jliysimis (2.16) mMae po3B’a3Kky TUIbKK
npu A > 0, BiacHi uucna ii € KBajpataMM KOpeHiB piBHsHHS (2.17), a
BnacHi QyHkuii Bu3Haueni B (2.18).

IIPUKIIAJ] 4. Po3p’si3atu 3agavy IItypma — JliyBinas
4 =0 %itay =Tua)=0.a >0 (2.19)
Lieit mpuknaa MOXKHA PO3B’A3YBAaTH TAKOXK, K TMONEPEIH], Mepedupaio-

uu Bunaaku A <0, A =0, 1 > 0. Aute npocrilie 3po6UTH 3MiHy 3MiHHUX
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K, = kadh g Ul). 5 ulx).
Sk pesynbratr, KpakoBa 3agaua (2.19) nabynme Burasny:
v'+Av =0, v(0)=uv(l)=0, [=2a>0, (2.20)

a Takui NMpUKJIaZ MU BXXe po3B’s3yBany (IuB. nmpukiaz 1). Horo PO3B’sI30K

2
A =(1’-1ﬁ) v, =sin£l'ix,, n=12,..

3pobuBLIM 00EpHEHY 3aMiHy, 3HAlIEMO PO3B’A30K KpaiioBoi 3amaui (2.19)
2
A= oy u,(x)= sinﬂ(x+a), n=12z"
2a 2a
ITPHKIIAJ 5. Po3s’sa3atu 3amauy Iltypma — JliyBimis

x(xu' ) +Au=0, u(@)=u®)=0, 0<a<x<b<eo, (2.21)

HudepeHuianbHe piBHAHHS, WO QIirypypye B yMOBi, HA3UBAETHCSI PIBHSIH-
HsAM Dinepa, i, 32 JOMOMOTrOIO MiACTAHOBKU X = aé', BOHO 3BOAUTHCA 0
PiBHSIHHS 3 NOCTIHHUMHU KoediuueHTamu. [liHcHO, Hexait

t=1n£, v(t) =u(ae") = u(x), £=x. 222)
a a dr
Toni
dv du dx due divid du d . du detdy
AT B L CRALP NLRL TIL R BT
P i1 AN idtnde’ 1 5 o el i ¢ s s il 7 dax’ “dx

TOOTO micist 3MiHM (2.22) 3apaua (2.21) Habyae BUIIsLY:
2
49, aw=0, W0 =v(h)=0, 1=l 2 >0
dt a

i il po3B’si30k Mae BULIIAA (OMB. mpuknazg 1):

n

2
A =("I—") ! v"(t)=sin%t, n=12,..

Iligcrasnsioun [0 ocTaHHbOI (opMynu (2.22), 3HaAEMO PO3B’A30K
KpaioBoi 3agaui (2.21)
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2

A= ﬂb- M, (X )= sin ——n%-ln'—‘( Sl .
In— B
a a

IMpuxaaau axs camocriiiHoi poGoTu
Po3p’s3atu Taki 3amaui [Itypma — JliyBimns:

D @+ Au=0, u0)=ul)=0;

2) u"+Au=0, u@)=u'()=0;

3) W' +Au=0, u(0)=0,u'(l)+hul)=0;

4) u+Au=0, uw'©0)=0,u"l)+hul)=0;

5) u'+Au=0, u'(0)—hu0)=0,u(l)=0;

6) u'+Au=0, u(=0)=0, u'(l)+hu(l)=0;

7 u+Au=0, u'(-D)=0, u'()+hu(l)=0;

8) u'+Au=0, u'()=0, u'(~-)—hu(-1)=0;
9 uw+Au=0, u()=0, u'(-1)—hu(-1)=0;
10) x(xu’)Y +Au =0, u'(a)=u’(h)=0,0<a<b;
1) x(eu’Y +Au=0, w'(a)=u®d)=0,0<a<b;
12) x(xu’)' +Au=0, u(a)=u'(b)=0,0<a<b.

§3. @yukuis I'pina oagHoMipHHX KpalioBHX 3a1a4

O3nauenna ma OCHOGHI 61ACHINEOCHL
Po3risHeMO KpaioBy 3amauy
n

Lu=Y P(u"(x) = f(x), ay < x<a, 3.1
k=0
1 n-l
Ulul=3 > o, y*(a)=B,, j=0, ..., n—1, (32
i=0 k=0

e P (x)e'Clay,a)> fx)e 'Clasta). Bt x) #10, a;k — 3ajIaHi Yucia.

[IpunycTtuMo, 110 BiAOMi A-TiHIHHO-HE3aNEXHUX PO3B’A3KiB
@,(x) (j =0,n—1) onnopinHoro pisHsHHs (3.1), TO6TO BifoMa (pyHIameH-
TajJibHA CUCTEMa PO3B’sA3KiB.

20

KpaiioBi ymoBH (3.2) Ha3uBaroTLCS HEOCOGIHBUMH, SIKIIO

U() [(po ] U()[(PI e Uo [‘P,,_l ]
o 13 M A i S
Un—l [(po] Un-l[(pl ] K ; U,,_l [(0,,-1 ]

Y Bunazxy HeocoGIMBUX KPaHOBMX YMOB OJHOpiJHA KpaloBa 3aiaua
(3.1), (3.2) mae Tinbku TpuBianbHi po3s’ssku. Hanpukian, y Bunaiky
KpaKioBoi 3ajaui

u'=f, u0)=ul)=0 (34)

MaeEMo

n=2,p,=1,p =p,=0,a,=0,q =1

a(())o =Ot|'0 =L oy, =O(,0, —_—a(')o =Ot,l| =atl)| =O(,% 0

B, =B, =0,

Lu=u",Uy[u] = u(0),U,[u] = u(1) 3.5)
@, (x)= Lo (x)=x

det

o' [~} oo

Ta, oTKke, @ (x)(k =0,1) dpynnamenranbHa cuctemMa po3B’s3KiB audepeHL-
ianbHOTO DiBHSAHHS B (3.4) i

§00(0) b L‘Pu 1= 1?(pl 0) = 0’(/’1 @H=1
?,(0) ¢,0) [ 0’ i
o) oM |t 1|

TOOTO KpaioBi ymoBH y (3.4) HeocoGmnuBi. V BuMazKy e KpaloBOi 3a1aui

TS =

u =f, w0=u@d=0 (3.6)
JIETKO MEPEBIPUTH, IO KPaiHoBi yMOBH € OCOOIMBMMH, TOMY 11O, OTHOPIAHA
3ajaya (3.6) Mae HeTpMBiaJIbHUIL PO3B'SI30K uU(X) = ¢ (¢ — crana). Ta, oTxe,
®;(0) /(0)
() o)

aafo to ] -
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®ynxuicto [pina kpaitoBoi 3aaaui (3.1), (3.2) Ha3uBaIOTH TaKy ¢byn-
K10 IBOX 3MIHHMX G(x,&), 110 3ajiaHa y MPSIMOKYTHUKY a, <x, £ <a,, Ta
1 6ynb-saKoi GyHKLii f{x) byHKuis

u(x)=[ £(£)G(x.8)dé
€ pO3B’A3KOM KpaitoBoi 3ajaui

Lu= f{x), o< x<oy

U;[u]=0,j=0,n-1

T eopema. [Jua mozo wob dynxyis G(x,8), wo 3adana y keadpamiiil
obnacmi ay < x& < ay, 6yna @ynxyieto I'pina kpaiiogoi sadayi (3.1), (3.2),
HeobxXiOHO ma 0ocmamubo, Wob B0OHA 3A00BINLHANG YOMUDLOM YMOBAM:

1. G(x,&) nenepepena i mae nenepepei NoXioni no x 00 n — 2 nopso-
Ky exmouno ons ecix x i & 3 npamoxymuuxa ay<x,&<a;, 30kpema, ye

Mmae micye i Ha Oiazonani x = &

2"G(x,&)
a x"l

9"G(x,6)

=0 im=0n—2% 3.7)
o

x=£-0

x=£+0

n-1

2. n-l-wa noxiona no 3minnil X Henepepena 6cio0u Y Keao-

n—|
%
pami ay < x§ <ay, 3a GUKTIOYEHHAM giopisky x = & npu nepexodi uepes
KUl BOHA mMepnumb CIMPUBOK, Wo OOPIEHIOE

A G ENIN R I TGS ol
a xn—l 1y 5 xn-l U Po (é) (38)
de p,(x) — Koediyicnm npu cmapuiil noXioniti y Ougepenyianbnomy

piensrni (3.1).
3.V xoxcnomy 3 inmepsanie [a, &) i (§ a] @ynxyis G(x, &), s
QyHKyis apzymenma X, 3a00601bHAE 00HOpiOHe pieHanna (3.1), mobmo

LGt =0 (g, sx<6 E<x=a):
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4. Oynxyin G(x, &) sk Qpyuxyin apeymenma x 3a00601bHsE 0OHOPIOHI
epanuuni ymosu (3.2), moémo U,[G]=0, j=0,n-1.

Hepwuii cnoci6 nobyoosu ¢ynxuii Ipina
Posrasnemo no6yaosy dyHkuii I'piHa Ha OCHOBI TeOpeMHU MPO YOTHPH
il BU3HaYHMX BIAcTHBIiCTi. 3a BiacTuBicTiO 3, GyHkuis pina Mae BUrmIsL:

n-l1
z&j (6)e;(x), ap<x<§

G(x.¢)= ,J:? :
%51‘ (€)o;(x), E<x<aq (.11)

e ¢;(x) (j=0,n-1) — (byH,uaMeHTaJlea CHCTeMa PO3B’SI3KiB PIBHSHHS
(3.1), a a;i b G =0, .., n-1) — neBinomi ¢dyHkuii napamerpa &.

Ba,LIOBOJIbHPIMO BJIACTUBOCTI 1 Ta 2, To6T0 mincraBumo (3.11) mo dop-
myn (3.7) i (3.8). BpaxoByrouu, mo

"G (x,& Lz o
—ax(,;—)‘ Z (§)¢5 )(5 )
=48l 3.12)
8”‘G x,§ = = m
TEE -Saeene)
¥=£-0 T
OTPUMAEMO CUCTEMY JIiHIMHUX PIiBHSHb
S 0, m=0,n-2
(m) il
jzzocj(-’;)fp, ©= el i (3.13)
Po(£)
C,&)=b;&)-a, &), j=0n-1 (3.14)

Busnaunyk cuctemu (3.13) BinpisHsieTbest Bif HyJIsI, TOMy LLIO € BpOHCKiaHOM
(yHnameHTaTBLHOT CUCTEMH, Ta, OTXKeE, cucteMa (3.13) Mae emuHuMiA pO3B/A30K.

Anst BimuykyBanus @(8) ta b(é) 3AIMILAIOCh BUKOPUCTATH BJIAC-
TUBICTb 4, TOOTO migcrasutu (3. 11) J10 KpaiioBux ymoB (3.2). Bukioua-
IOYU TYT b(’g’), 3a J0noMoroxo (3.14), NpuxoguMo 0 CHCTEMH 7 JHIMHUX
anre6paltm1/1x PiBHSIHb BiTHOCHO a(é)
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Sa,©ul01=-3 ¢ @S ol o @) (3.15)

=0 m=0

BU3HAYHMK SIKOI Y BUMAJKY HEOCOOJIMBUX MPAHUYHKMX YMOB BIJPi3HAETHLCS
BiZl HyJsi, Ta, OTxke, cucteMa (3.15) Mae eaMHUI pO3B’SI30K.

TakuM YuHOM, BU3HAYUMIU cij(é), MOTiM b;.(é) s S d}(rﬁ) Ta, OTXKE,
BinnosinHo (3.11), camy ¢yukuito I'pina.

ITPHKJIAZ 1. Tlobynysatu dyHkuito I'pina kpaiioBoi 3anaui
y'(x)=f(x), a<x<b,
y(a)=0, y(b)=0.
@DyHIaMEHTaIbHY CUCTEMY PO3B’3KIB OQHOPIAHOTO au(EpEHLianbHO-
ro piBHsHHS y”(x) = 0 ckiamaoTh (yHKUIi:
Px) =1 @(x)=x
Pozurykyemo ¢yukuito Ipina y Buriasai:

&()(§)+5|(€)x,asx<€
BO(§)+B,(§)X,€ <x<b

YMoBu HenepepBHOCTI (yHKuii I'piHa Ta cTpubka ii mepiuoi moxigHol
HaMm JAlOTh:

G(X»§)={

BO+Z;I§-&0 _dié =0
b -a =1,

3BIZIKM, TO3HAUMBIIM C : ='~‘bj ~a; (j=0,1), OTPHMAEMO CUCTEMY BiIHOC-
HO C:
Y
CRCEe= 0,20 =
poss’szok sakoi C;= - & C=1.
3a10BONIbHSIIOUM KpaiOBi YMOBH OTPUMAEMO
G, +aa=0, b,+bb=0.
BpaxoBytouu, wo b, =C,+a, =-E+d,, b =C, +a, =1+4, , orpumaeMo

CHCTEMY BiHOCHO ‘"aj:

d,+ad, =0, -E+d,+b+ba, =0,
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o b- 2 b-
3 AKOI a,=a 5, a, =— d
b—a b—a

Jai 3HaigemMo

) iy

b-a b-a’
Toni dynkuis ['pina 6yae Takoro
_AxzalbEg) At
b-a - o
G(x,8) =
_(é—a)(b_x) §<x<b
b_a ’ - .

B npoMy BUMAaKy BOHA € CUMETPUYHOIO.
Tenep po3s’s30k KpaioBOi 3aa4l MOXHO 3aMUCcaTH depe3 QyHKLIO
I'puna:

b—x

b-a

ITPUKIJIAJZ 2. TlobynyBatu ¢yHkuio [puHa xpaiioBoi 3agaui
Yix) - Xyx) = flx), 0sxs1,
y0)=0,"¥(1) = 0.

@yHOAMEHTaJIbHA CHCTEMA PO3B’SI3KIB B JAHOMY BHUIIA[Ky Mac BUIJISIL

"2 [ FEb-E)ae.
bi—as;

Y@ = [ FOGE)dE =222 £ENE -arde -

@, (x) =shAx, @ (x)=chAx.
Tomy dyHkuito ['piHa po3uryKyeMo y BUTIsI:

ayshAx+dchAx,0<x<€& <l

G s = ~ ~ 1
(é) {bosh/lx+b,chx,0<§<x<l

Binnocro C; =5 ;—a;(j=01) orpumaemo cucremy

C,shAE + C,chAE =0
AC,chAE + AC,shAE =1,
PO3B’A30K SKOI €
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g chA& c ShAE '

R B e i
Peanisyroun kpaitoBi ymoBH, 3100ymeMoO:
Ad, =0, byshAl+bchAl =0,

3BIAKH

5 L pratitonngg b okl
A AshAl
o ShAL - chAl = chA& - shAl _ shA—1)
° AshAl AshAl

®ynkuis ['piHa HaOyne BUCISLY:

shA(& -1)- shAx

i0g )

G L) - :

‘ shA(x—1)-shA& Dol
AshAl :

Jns naHHoi 3apmaui GyHkuis I'piHa TakoX € CUMETPHYHOIO 1 pO3B’A30K
KpaiioBoi 3aa4i BU3HAYAETHCS 32 (HOPMYJIOIO:

shAix |

o | A =D €)de.

shA(x=1)

L ey

J hAE f(E)dE +

ITPUKIIAL 3. IlobynyBatu dynkuiro I'piHa kpaioBoi 3amaui
wi(x)+y (x)=f(x), 0<x<l,
y(0)<ee, y(1)=
Tyt Ha niBomy kiHui uHTtepBany (0, /) 3agaHa yMoBa OOMEXEHHOCTI
pO3B’s3KYy.
@yHpaMeHTalbHA CHCTEMA PO3B’SI3KiB PO3IIISAYBAHOTO AuepeHiiaib-
HOT'O OIepaTopa Mae BUIJIAL:
o) =1 @& =hx
®yukuito 'pina 6yayemo y dbopmi:
F Inx,0<x<¢<l
Girpy= B +aG) Iz 0<x<E
b (§)+b (E)mx, 0<E<x<l

26

BigHOCHO Cj= '1;‘, -&; (j=0,1) OTPUMAEMO CHCTEMY:
C,+Clné=0; € 5 5 4o 28
C,=-Iné, C =1.

3a70BOJBHUM TeEnep Kpaﬁoni yMOBH. Bumora 0OMEXEeHOCTi LIyKaHOTO

po3s’asky npu x = 0 eksiBanenTHa ymoBi G(0, x) < oo, 3BiIKH d(x) =

0; mpyra r‘paHuqHa yMoOBa J1ae b + bInl = 0, 3Bigku b - blnl
BpaxoByioun 38’130k Mix @, b Ta C , OTPUMAEMO:

a, =ln§, G =0, by==Inl, b =1.

®yukuis ['piHa HAMPUKIHLI MATUME BUIJIS:

3

In>, O<x<é<l
G(x,6)=

lnf, Vo= s
[TomiTumo, mo s uiei 3anayi GyHkuis I'piHa Tex € CUMETPUYHOIO.
Ilobyoosa ¢ynoamenmanvroi @yHnxuyii
Po3sriissHemo 3BuuaiiHe qudepeHiiaibHe piBHIHHS
Ly=B(x)y" +R(x)y"+ .. +B(x)Y+B (x)y=£(x)
B (x)e C(ap:a), By(x)#0, ag <x<a.

®@yHnamMeHTAIbHOW (yHKIie0 TudepeHnianbHoro piBHsHHS (3.1) Ha-
3uBaEThCA Taka GyHkuis D(x,?), 1o mist Oyab-aKoi HerepepBHOI GyHKLT
Jx) byHkuis

(3.16)

Y@ = [ FO@Cxn)ar 3.17)
€ po3B’sizkoM audepeHLiaTbHOro piBHAHHS (3.16).

T e o p e m a. Dynodamenmanvruii po3e’azox piersanns (3.16) mooicna
nobyoysamu y 6uensoi
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(x-1), x>t
O, v<7

®(x,1)= {

de Z(x) 3adosonvhse 00nopione piswanns LZ(x) = 0, x > 0 ma novam-
K08 yMmo8u

aoke
0%

npuvomy P(Xx) — Kxoehiyiecnm npu cmapwiti noxiouitt y ougepenyiany-
Homy pigHanni (3.1).

Z(O) = Z’(O) = Z(Il 2) (O) O Z(n I)(O)

DyHaamenTaibHui po3s’a3ok D(x,7) mudepeHuianbHoro pisHauus (3.1),
BJIaCHE Ka)Ky4M, HE € €OMHHM; BiH BU3HAYAETHLCS 3 TOYHICTIO O JOJAHKA

n-1
@y (x,1)= Y, C, ()9, (%),
k=0
ne ¢(x) (k =0, .., n -1) — dyHnamMeHTaIbHA CUCTEMa PO3B’A3KiB [U-
tepenuianbHOro piBHsHHA (3.1).

IIPUKIJIAJ 1. TloOynyBati dyHmaMeHTanbHy GyHKLiO audepeHLi-
aJILHOTO DiBHSHHA )''(x) = flx).
BinnosigHo mo Teopemu ii MoxHa mpencrasuty y Burasmdi (3.3), e

Z'(x) = 0, Z(0) = 0, Z(0) = 1. (3.19)

Po3p’s13yroun xpaioBy 3apauy (3.4), s3Haxomumo Z(x) = x. Toni

XZt}Jx_tI_,.f:l

-1,
(x,1) = {x
Qe dxct 2 2

OCKiNIbKM ApYrui AOJAHOK 3aJ0BOJIBHSE OJHOPIAHE PIBHAHHS, TO HOro
MOYKHa BUITYCTUTH.

x—t
Bignosige: ®(x,1) = |—2——-I
3anaui
Ilokazarty, wo QyHKLil
2) @(x,)=—-re
2|a|
28

6) D(x,1)= ‘1" [1 +sgn(x— t)]e‘|“"»\‘-l| :

B) <I>(x,t)— sm]a“x f|

€ yHnameHTaTbHUMY GYHKIISIMY BIATMOBIAHO OO MU(epeHLIanbHIX PIBHAHD

a) u'- au = f,
6) u'—au = f,

B) W'+ au = f.

V 3apayax MaTeMaTU4yHOI (BI3UKM YACTO BHHMKAE HEOOXigHICTH MOOY-
J0BU (QyHIaMEHTANbHOI (QYHKIIl, 10 CMafae Ha HECKiHYEHHOCTi, 110
JIO3BOJISIE METOJ MOOYIOBU 32 JOMOMOIOI0 KOHTYPHOTO iHTErpyBaHHS,
zanpornoHoBanuit Koii ta possunytuid M. I'. Kpeiinom. Buxiagemo kioro
cXeMy CTOCOBHO 10 piBHsiHHs (3.16) 3 nocriitHumy koediltientamu. Binno-
BiZIHO 10 HBOTO (hyHIamMeHTaIbHA (YHKLIS BU3HAYAETHCS (POPMYIIOIO

1 e;xz
s O (3.20)
D(x,1) = g(x=E), g(x) = i Ci_dP(z) !
P(z)=P2" +PE¥ R FE=Rlavz). .(2-2.). (3.21)

Tyt C* — 3aMKHYTHIl KOHTYD, L0 OXOIUIIOE JESIKE YMCIO HyJIiB MHOTOWIEHA

(3.21), a C — aHaoriyHMA KOHTYD, LIO OXOIUTIOE HyIi, SIKi 3aJIMLLUMIIMCS.

Jonauus Toro, mwo ¢GyHkigs (3.20) € hyHIaMeHTATBHOI, MOXHA 3HalTH B [7].
Sx npuxiaa nodynyeMo GbyHaaMeHTaIbHY (YHKIIIO PIBHSHHS

Y0 =2B%y"(x)+ B y(x) = f (x).
V posrasayBaHOMY BUMAAKy MHOrowieH (3.6) Mae BUIIAL:
P(2)=2"-2p"2" + B* = (z+|B]*(z—|B])".

To3Haunmo uepes C* KOHTYp, SKMil OXOILUIIOE ABOKDATHMIA MOJIOC
z=|B|, a C — mBoxpatHuit nomoc z=-|pB|. Toxi, Binnosiaxo 1o (3.20),
¢dyumameHTanbHa QYHKL{iS Ma€ BULIISAA:

D(x,8) = g(x-£), g(x) = <ﬁ————d (3.22)

I
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®Dopmyiy (3.22), BUKOPHCTOBYIOUHM TEOPEMY MMPO JIMLIKU 1jIsi OOYNCIIEHHS
iHTerpaja, MOXHa TIePETBOPUTH 10 BULJISAY

1+|B4 _
()= AR
4p]
Dynoamenmanvua 6a3ucHa cucmema po3e’a3Kie
DyHpaMeHTaIbLHOI0 GA3HCHOI0 CHCTEMOI0 PO3B'f3KiB KpaioBoOl 3amaui

(3.1), (3.2) y(x) (x = 0,..., n — 1) Ha3uBaeTBC cucteMa n GYHKLH, WO

€ PO3B’SI3KaMU KpahoBHX 3a1ady:

Ly, (0]=0, g,<x<a,

: 3.23
il o S o L h iy i
= X)|= s = ’n— 1 == i

J ll/k Jjk J Jjk 0’ J £ k
®DyHnaMeHTa bHa 6a3uCHa CUCTEeMa PO3B’A3KIB KpaioBoi 3a1aui B BU-
MaJKy HEOCOOJIMBUX IPaHUYHUX YMOB JIETKO OyayeThbes uepe3 pyHmaMeH-
TaJIbHy CHCTEMY PO3B’A3KIB OJHOPIAHOTO AMdEpEHIiabHOTO DPIBHAHHS

@ (x). Hdificno,ToMy mo ¥ (x) € po3B/sA3KoM KkpanoBoi 3aaaui (3.23),

v =3 0,0, (324)
m=0

e C,f,k ) weBigomi craui.
Mincrasnsiroun (3.24) y (3.23), npuxogumo BigHocHo CX (m = 0,...,
n — 1) mo cucteMu n NiHIAHKUX anreOpaidyHUX PIBHSHbL

n-1 e
S COU o0, je0n-l (3.24)
=0

BU3HAYHUK SIKOI y BUIAMIKy HEOCOOJMBUX I'PAHUYHUX YMOB BiJIPI3HSAETHCS
Bif HyJIs, Ta, OTXe, cucrema (3.25) Mae po3B’sI30K.

IIPUKIIAL 2. TlobynyBaTi pyHOaMeHTaIbHy Oa3UCHY CHCTEMY pO3-
B’sI3KiB KpaioBOi 3a7aun

Y = fx), 0 <x <, p0)=2, yl)y=3.

BignosigHo 1o BU3HA4YCHHS, QyHIAMEHTANbHY 0a3UCHY CHUCTEMY DO3B-
’a3kiB kpaioBoi 3afaun ckiamaTe QyHKuil Y (x) Ta y,(x) Taki, wo

30

_—

{ yy(x)=0 { Yl(x)=0

VO =1 =0 |y,©)=0, y,O)=I

ToMy 1110 QyHIAMEHTAIbHY CUCTEMY PO3B'SI3KIB IM(EPEHLIATBHOTO PIBHSH-

Hsl CKiIafaoTh GyHkuii @ (x) = 1 Ta @(x) = x, TO BiANOBIAHO 10 (3.24)
v, (0)=C+C B e A 'Y

ne C®  (k,m=0,1)— cytp po3p’asku cuctemu (3.25)

¢ =1 G =0
0
{cg‘” +C1=0 a1,

TOOTO

1
6 c,“”:—%, =0, C==.

3BigKu MaeMo
x X
Wn(-x):'l_T» W;(x)z'l_-

Ilpukiaagu ausi camMocTiiiHOI poGoTH

IMo6yayeatu dyHIaMeHTaIbHY 0a3uCHY CHCTEMYy DO3B'SI3KiB Kpaiio-
BUX 33724

a) ¥ (x)=Ly(0)=2.y(1)=9,
6) y'—a’y=f(x), y(0)=6, y(1)=8,
B) Y +a’y=f(x), y0)=2, y()=6,
r) ¥ (x)= £ (%), y(=1)=Y"(-1)=0. y(1) = y"(1) =0.
Hpyzuii cnoci6 no6ydosu ¢yuxuii I'pina
Byaemo uiykatu Qynxiiro I'pina kpaiiosoi 3agauu (3.1), (3.2) y Burmsgi
61 = 08-S (U, [0x-) (326

ne ®(x) — dynmamenTanbHa GyHKis audepeHuiaabHOro piBHAHHEA (3.1),
v (x) (k = 0,..,n — 1) — dynnamentanbHa 6asucHa cucrema pO3B’sI3KiB
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KpaioBoi 3anaui (3.1), (3.2), U, (k = 0,...,n — 1) — onepaTopy rpaHuy-
HUX yMOB, BU3HaueHi y (3.2) Ta BUKOPUCTaHI MO 3MiHHIHi X.

ITPHUKIJIA]]. ITobynyBatu ¢yHkuito I'piHa kpaifoBoi 3anaui

u'—Au=f(x), 0<x<a
1 (0) =1 ula)=5.
DyHpaveHTatbHa GYHKLS, BIANOBIIHO [0 M. 3 11poro maparpada, Mae BALIISL
e

224
TIPUYOMY
.g?i = %sgn(x —é)e'}'l"'g"
Toni
oD ] g
Upg[®]=— =-=e*
o[®] . 2e

1 -4t
Ule]=9|_, o j

®dyHnameHTanbHa 0a3ucHa cucTeMa po3B’s3KiB Liei KpaiioBol 3amaui,
BiANOBifHO 10 1. 4 1bOro naparpacda, Mae BULJISL:

_ shA(x—a) _ chax
i Achda ' i ch

Aa
Toni, BignoigHo no ¢opmynu (3.26), dynkuiro I'piHa kpaitoBoi 3agadi
MOJKHA 3alyCaTH Yy BUIJISL:

-l—e 4, 1 o0 shA(x—a) 4 —l—e"“”"g’ chAx ;
22 2 Achda 27 chia

Po3é’a3ku o00nomipnoi Kpaiioeoi 3adaui 3 HeoOHOPIOHUMU
ZDAHUYHUMU YMOBAMU
Posrisiuemo kpaiioBy 3amady (3.1), (3.2) 3 HEOCOOIMBUMH IPaHUYHU-
mu ymoBamu. Hexail mnsa nei nobymosaHa dynxuist I'pina G(x, &) Ta
¢dynmamenTanpHa 6a3ucHa cucrema wj(x) G=0,..,n-1). Toni il po3s’s-
30K MOXXHa 3aIUCaTH y BULIISMI
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u(D)= | FEGx.EE + 2 By, (). (3.27)

3ayeaocennsn. Cruig BiI3HAUUTH, 10, SAKIIO Bimoma (GYyHKLis
I'pina xpaitoBoi 3agaui

B(x)u"+B(x)u'+ P (x)u=f(x), a,<x<a,

; _ (3.28)
alju (aj)')!'aoju(aj):Bj, J=O$ls

TO (pyHIaMeHTalbHy 0a3uCHY CUCTEMY MOXHA 3aIMCcaTé 3a HOMOMOTOI0
CITiBBIJHOULIEHHS

: =1’
Vi = (@)l 00na) =G )l =S, e

Ie X, Y, (j = 0, 1) — nmoBiabHI uyKcHa Taki, WO
x, o, y o # 0.

3okpema,

2
1) 0

v, (x) = Po(aj)[a,jG(x,aj)-aojG'(x,aj)]%, (3.30)

TyT Touka 03Hayae YAaCTUHHY MOXiAHY MO APYTif 3MiHHIMA.
IIPHKJIA/]. Tlo6ynyBaTu po3BSI30K KpaioBoi 3amadi
u’ — Au

u(0)

o) 0= % <24

1, u(a) = 5.

®ynxuia 'piHa 1iel kpaiioBoi 3amayi Ta GpyHIaAMEHTa bHA Ga3uCHA CUC-
TeMa NMoOynoBaHU BHLIE, y M. 5 uporo maparpada. BigmosizHo mo ¢op-
Mmynu (3.28), 11 po3B’s30k Oy[e MaTU BUIJISIL

u(x) = [ FEIG(xE)AE +y (x)+ 5, ().
0
BignosinHo mo popmymnu (3.30)

¥, (%) =G(x,0), y,(x)=G"(x,a)

Ta, OTXKE,
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u(x)= j FEGx,E)E +G(x,0)+5G" (x,a).
ITPHKIIA]L. Poaa'imam KpaioBy 3asauy
Y'(x) + (x) = fix), 0 < x <I,
) Sl 0h) =5

@dyHaaMeHTalbHA CHCTEMA PO3B'SI3KIB y LbOMY BMNAIKY MAe BUIIIAL @y(X) =
= sinx; @,(x) = cosAx, 0 03BONSE PO3LIyKyBaTH (yHKLiFO [piHA Y BATIISAI:

ay(€)sinAx+a,(E)cosAx, 0<x<& <1

Sty {50(5)sin/lx+5.(5)c°s’1x’0<§ i

3acTOCOBYIOUM BXE BilOMY METOAVKY ISl BU3HAYCHHS d,Ta b'j, OTpH-
MaeMo:

CsinAé + CcosAé = 0, ACcosA§ — ACsinAé = 1,
coslé’ C, ____sm/'l,é'

A A
3a0BONBHAIOYM OOHOPIOHI KpaiHoBi yMOBH, OTPUMAEMO:

3Bigkn C, =

a= 0, l;osinll +b~'lcosll= 0,

3BiAKH

4 sinA(-&) - s sinAcicosAls sin A&
= e =0, by =——— 7b S >
b Asin Al 7 ¥ ' A

Asin Al
®yukuis ['piHa Habyzae BUIIAY:
_sinAx-sinA(l-&)

700 <l

L Aosin Al o
; _sin A& -sin A(/ - x) pLst Py
Asin Al { i

3naiinemo Tenep Gasuchi dyHKuil Y (x), k = 0, 1, po3iIyKyiouH iX y BAIISUL:

Vo (%) = Cpoy (x) + Cp 9, (x), Y, (x) = Cio9,(x) + C,0,(x).

Jns BusHaueHHa C, MaeMo CHUCTeMy:
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Cu?:(0)+C,0,@)i=1,
Co®,(0)+C,,9,(0) =0,

Coo®Po (D +Co,, (D =0,
Co9o(D+Cho () =1,

T06TO
C, =1 h C,.=0,
CySin Al +C,, cos AL =0, ! C,osinAl+C, cosAl =1,
3BiKH
Coimaclod L C izl Coie fl——, Cp=.
sin Al
Toni 6a3ucHi QyHKLII MAIOTh BUIJIS;
sin A(l - x) sin Ax
=l X = :
o in Al i sin Al

Po3B’130K HEOAHOPIAHOT KpaioOBOI 3ahaui Mae BUIIISA:

sinA(l-x) |
ey ff(é)sxnﬂéd§+

sinAx t i
W= j F(E)sinA(l-E)dé& -

sinA(l—x) _sinAx
sin Al sinAl

+A

3aBaaHHsa 1Js caMoCTiiiHOI poGoTH
IMo6yayBaTu ¢yHkuii [puHa CligylOUUX KpaioBUX 3a1a4:
) yY()=f(x), y0)=0, y@)=0, 0<x<I;
2) Y®)=fx), y0)=y®, y©)=yd, 0<x<l;
3) Y (x)+Ay(x) = f(x), y(0) = y(D), y'(0) = y'(1), 0< x < I;
4 Y()-Ayx)= f(x), y(0)=0, y(1)=0,0<x<I;
5 x2y(x)+2xy'(x) = £(x), y(0) <00, y(I) = uy'(1), 0< x < 1;
6) X’y (X)+xy'(x)= A y(x) = f(x), y(0) < o0, y1) =0,0< x<1;
7) ¥ (x)=f(x).y(0)=0,y"(0)=0,y(1)=0,y"(1)=0,0< x < ;
8) ¥ (x)=f(x),5(0)=0,y"(0)=0,y(1)=0,'(1)=0,0< x < I;
9) ¥ (x)= £ (%), »(0)=0,5'(0)=0,y(1)=0,y"(1)=0,0< x<L.
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§4. IMpuxnaan

ITPUKIIAJ] 1. Tlinibpaty iHTerpajibHe MEpeTBOPEHHS MO 3MiHHIN X Ta
3BECTH 3a4aydy 10 OAHOMIpHOI

3u e 8 u

8t Ere
du

_09 e l, =\Us 0 0

8x( 1) 3x( =0 <<

=q(x,t), 0<x<l,0<t<oo
4.1)

u(x,0)= fi(x), O<x<l

Ils kpaiioBa 3afaya € YaCTUHHMM BMMAJKoM KpaiioBoi 3amaui (1.1) —
(1.3), B sxiu

a,=0,a, =1,b,=0,b, =e0,n=1,
H=Lplay = <af, g(x)=0,p, ) =L p/()=0,
Oy =0 =0,04, =0, =1, By’ =1, By =0,

Ay = A =0,B,(x) = f(x).
ITpu upomy
du du
Uylu] ——a—x(OJ), U,[u]—g;(l,t),
Volul=u(x,0),

BignosinHo fo (1.4) 3aragbHOI CXeMH iHTErpalbHE MEPETBOPEHHS LIyKa€-
MO y BUIJIS[I

1
1, (0) = [u(x, DK (x, A,
0

ne K(x, A) — HeBimoMe Lie SAPO iHTErpaibHOrO NEpeTBOPeHHs. ITomHo-
XUMO 00OHABI YacTHHM AudepeHLiansHoro piBHsHHA y (4.1) Ha K(x, A) Ta
MPOIHTETPYEMO MO X y Mexax Bin 0 mo

/!
j(%% 29“>K( Adx =g, (1),
0

Po36uBatouy iHTErpa, WO CTOITh y JBiA YaCTHHI OCTAHHBOI PIBHICTI Ha
JiBa NOJAHKH, 3MIHIOIOYM MOPSINOK iHTErpyBaHHs Ta AU(EpeHIlyBaHHS Y
NEPLIOMY Ta IHTETPYIOYHM IO YaCTHHAX OPYTMH JONaHOK MAaeMo
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78'4

2
du‘;(t) 4 2% (Y J'u(x,,)[d_lf”;qu_ SoGOKA)+

zau

+a’u(l, t) o (l H+a (0 1)K (0,A)—a’u(0, t)——(O M=q,@), 42)

du du
U =0)_ ,1) = V.
e Ep L, ax(O 1)=0

Mt Toro, wo6 BuxiaHa KpaioBa 3anaya (4.1) TpaHchopMyBasack [0 OOHO-
MIpHOI KparoBOi 3a/1a4i BiZTHOCHO u,(?), HeoOximHo, o6 Aapo K(x, A) iHTerpais-
HOTO NEpeTBOpeHHsi OyJ10 po3B’a3koM HacTynHoi 3ana4i Itypma — JliyBims

dK

dK dK
—(0,A4)=0, —(1,A)=0.
K o.)=0, K2

Bignosigno no tabamui (A.2) wiit 3agaui lltypma — Jliysinna Bigrnos-
iae CkiHYeHHE KOCHHYC-niepeTBOpeHHst Dyp’e

u,(t)= J-u(x,t)cosaxdx, o= Elk—, k L O3]Li2s 1 4.3)
0
TOOTO
K(x,A)=cosax, A=a’ 4.4)

Iincrasnsroun (4.4), (4.3) no (4.2) orpumaemo 3suyaiine audepeHL-
iaJbHE piBHAHHS BiXHOCHO TpaHchopMaHTH (4.3)

Uy () +a’a’u, (1) = q, (), @.5)
ne
; 1
q,)= Iq(x,t) cos orxdx.
0
3acTocyeMo iHTerpaibHe nepetBopeHHs (4.3) 4O OCTaHHBOI rpaHMy-
HOi ymoBH B (4.1). JIns 1LpOro NMOMHOXHMMO OOWABI YacTHHI Ha

K(x,A)=cosax Ta NpoiHTErpyeMo 1o 3MiHHiN X y Mexax Bix 0 mo /.

Orpumaemo
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1
4, (0) = £, £, = [ f(x)cosaxdx. (4.6)
0

Taxum ynuHOM, KpaiioBa 3amaya (4.1) 3a TONOMOTO0 CKIHYEHHOIO KOCHHYC-
neperBopeHHs Myp’e 3Beacs 10 OAHOMIPHOI KpaioBoi 3amaui (4.5), (4.6).

3ayeaxcenns. Kpaiosy 3ana4y (4.1) MoxkHa 3BECTH OO OTHOMIPHOI i 32
JIOTIOMOTI' OO iHTErpaabHOrO MEPETBOPEHHS IO 3MiHHi# £. JIJIsl IbOTO BUKO-
pHcTaEMo iHTerpaibHe neperBopenHst Jlamnaca (tabauus B). TTomHoxmMO
nepuii Tpu piBHocTi B (4.1) Ha ™™, npoinTerpyemo no ¢ Ha untepsaii (0,
o0) Ta, BPAXOBYIOUM OCTAHHIO 'paHW4Hy yMOBY B (4.1), oTpumaemo

du(x)
de
du du
—2(0)=0,—=%)=0,
dx() dx()

—au (%) =-q,(x) = filx),0< x <,

ne

gy (x)= Iq(x, e *dt.
0

TIPUKIIAJ 2. TlinibpaTy iHTerpajibHe MepeTBOPEHHS

du 1 duiilidu
art rdr r*96*

| =1 @5

=9(r.0), O<a<r<b-n=<0=<m,

b s 4.7

r=b
L "“| -2
st s e boad

ITinbepemo iHTerpanbHe MEPeTBOPEHHs MO 3MiHHiK 6. s uporo mude-
peHLiabHe PIBHSHHS MEPEMUILIEMO y BUIJISI:

2’u Q. «Ou
%57 +r? 3,7 + r5= r’g(r,0) 4.8)

i 6yaeMo LiykaTH SOPO IHTErPaJbHOIO MEPETBOPEHHS

i |9=-—7t &7

uy (r)= ju(r,o JK(1.0 X6.
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[TomHoXuMO 06MIBI yacTHK piBHsAHHA (4.8) Ha K(6,1), MPOiHTErpye-
MO 110 3MiHHii 6 y Mexax Bil — 7 0 7 Ta OTPUMAEMO MC/Is iHTErpyBaHHS
[0 YaCTHHAX Ta BUKOPHMCTAHHS I'PAHUYHUX YMOB IO 3MiHHiH 6:

d’K
d? d ,0 AK]1d
2 duz;__l_ :;, e )+J~u(r )[ —+AK]d6 +
+ﬂ K, ~& 1-s| [8_K _IK s
ae O=m 0= 0=—1 O=1 ae 0=n 89 0=—7

=7’ J’ g(r,0)K(6,21)d6.

Takum unHOM, st Toro, W06 BUXinHA KpaiioBa 3anaua (4.7) TpaHcdop-

MyBajacs 0 OAHOMIPHOI KpaioBOi 3aqaui uIsi u,(r), HeOOXiaHO, WO6

anpo K(6, A) 6yno poss’sskom Takoi 3agadi Lltypma — Jliysimms:
d’K
ae’
K |0=—n

+AK =0,

LBy
9=7r’de O=-xty 10505

Bignosigno mo Tabmuui (A.3) wiit 3anaui Htypma — Jliysinns Bigmos-
iae CKiHYEHHE MOBHE iHTerpaibHe nepeTBopenHs PDyp'e

u ()= [ u(r,0)e"ae,

oo

u(r,0) = i Z uirie: .

k=—oo

ITinbepemo Tenep iHTErpaibHe MEPeTBOPEHHs 10 3aaaui (4.1) mo 3MiHHiif r.
His uporo audepeHLiaabHe piBHAHHS (4.8) nepenuiuemMo y BULISA:

=r’g(r,0) (4.9)

Ta Oy[eMo 1YKaTH iHTErpalbHe TepeTBOPEHHS BioBinHo 10 (1.4) y BUrIszj

b dr
u, 0) = [u(r 0K (r, )=,
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THMYacoBO BBAXKAIOYM I'PaHUYHI YMOBHM IO 3MiHHIl 7 OqHOpPiAHUMHU (TOO-
TO f(6)=0). [ToMHOXUMO OOUIBI YacTUHM piBHAHHA (4.9) HA r'K(r,A),
NpOiHTErpyBaB Mo 3MiHHiM 7 Bix a 40 b, OTpUMAEMO Micis iHTErpyBaHHs
MO YaCTUHAX

&—Z,u,1 +Iu(r 6)[r—(r )+/1K]£+Q bK(b,A)—
de ar r=b
dK du dK f
B bt d af el e bgarit e j rg(r,0)K(r,A)dr.

TakuM ynHOM, 114 TOro, 1106 BMXinHA KpaiioBa 3amaya (4.7) TpaHcdop-
MyBaJiacsi 10 OJHOMIpHOI kpaioBoi 3amaui st u, (), HeoOXiaHO, WO6H
PO iHTerpajJbHOrO nepeTBopeHHs K (r,A) 6y10 po3s’s3koM Takoi 3agadi
IItypma — JliyBimist:

ri(rﬂf—)+1K 0, O<a<r<b,

K

,dK 2

e dr

r=b

BignosigHo no Tabmuui (B-3) uwift 3agaui Bigmosimae HecTaHgapTHE
CKiHUEHHE CHUHYC-TIepeTBOpeHHs1 Meitina

b
u,(0)= fu(r,e)sin(a lni)ﬂ,
a o e o

_ m(2k-1)
" 2In(b/a)

u(r:6)=

e )Zu (0)sm(aln—)

ITPHKIJTAJ] 3. MeTonoM iHTerpaibHHX MEPETBOPEHb PO3B’A3aTH Kpaii-
OBy 3agavy

2 2
al;+aL;=f(x,y), 0<x<a,0<y<b  (4.10)
u(0,y) = A(y), u(a,y)=B(y), 4.11)
u(x,0)=g(x), u(x,b)=w(x). (4.12)
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JaHa 3aaya € YaCTMHHMM BMIIafkKoM KpaioBoi 3amayi (1.1) — (1.3), B skii

r(x)=px)=149(x)=0,n=2, p,(y)=1,
P =p,(»)=0,a,=0,a =a,b,=0,b =b,
Oy =04 =1, 0 =01, =0,

0) (O] @ _ RO ) p Oy () - ()
ﬁ—IO_lB _II_OO—IO 01 II_O'

ITpu upomy

Uslul=u(0,y), U,lul=u(a,y),
Volul=u(x,0), V,[u]=u(x,b).

BinnoBigHo [0 3aranbHOI CXEMHM METOAY IHTErpalbHUX TEPETBOPEHD List
3ajaya po3B’A3yEThCs B TPU ETAllH.

Ilepumii eran. ITiobip inmezpansHo20 nepemeopeHHs ma 38e0eHHs
3a0aui 00 O0OHOMIPHOL.

BianosiaHo mo (1.4) 3aranbHOi CXeMM iHTErpajbHe NEPETBOPEHHS MO
3MiHHIf X LIYKaeMO Yy BULJISI

uy () = [ux, 9K (x, A)dx,

ne K(x,A) — HeBigoMme lue SApoO iHTErpajgbHOro nepersopeHHs. IToMHo-
KUBLWIK 0oO6uIBi yactiuu piBHOCTI (4.10), (4.12) va K(x,A), mpoinTer-
pPYEMO MO 3MiHHIA X B iHTepBani (0 a):

a Adx = f,(y), (4.13)
ju(x,O)K(x,l)dx= ) ook (4.14)
0
j'u(x,b)K(x,/'L)dx=wA, (4.15)
0

Ie

[/, 82:8,) = [[f (%), (), 0(0)IK (x, D).
0
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[Ticns 3miny nopsiaky iHTerpyBaHHs Ta DU(GEPEHLiIOBaHHS Y APYroMy A0-
naHky B (4.13) Ta iHTErpyBaHHs IO YaCTMHAX Y MEPLUOMY JOAAHKY MAaeMO

3 ()= Ay (y)+ ju(x,

(a y)K(a, 1)~

-u(a, y) ( l)-—-(O YK (0,4) +u(0, y)—(0 A =f(y). (4.16)

Tomy 1o 3HaueHHs u(a, y) Ta u(0, y) Ham Bigomi (4.11), To mis Toro, 106
BUXigHA KpaioBa 3amaya (4.10) — (4.12) TpaHchopMyBanacs [0 ORHO-
MIpHOI KpaoBoi 3aaui Jyist u,(y) HeoOXiaHo, o6 sapo K(x, A) iHrerpas-
HOT'O NEpeTBOpPeHHs Oyi0 po3s’sa3kom 3anaui [lltypma — Jliysimis

dK

BinnosinHo mo Tabmuui (A.3) wiit 3agavi BiAMOBinae CKiHYEHHE CHHYC-
neperBopeHHs Dyp’e

T ! k
u,(y)= B[u(x, y)sinoxdx, o= %—, 4.17)
u(x, y)_—ZM (y)sinax, (4.18)
a =
e
K(x,A)=sinax, A=a?, a=7—rlc—. (4.19)
a

IMincrasnsoun (4.19) mo (4.16), (4.14), (4.15), spaxosyioun (4.11), npu-
XOIMMO 10 OJIHOMIPHOI KpaitoBoi 3ajadi BiTHOCHO TpaHchopMaHTH u, (y):

Un () =0u, (y) = f,(y)+ B(y)orcosota — aA(y)
u, 0)=g,, u,(b)=aw,, (4.20)

ze

f(¥)= If(x, y)sinaxdx, g, = jg(x) sin oxdy,
0

a (4.21)
J (x)sin otxdx.
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Jpyruii eran. Po3e’sa3anus 3a0ayi y mpanc@opmanmax.
3a cxeMoI0, 1110 BUKJIaZieHa BHLUE, OyayeMo ¢yHkuito ['pina kpaiioBoi
3agayi (4.20) y Burisgi

et e, i Rl iy )
20 20 shob 20 shoh

npuuoMy QyHAaMeHTalIbHa 6a3ucHa cucTeMa 3B's3aHa 3 Hero hopMyIaMu
(3.30)

¥, (»)=-G;(,0), ¥,(») =G, (,b). (4.23)

Toni BigmoBigHo 10 hopmymu (3.27) po3s’s30k KpaiioBoi 3amaui (4.20)
MOXKHa 3allUCaTH y BUTJISAL:

b
1, () = [, () -0 Am) +aB@) cos aalG, (ymdn +
+0,G,(7,0) - 2,G, (3,0) - (i
Tperiii eran. ObepHenHs iHMeEZPANLHO2O NEPEMBOPEHHSL.
IMincraBnsroun (4.24) 1o dopmyar 0OepHEHHS CKIHYEHHOTO iHTerpaib-

Horo cuHyc-niepeTBopenHs Dyp’e (4.18), micas 3MiHM MOpAAKA MHTETPY-
BaHHS Ta CyMyBaHHsl, BpaxoBywouu (4.21), oTpumaemo:

u(x, y) = f jf(c MR, y,¢,mdnd¢ jA(n) (x,7,0,mdn+

&
+ j B2 i 2R . y,a,mpdn - Jg@)g;]-(x, »6,0d¢ + (4.25)
+ j w28 o 2R xy.8.00dL,
A R(x,y,§.m) =—2Ga(y,n)sinaxsina§, o =Zr—k—. (4.26)
a = a

Bupinstoun ¢iabo306ixxHy yactuny psiga (4.26), orpuMaeMo

R(x,y,§,m=S(x 3,8, m+R(x, .8,m), (4.27)
e
x y,C T]) %i 1na§ smax[ ~aly-n| +e—a(y+n) +e—a(2b—y—ﬂ)]’(4.28)
k=1
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sin i)  sin s b
e —ﬂ(zb— y=1) —1‘-:(2b+‘ +n)
R*(x’y’g’n)=_z_._a____a__[e a 1l g y %

e _2nb
= k(l—e "k]

—£(4b—y—n) —ﬂ(Zlﬁy—n)]
a —e 14 5

+e (4.29)

Pan (4.29) pasom i3 BciMa CBOIMM YaCTMHHUMH MOXIJHUMU € PIBHOMIPHO
36ixHUM mprt 0< x,§ <a,0< y,n<b, a pan (4.28) NErko CyMyeThCs METO-
JIOM MigCcyMOBYBaHHs cnabo 3061XKHHUX PSAMAIB, 1[0 HABEACHUN HUKYE:

sinzf—a(x+§)+sh22”—a(y—n)

S(x,y,{,m)=—In < e
sin’ — (x—{)+sh> —(y-1n)
2a 2a

L st O sk T (y ) -
Lo g ] 2a 2a B
2r

sin? E—(x—é')+sh2£(y+r[)
2a 2a

sin? —Zt—(x+§)+sh2 £(2b—y—77)
—Ll 2a 2a :

2

(4.30)
sin? Z-(x=&)+ sh* = (26— y—n)
2a 2a

®Dopmynu (4.25), (4.27), (4.29), (4.30) naroTe pO3B’A30K KpaioBOi
3amayi (4.10) — (4.12).
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* §5. IeperBopenns Pyp’e

Inmezpanvui nepemeopenns

OnepatiiliHe YMCIEHHS, 1O 3aMpOoNOHOBaHe XeBicalIoM Ui JOCIiIHKEH-
Hsl 3MiH 10 Yacy AesKMX MpOLEciB y di3ulli Ta eIeKTPOTEXHIU, GOpMaTEHO
€KBIBaJICHTHO CHCTEMATHYHOMY 3aCTOCYBaHHIO MepeTBopeHHs Jlaraca. Came
TaKui MiAXiA A0 ONMepauiifHOro YMC/eHHst OyB B3ATHI [0 yBaru y GigbLIOCTi
Cy4acHuX nociOnukiB. SIkino, Hanpyknan, yHkuis f{x) Bu3HauaeTbes aude-
PEHLIAILHUM PIBHSIHHAM Ta JEIKUMM IPAaHUMHUME YMOBAMH, TO YacTO Mpo-
CTille 10 KpaioBy 3ajady 3BECTH IO BiIMOBIAHOI 3axavi mis dyHKuii

0(p)= [ £ (x)emax, 5.0)

sIKa OTpUMaHa 3 f{X) MHOXEHHSIM Ha e ” Ta iHTerpyBaHHsAM 1o x Bifg 0 g0
oo, MyHKUis @(p), IO OTPHMaHA TAKAM YMHOM, € QYHKILIEIO 3MIHHOT p.
s dynkuis € TpancdopmanToro Jlamaca Big GyHKLl f{x).

Taky Touky 30py nerko ysaranpHuTH. Slkmo ¢ymkuis K (o,x) €
BiIOMOIO (DyHKLI€IO OBYX 3MIHHMX (XTa X Ta iHTerpai

1,(0)= [ £ (x)K (e x)ds (52)

€ 30DxHMM, TO BiH Bu3Hauae QyHkuio 3MiHHOI . Llg dyHKLis € inTer-
paibHoOlO TpanchopmanTolo dynkuii f{x) 3 aapom K (o, x). HaiiGinbi
MPOCTUM MpHUKIAL sapa

K(a,x)=e™

Bene 10 TpaHchopmanTy Jlamnaca (5.1). IHue sipo, sike MIMPOKO BHKO-
PHUCTOBYETBCS, MA€ BUIIISII

Rt o—ir.
Take sApo MPUBOAUTH 10 TPAaHC(HOPMAHTH
Fla)=] Fx)xaz. (53)
0

IHTerpanbHi NEPETBOPEHHS! TAKOTO THITY BIEPLUIE CUCTEMATHYHO Oyiu HoCii-
wkeHi MerutiHoMm, ToMy dyHkiist F (o), 1O BU3HAYAETHCS CILBBIIHOLICHHSM

*3micT §§ 5-7 3acrocoBanuii 3 [14].
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(5.3), HasuBaethes TpaHchopMaHToro MemtiHa ¢yHxuii f{x). [Hii KOHKpeTHi
BU/IY IEPETBOPEHh OTPUMAHI B THX BUNAIKaX, KOMM siapo K(a, x) € CUHycoM
a60 kocuHycoM abo € po3B’s3koM aubepeHLjanbHoro piBHsHH beccens. Taxi
TIEPETBOPEHHSI OyayTh BU3HAYEHI Ta OLIbIL JAETANBHO POMIISHYTI HIDKYE.

3 o3HauenHs (5.2) 6aunmo, 1o skio f{x) Ta g(x) — aBi dyHKLil, 1O
MaloTh iHTerpayibHi TpaHchopMaHTu 3 siapoM K(,x), TO iHTerpaibHa
TpaHchopMaHTa 1X cyMu Oyne Taka:

T(f+g)K(a,x)dx=If(x)K(a,x)dx+Ig(x)K(a,x)dx,

TOOTO € CYyMOI iX iHTerpajbHMX TpaHchopMmaHT. [Jaii, SKIo ¢ € MOCT-
ifiHOI0, TO

Icf (x)K (a0, x)dx = cjf(x)K(a,x)dx.
0 0
Lli piBHOCTI BUSIBJIIIOTB, L0 OTNEPATOP, KU MEPETBOPIOE (DYHKIIIIO
Ax) B 1i inTerpanbHy Tpanchopmanty I, (o), € NiHiHUM ONEpaTOpOM.
Posrisimatoun criBBigHOWIEHHST (5.2) SIK MMEPETBOPEHHS, 1[0 3B’s3y€
bynxuii fix) Ta I, (a) , MOXXHa NoOyayBaTH abCTPaKTHY TEOPIIO MEPEeTBO-
PEHb TaKOTr'O THUIY, KOPUCTYIOUUCH BIACTOBOCTSIMU GaHAXOBHX MPOCTOPIB.
Takwuii minxig 6yB 61 HWKaBUM 3 MATEMAaTUYHOI TOYKH 30Dy, alie BiH He
€ JJOCTaTHBO IUTOJOTBOPHUM 3 TOUKM 30pY 3aCTOCYBAHHS B MaTeMaTHUHii
¢izuui. Po3rnsHeMo TOMy Jiviile Ti BIACTHUBOCTI iHTErpajibHUX MEPETBO-
peHb, siKi OyAyTh BUKOPMCTAHI [T aHali3a KpadoBHMX 3amad.

HAopa Dyp’e
1. Aopa @yp’e. Buuie My 6aunim, WO ONEpaToOp, KU MEPETBOPIOE
¢yHKLiO B 11 iHTerpanbHy TpaHchopmaHTy 3 sapoM K (@, x), € JiHidHUM
OIepaTopoM, IKMA MU O3HAYUMO SIK L, Tak 11O

L(f)=1; (o).

SIkuio Tenep MpPMIYCTUTH, 11O s KOXHOT GyHKLii B(ar), 10 HATeKUTDH
[I0 MEBHOrO Kjacy (GyHKLiH 3MiHHOT O, PIBHSHHS

L(f)=8(e)

3aI0BOJIHSAETBLCS OJHI€I0, 1 TUIBKU OfJHi€l0, QyHKIIEW f{x), TO JErko
oKa3aTy, 10 iCHye JIiHiliHuMi onepatop L', sikuil Ha3MBaETLC OGEpHE-
HUM ONEPATOPOM Bil L, TAKUM, 1O PIBHSIHHS
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L(f)=B(x) f(x)=L"(B)
€ exBiBaseHTMMU. Hala ronoBHa 3azaua — BH3HAYEHHS L(iM OOEpHEHMX
OTIEPATOPIB IJIs1 KOHKPETHHUX BUIB L. :
L1i MipKyBaHHS MOKAa3yIOTh, 1[0 MPH MEBHUX YMOBAX MOXJIMBO 3alld-
CaTy PO3B’SI30K IHTETPAJIbLHOIO PiBHAHHS

1, (@)= [ £ (x)K (e x)ds (5.4)
y BUIJIAAL:
f(x)=‘b[1, (@)H (o, x)dax . (5.5)

®opmyny Tumy (5.5), wo Bupaxae ¢yHkuio f{x) yepe3 ii iHTerpaibHy
TpaHcdopmanTy (5.4), My GyzneMo HazuBaTH HOPMYJIOI0 OGEpHEHHS. Y ToMy
4aCHOMY BUMAAKY, KOJU PO3B’s30K (5.5) piBHsHHS (5.4) Mae BUIIIAL

£(x)=]1, (@)K (2 x)da, (5.6)

TO6TO, KOJIM CMiBBiAHOLIEHHS MiX (GYHKL{€O i il iHTErpanbHO TpaHC-
(bOpMaHTO CHUMETPHYHO, APO K (¢t, x) Ha3uBaeThCs AxpoM Dyp’e.

OTtpumMaeMo Tenep HEOOXiHY yMOBY Toro, o6 gaHa ¢GyHKLis 6yna
aapom Pyp’e. OOMEXMMOCS TUM BHIIAIKOM, KOJH sapo K (¢, x) € QyHK-
LI€IO JIMIIE Bi Ox

K(a,x)=K(x,0)=K (ax),

TOMYy IO LiEH BUNAJOK Ma€ HaWOUIbII IWMPOKe 3acTOoCyBaHHs. [ 00BHMI
PE3ybTAT BUCIOBUMO TEOPEMOIO:

Teopema 1. /[Jna mozo wob ¢ynryin K (ax) 6yra sopom Pyp’,
Heobxiono, wob mpancgopmanma Mennina K(s) ¢yuxyii K (x)sado-
BONHANA (DYHKYIOHANbHE DIBHSAHHS

K(s)K(1-s)=1. .7

K (s) € TpancdopmanToro Mennina ¢ynkuii K (x), T06TO i3 BU3HA-
yeHHs (5.3) BUILIMBaE

K(s)= IK(x)x‘"'dx.
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11106 moBecTH TeopeMy, TTOMHOXUMO OOMIBI YaCTHHHM piBHOCTI (5.4)
Ha o' Ta npoinTerpyemo noca Big 0 mo oo. SIK pe3ynbTaT OTPUMAEMO

[1, (@)a'da = [ da f (x)K (@x)dx = [ f (x)dx[ K (ax)o’ " der,
0 ‘i . . ,
3MiHa MOPSKY iHTErpyBaHHS OGTPYHTOBYETLCSA MPH JOCHTb 3arajbHUX

ymoBax Teopemu Dy6ini. Y BHYTpilIHLOMY iHTErpajli MPOBEAEMO 3aMiHy
3MIHHOI QxHa 1], 3HailmeMo

TK(ax)a’“'da = x"‘jK(n)ns"dn =K (5}
0 0
TaK IO
ojlf (@) 'da = Tf (x)x~*dxK (s). 1999¢5.8)
0 0
TToxnanemo

1(s)=[1, (@)ada, F(s)=[ £ (x)x"'dx.

0 0
me I(s) ta F(s) e tpaHchopmanTamu Memina dysxuiit 1, () Ta f(x)
BiAnoBiaHo. baunumo, 1110 piBHICTS (5.8) MOXXHA 3ammcaTi y iHIIOMY BUIJISL:

1(s)=K(s)F(1-5). (59)

3 apyroro 60Ky, MOMHOXMMO OOMIBI YacTuHHM piBHOCTI (5.6) HA x*' Ta
npoiHTerpyemo mo x Bix 0 o oo, oTpuMaemMo

0

ff(x)z"ldx = fa:”"d:anf(a)K(ax)doz =
0 0 0

= fIf (a)dafK(aw)xs'ldm = flf(a)a"dafl{(n)n*‘“ldn_
0 0 0 0
Ile MoxHa 3ammMcaTy Tak:

F(s)=I(1-s)K(s).
3aMiHMMO B I1bOMY DiBHSIHHI § Ha 1—s Ta 3HaAEMO

F(l1-s)=1(s)K(1-s). (5.10)
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Bukimouaroun sinnowenns F(1-5)/1(s) 3 plBHﬂHHSI (5.9) Ta (5.10), 6a-
uumo, wo K (s) 3aJ0BOJIbHSIE (PYHKLIOHATbHE PiBHAHHS

K(s)K(1-s)=1,
K i CTBEPAXKYETHCA Y TEOPEM.

2. Ilpuxnadu soep ®ype. a) Sk npuxnan dyHkuii, TpaHchopmaHTa
Mernina sikoi 3a/10B0MbHSsE piHAHHIO (5.7), posrisiHeMo K (x)= Acosx, ae
A — nesika, MOKM HEBU3HAUYEHA CTana. 3a O3HAYCHHSM MAEMO

K(s)=A];xx‘l cosxdx=%A(J. i ‘"'dx+j % "'dx]
0

0

Mu 3HaeMO, O SKILO p € OICHOK JIOJATHBOIO BEIMUMHOIO, TO

ki
[oo

Towmy dopmarbHO MOXKHA HamUcaTH
+ ’['T
Jei”‘xx ldx=¢ ? F(s)
0

3BilKH BHILTMBAE
A Acos( )F()
TaK uio
K(1-5)= Acos( )F(l sk

o6 dynkuia K(x) 6yma sapom Dyp’e, MOBMHHO BUKOHYBATHCS
CITiBBiIHOIIEHHS

1=K (s)K (1= 5) = A? sin[%)cos(iz’f)r(s)r(1—s) .

Arne
[(s)T'(1-s)=mcosec(sm), sin(%—)cos(fg-)zésin (s7),
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i Tomy piBHsiHHS (5.7) 3B0AMTbCS A0 piBHOCTI $7 A =1, 3 sKOi BUIUIMBaE,
]
mo A=(2/mw )A :

Lle Biasye Ha Te, L0 pO3B’A30K iHTErPaTbHOIO PiBHSHHS

F.(a)= \/%j £ () cobqertyas (5.11)

HMOBIPHO, Ma€ BMIJISIA:

o \/g-jp (or)cos (tx) d (512)

®yHkuis F, (a), 110 o3HayeHa BUpa3oM (5.11), Ha3UBAETBCS KOCHHYC-
tpaHchopmanToro Dyp’e dynkuii f(x). SAkwo pisHicts (5.12) cnpasen-
JIMBa, TO CIIBBIAHOLIEHHS MiX (YHKLU€EIO Ta il KOCMHYC-TPaHCHOPMAHTOO
®yp’e cumerpuuro. Inakwe kaxyun, f (o) — xocuHyc TpaHchopmaHTa
®yp'e GyHkuii F, cz> . My NOBMHHI Bil3HAYMTH, IO BU3HAueHHs K (s)
Oyno nuiue hopMaIbHUM, TOMY LIE HE MOXXHA 3aTBEPIKYBATH CIIpaBE.-
JnuBicTh opMyiu obepHeHHs (5.12).

6) Pospaxyuku, sk aHaAJIOrMYHI 3a3HaYEHUM BHILE, MOKA3yIOTh, IO
dynxuis K (x)=(2/m)? sin x € Takoxk smpom Pyp’e. A pa3 Tax, To, SAKLIO

Fola)= \E-T f (x)sin(ax)dx | 613

e \ET s iy 514
B) AHAJIOTMYHO, B3SBLIN ;
K(x)= 2 dr).

ne J,(x) o3Hauae dyHKuio Becces MEPLIOro pojy MOPSAKY V, Ta
BHUKOPUCTOBYIOUM BUpa3 ¢yHkuii beccens
26 l+l ,u+lv

2525 2

a““l"(l—%y +1y )

j]v (or)ttdr =
0
2 2

: 1 .
yepe3 ['amma-dyHkuio mpu o =1 Ta U= S_E’ 3HaNAEMO, 1O
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r lv —ls+é
2 2 4
3Binku 3pasy 6aunmo, wo K (s) 3af0BOJIBHSE (YHKLUIOHAIBHE PIBHIHHS

(5.7). Tomy x'/sz (x) € snpom Dyp’e BU3HAYEHOTO BULLE THUIy, TOOTO,
SIKLIO MM BU3HAYUMO (YHKLIIO g PIiBHICTIO

8(@)= 5 ()(@x)" 1, (o)a, 619

10 g(x) Gyne BUpaxaTHCs uepe3 E(a) 3a AOMOMOro Gopmyan odep-
HEHHS

8(x)= 2 (@)(@x)" 7, (o) dar. (5.15)

112 12

Ipu 3amini  g(x) na x"’f(x) Ta E(a) Ha « 7(05) ui hopmynu

HaOyBalOTh TAKOTO BUIJISLY:

oo

f(@)=[xf (x)J, (ax)dx, (5.16)

flr= Ia?(a)Jv (ax)der. 617

DyHKIIII0 ?(a), 110 BU3HAYAEThCSl BUPa3oM (5.16), Ha3UBaIOTh TpaHC-
dopmanTolo Xankens nopaaky v dyskuii f (x).

3. HecumetpuuHi Gpopmyu 0OepHEHHS.

Teopema 2. /us mozo wob inmezpanvhe pigHSHHS

I, (@) = [ f(x)K (ox)dx
0
Mano po3g’azoKk y euensoi

£ (x)=[1, (0)H (ax)da,

Heobxiono, w06 mpancopmanmu Mennina K (s), H(s) gyuxyii K (x),
H (x) 3a00601oHsmu  yHKYiOHANbHE DIGHAHHA

K(s)H(1-s)=1.

Sl



3a 03HAYEHHSM MaeMo

1(5)=J1, (@) dar = [ordar] £ (+)K (ax)as = [ £ ()" K (),
TOMY

I(s)=F(1-s)K(s), (5.18)

a TakoX

~x N X

For= | faozlde = | z2dx | I, car H cazrda =
/ i

= f],(a)a"‘dafH(n)ns“'dn =I(1-s)H.
0 0

3aMiHIOIOUM B OCTAaHHBOMY BHpa3i s Ha 1—s, 3HaiigEMO
F(1-5)=1I(s)H(1-s). (5.19)

Buknrouatoun BigHOwIEHHs F (l—s)/l (s) 3 cniBBigHoweHDb (5.18) Ta
(5.19), orpmaeMo HeoOXiHY yMOBY

K(s)H(1-s)=1, (5.20)
fKa NPU3BOAUTL A0 piBHsAHHA (5.7) y Bumaaky H =K .

Inmezpansna meopema @yp’e

3 Bupasip (5.11) Ta (5.12) BUAHO, WO NpM MEBHHMX YMOBaX MOXHA
NpeacTaBuTH GyHKUio f(x) y BArisai moasiiinoro inTerpana

g =
f(x)= ;jdajf (n)cos (om)cos (ax)dn . (5.21)

0 0
Kpim uporo, 3 Teopii panis Pyp’e Binomo, wmwo skuwo dysxuis f(x)

3a[J0BOJIbHSE MEBHMX YMOBaxX y 3aMkHyToMy inTepBaii (0,/), To ii Mox-
Ha NpeacTaBUTH y BUrisni psaa ®yp'e:

f(x)=-;—J.f(n)dnwt%icosf%jf(n)cosf%n—dn. (522

n=l1
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Aximo / BUGpaTH JOCTATHBO BEIMKMM Ta MPUIYCTUTH LIO, IHTErpan
I £ (1n)dn € 36bkunM, To nepuwmit wien pamy (5.22) 6yae CKinbky 3aBroji-
0

HO MayuM. Jlajmi Mo>xHa 3amucaTu:

28 nmx n 2800 & He
-l—zcos—l—jf(n)cos—lﬂdn =-—n—2cos(nx5a) j £ (n)cos(nnéar)dn ,
0

n=1 n=| 0

ne BUOpaHO Oa =7/l, a MpaBy YaCTHHY NOJATH y BUIJISL:
n/éa o
& j f(n)ancos[x(n&x)]cos[n(n5a)]6a.
T 0 n=1

IMpunycrumo, o Lelt psin NpsMye OO0 MEBHOI TPaHMIli MpU [ — o , TOOTO
npu do — 0 MU IS UHOrO CPAHUYHOTO 3HAYEHHS OTPUMAEMO

3J.dr[jf(n)cos (xct)cos(noe)da.
7 0 0
ITincraBMMO 1€ TPAaHHYHE 3HAYEHHS y MMpaBy YacTMHY Bupasy (5.22),

otpuMaemo dopmyiy (5.21). AHAIOTMYHO, SKIIO MM BiJIITOBXHEMOCS Bif
psna @yp’e

f(X)=zil_ljlf(n)dm;iJl'f(n)COS(mr";x)dn e

n=1 _

a moTiM [ CrpsMyeMO [0 HECKIHYEHHOCTi, TO OTPUMAEMO (hOPMYITY
13 =
f(x)= = j daj f(n)coser(n-x)dn .

Ili BU3HAYeHHS HE € CTPOTMM JOJaHHsAM criBBigHomeHHs (5.23). Tak,
BOHA HE € CMPaBEUTUBMM y BHMNAIKy, Komu f (x)— crana, ToMy L0 B
L[bOMY BUIAJKy iHTErpa Mo 7] HEeBM3HAYEHMI.

Inmezpanu [lipixne

Dynkuis f(x) 3agoBonbHse yMoBU [lipixie B iHTepBami (a,b), SAKLIO

1) f(x)Mae yiMiue CKiHYEHHE YUCIO MAKCUMYMIB Ta MiHIMyMIB y iHTep-
Bami (a,b);

2) f(x)Mae JMiue CKiHYEHHE YHCIO CKiHYEHHX PO3PHUBIB HEMEPEPB-
HOCTI y iHTepBali (a,b)i He Ma€ HECKIHYEHHUX PO3PUBIB HENMEPEPBHOCTI.
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BigzHaunmo, 1o SKuwo Aeska QyHKLis HemepepsHa y iHTepsaii (a,b) Ta
Ma€ B HbOMY JIMILE CKiHYEHHE YMCIIO MAKCUMYMIB Ta MIHIMYMIB, TO BOHA
3a710BOJIbHsE yMOBH Jlipixiie B upoMy iHTepBaut. Hanpuknan, dyHkiis

x/(1+x2)

3a[0BOJIbHSE yMOBH [lipiXiie y MPOMDKKY (—oo,c0). DyHkuis (1-x)' He
3a/10BUTbHsIE yMOBaM J[lipixyie y iHTepBalli, sKuil BKIIFOYAE TOUKy x =1, TOMy
IO B Wi TOYLi QYHKLS Mae HECKiHUEHHMIT po3pHB HemepepBHoCT. DyHKLs

bl
sin—
X
He 3aJ0BOJIbHSE yMOBH [lipixiie B iHTEpBai, IKMM BKIIOYAE MOYATOK KO-
OpAMHAT, TOMY IO BOHA Ma€ HECKiHYEHHE UMC/IO MAKCMMYMIB Ta MiHIMyMIB
6is1 MOYATKy KOOPAMHAT.
DyHKLis 33a4a€ThCsl PIBHOCTAMH

0 x<-f

A —-B<Lx<-a
f(x)=3p -asx<a

1% a<x<f

0

x>p

Ils dyHKuis Mae CKiHYEHI PO3PUBM HEMEPEPBHOCTI y TOYKax x =+, 5,
TOOTO Mae€ TUIBKM YOTUPH PO3PHBA HEMEPEPBHOCTI y iHTEpBaNli (—oo,00).
Kpim 1150r0, BOHa Ma€ JIMILE CKiHYEHHE YMCIIO €KCTPEMAIbHUX 3HAYCHD,
TaK IO 3a70BOJIbHAE yMOBH Jlipixjle HA BCbOMY iHTepBami (—oo,00).

Teopewma. Jkwo inmezpan J‘ f(x)dx 36izacmvcs, mo
0

N
[ F(odx

€ obmedrcenum Ons 8CAK020 000amHb020 3Havenuss N.

JoBeNeHHs 11bOTO CTBEPIPKEHHS BUIUIMBAE 3 O3HAUEHHs 30iXkHOCTI
iHTerpana 3 HeckiHUeHHUMU Mexamu. ToMy 1o iHTerpa

54

[ Fodx
0
30iracThbCcs, MOBUHHI iCHYBAaTH 4Mcio I Ta JoJaTHe umucio M Take, IO TpH
N
N=M [fmdx-1|<e,
0

[le € — [JOBUIBHO 33aJaHa CKiIbKM 3aBFOAHO Maja [OJATHS BEITHYMHA.
IIr0 HepiBHICTb MOXXHA MEPEMUCATH Y BULJISI:

N
I—e<J'f(x)dx<I+€ 5
0

3BiIKM BUIUIMBAE, 10 MpH N > M UHCIO

N
[ F(dx
0

6yne meHie Ginbuworo 3 aByx uncen |I-g|, |I+g].
Hexait gami, npu 0 < N < M MakCUMaJlbHE 3HAYEHHSI

N
[ Fxdx

nopiBHioe gesikoMy K. Bubuparouu tenep umcio L, 1o JOpiBHIOE Gibiiio-
My 3 Tpbox umcen K, I—s] : }1+8|, MH OTPUMAEMO, IO AJIsl BCiX 3HA-
4yeHHb N Mae Miclie HepiBHICTb.

N
[fodx<L,
0

N
sIKEe 1 O3Hauae, 1O J f(x)dx| obmexeHMiA.
0

Teopema. Sxwo f(x) 3adosinensc ymosu [ipixne y iumepsani
(a,b), mo inmezpanu

b b
Jf (x)sin(wx)dx , J. f(x)cos(wx)dx

OpAMYIOMs 00 HYJAs, KOAU @) HPAMYE 00 HeCKiHUeHHOCmI, npobiearoyu
0)0b-5Ky NOCHIOOBHICMb 3HAUEHD.
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106 noBectu ue TBEPIHKEHHS, O3HAUUMO Yepe3 a,,da,,.. .,a, , BUOpaHi
N0 MOPsAAKY TOYKHM iHTepBany (a,b), B sxux QyHKUis f(x) ﬂocswae €K-
CTPEMAJIBHUX 3HAY€Hb a00 Ma€ CKiHUYCHHWH PO3PUB HEMEPEBHOCTI. 3aMi-
HIOIOYM a Ha q, Ta b Ha a,,, 3anMcyemMo

Gryy

I f(x)sin(wx)dx = Z j f(x)sin(wx)dx . 5249

r=0 a,

Ha xoxHomy 13 iHTepBaniB (a,,a,,,) (r=0,1,2,..., p) byHkuis f(x)e
HETEPEPBHOIO, MOHOTOHHO 3POCTAIOYOI0 Y MOHOTOHHO CHAfHOIO, TaK ILO
MOJKHA KOPHCTYBATHUCsI IPYTOI0 TEOPEMOIO IHTETrPAIbHOTO YHCIEHHS TIPO
CEpPENHE 3HAYEHHSI:

Gy Gry

| Fosin(@xydx = £(a, +0) j sin(@x)dx + f (a,,, =0) | sin(@x)dx,
a, a, s
ae & — pesika Touxa iHTepBaiy (a,,q,,,) ¥ A€ BUKOPHCTAHO O3HAYEHHS

fla,+0)=limf(a,+y), fla,,~ 0)—hmf(a,+.

AKWO y pozpatHe. ITicna iHTerpyBaHHs OTpUMaeMo

:r f(x) sin(wx)dx = f(ar +0) COS(a)ar )a: COS((D&) y
Y ity S2s@bins@a, ),
r+l b
OTXE,

Jim | £ (x)sin (wx)ix =0.

Tomy wo 4ucno uneHiB y npasiii yactuHi piBHOCTI (5.24) € cKiHYeH-
HUM, TO 3HaHIEMO

g _
lim [ f (x)sin (x)dx = 2,,: lim f (x)sin (@x)dx = 0.
w—ma 2907

AHaNoriyHuil pe3yabTaT MOXHA JIETKO OTPMMATH, KOJM 3aMiCTh
sin(@x) i iHTErpai BXOAUTh cos(wx). TakuM uuHOM, OyAeMO MaTH
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b b
lim J.f(x)sin (wx)dx = lim jf(x)cos (wx)dx=0.

Teopema 5 Axwo f(x)3adosonvhuse ymosu [ipixne y inmepeani
(a,b), de 0<a<b, mo inmezpan

sm(a)x)

jf( )

1
npamye 00 Hyas npu a >0 ma 00 —2-7L'f(+0) npu a=0, KoM @ HPAMYE
00 HecKinueHHOCI, npobizaiouu 6y0b-KY NOCLO0GHICMb 3HAYEHD.

Bumapgox 1.a>0 Posnoginumo iHTepBai(a,b) Ha psiA iHTep-
BaiiB (a,,qa,,,) (r=0,1,2,..., p), B KOXXHOMY 3 KMX QyHKLif f(x) MOHO-
TOHHA Ta HemepepBHA. Y BiOMOBIIHOCTI OO APYroi TEOPEMH IMPO CEPEAHE
3HAUEHHS] MAEMO

J 102 e 0, +0)[ B+ o, —0) [ S

in(¢) sm(C)
= f(a, +0) SC d¢ + f(a,,, O)f

ne a, <&<a, . Jani 3a o3HauyeHHsM 30DKHOTO iHTEerpaja iCHye Take
yuciao M, mo npu N, >M , N, > M MaloTb MiCLie HEPIBHOCTI

wa,

1
| <—¢€

<'- ) )

J-im_dc__” _[ sm(_,’ 1

ne € — JOBLIBHO Maje Ta BUKOPHCTAHE 3HAYCHHSA iHTGI‘paJ'Ia

SilC s
Bt il

© Gy §

3Bigku

I———a’§<e

abo iHakie kaxyuu, npu N, > N,
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lim j&dg 0.

Lie nae

aryy
: sin wx
lim [ f(x y——dx =0,
W0
3BiJIKM BMILIMBAE

sin wx sin Wx

lim j f(x) dx = th j f(x) dx=0.

Bunagokx 2. a=0 Po3noaimumo, sk i paniwe, intepsan (0,5) Ha
psin, IHTEpBajliB; Hexal a@, Oyne MepLIMM MakCUMYMOM 4M MiHiMyMoM a6o
TOYKOIO PO3pUBY HenepepBHOCTI QyHKLil f(x), 10 BigMiHHA Big HyJs.
Topmi, Tak six f(x) HemepepBHa y iHTepBani0<x<a,, B 1[bOMY MpO-
MiXKKY MOXHA 3HAWTH Take 3HA4eHHsl k 3MiHHOI X, ipu sikoMy | £ (k) — £ (0)|
Oyne ckinb 3aBrogHo ManuM. Jlami, Maemo

’ ¥
Jf(x)smwxdx=Jf(x)SInwxdx+If(x)Slnwxdx. (529
0 " 0 x k %

Sx i y Bunmaaky 1, apyruii iHTerpan mpaBoi YaCTMHHW MPAMYE [0 HyJs
Npy NMpSAMYBaHHI @ AO HECKiHYeHHOCTi. [l Mepuioro iHTerpana o
Jpyriii TeopeMi NMpo cepefHe MaeMo

k 3 & k s
Jf(x)smwxdx=f(+0)_[smwxdx+f(k)jf(x)smwxdx=
0 X 0 X é X

CF (+0)j’ Si"x“”‘ dx+[f (k) f (0)]3 £ (x) Si"x“”‘ i =

sin{ sing

= f(+0) j . (2

g +1f ()~ f(O)]ff( 02

PosrisiHeMO MOBEAIHKY OPYroro 4jieHa mpU@ — oo . TOMy 110 iHTerpai

sin{
_dg ¢

© ey 8

€ 301)KHHUM, TO

0 sin
I ——gdg < <L,
9

ko sin
I
0 S

0

3BiIKH

cw

<2

Tenep Bubepemo k Tax, 106 BUKOHYBaJIaCsl HEPIBHICTh
&
k)-f(O)<—,
| (k)= £ (0) <
JIe € € JOBiTbHO ManuM. Tomi

sin {

Lf ()= £(O)] j

abo, Mo iHIoMy,

£ ()= £(O)] J 08 |- 520

g

BukopucroByrouu (5.26), (5.27) Ta ni,ucmsnmoqn ix y (5.25) 3Haiigemo

lim
W—300

lim j flx )5‘““”‘ =%7rf(+0), b>0, (528)
TOMY 1[0
TSi—ngdé‘ =—7
5 2

Teopewma. Jkwo fix + u) 3a0oeonvhsic ymosu dipixne 6 inmepeani
a<u<b, mo

f(x+0)+ f(x-0), a<0<b,
+0), =(.<b.
llm—J'f( sma)u H f(x+0) a
w—c I u f(x—O), a<0=b,
0, O<a<b,a<b<.
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——

k m m k
= Jf(n)dnjcosa(n —x)do —Jdaj'f(n)cosa(n —x)dn+
0 0 0

Tak, npu a<b<0 maeMo
b -a
Jf(u)sin a)ud—u = J. f(—u)sin a)ufi—bi,
U u
+[ f@dn|cosa(n-x)do~ [def f(m)cosam - x)dn
0 0 k

Iepiui fBa iHTerpany JOPIBHIOIOTH OAWH OJHOMY, TOMY LIO YHCJIa m Ta
400
i 3

0 a<b<0 ] L 1
(529 ‘
"' k — cxinuenni. [ani, Tomy wpo J f(x)dx € abcomoTHO 30iKHHUM, TO

=0l
—nf(-0), a<b=0.
) icHye Take uucio K, 1o

3BIIKM OTPUMAEMO

sin@u

tim [ £ ()

O —oo
a

<L -

|£@m|dn
)

Orxe, skmo a<0<b, TO

sma)u ]f(— )smwul +J-f( LY
0

sin sinau ,
npu k> K Ta JOBUIBHO MaJIoMy & . 3BiIKM BUILUIMBAE, LIO

j fy—=d
Ta 3 BHUpasiB (5.29) i (5.28) oTpumaemo

L SR Oy

hmjf( y——du ==
: ; Orxe,

Teopema. Axwo f(x) 3a0060mmusc ymosu Hipixne y inmepsani

2 AN R A S 5

Tda] f@M)coso(n—x)dn| <
0 k

(5.30)

T €
[lf(n+x)|dn<5k-.

[ rog+ S L <

k+x

—0 < X < 4o mMa iHmezpan
, l [ radnfeosan~x)dal =
i k 0

+oo
[ £@xyax
Tomy AJIA CKITbKH 3aBrogHoO BCJIIMKOI'O 71 MOXHa BPI6paTPl K TaxuMm Be-

JIMKUM, 1100 BUKOHYBAJacsi HEPIBHICTh
1l
<—€|—+1 |<€¢,

2 ik

€ abconomuno 30iCcHUM, MO
i 1 |
—Jda [ fmcosam-ndn =17 (x+0)+ f(x-0)] . . ol
S [f (n)dn[cosa(n-x)da—!daif (1) cos ox(n — x)dn
e 5 ITo-iHmomy,
[ reos ; .
; lim j f(n)dnjcosa(n - x)do. = lim jdcxjf (M) cosa(n —x)dn
5 0 0

€ abCoMOTHO 301KHMM, O3HaYae, WO 30DKHMM € iHTerpan j] f (x)ldx
AHaJIOTHYHO MO’KHA TOKA3aTH, 110

Mu MoXeEMO 3amucaTh
[ fadnfcosan-x)da- [da] fm)cosam-x)dn = ;
0 0 0 ]
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tim | fn)dn]eosatn-x)doc = lim [ dar | fmycosatn -y
—o0 0 0 —oo.
TiC/Isl AONABAHHS 3 TOMEPEIHIM OTPUMAEMO
11_12 ]: f (n)dn]lcos am-x)da = '!'l_lllo Tda] f@)cosa(n—x)dn. (531)
—o0 0 0 —o0
3 iHmoro Goky,

sin mu

—[f(x+0)+f(x 0)]= lim — jf(x+ ) -

= lim — Jf( )w n_
m—ses g7

) j f(n)dnjcosa(n —x)da = lim lfda J’ f@)cosa(n - x)dn,
m—yeo g7 e " m—yeo g7 . o

Tyt Bukopucrana piBHicTb (5.31). 3Bimku oTpumaemo BUpas

Lfae0y+ fr-0y=L [da| fapeosam-xan, 530
2 ry v

KM BioMMIl Mi Ha3BOO iHTErpanbHOI hopmyiin Dyp'e. Skio PyHKLis
f(x) HemepepBHa B TOYL X, TO
f(x+0) = f(x-0)= f(x)

Ta Bupas (5.32) Habyae TAaKOro BULISAAY
1z =
f@=—[da[ famcosatn-xdn . (533)
0 —o0

Dopmynu obepuenns ona nepemeopenns Pyp’e

VY ToMy BuMnaznky, konu GyHKLiS f(x) O3HAYEHA JMLIE [UIS JAOAATHIX
3Ha4Y€HHb 3MiHHO]I X, iCHYIOTb [1Bi Ba)XIHBI CrieliaibHi GOpMHU iHTErpab-
Hoi popmymu Dyp’e (5.32). SIKIo f(x) BU3HAYEHA Y MPOMIKKY 0 < x < oo,
TO ii MOXHa NOBHM3HAYUTH y MPOMDKKY —oo< x<(, BBaXAIOUH, LIO
f(x)=f(=x) mpu —o~ < x<0. B upomy Bunagxy maemo
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—I—Jda f f(M)cosa(n—x)dn = lJ'docJ'f(n) cosa(n—x)dn+
T 0 —o0 n 0 0

oo 0
+lfda_[ f@mcosam—-x)dn.
o A

Jani,
0 oo 3
[ racosam-x)dn = [ f(-mcosa(-n-x)dn = [ fm)cosan +x)dn,
—o0 0 0

TakK 1o

ljdoc I f(M)cosa(n—x)dn = lfdajf(n)[cosa(n —Xx)+cosa(n+x)ldn =
7 0 —o0 T 0 0

= —Z—jcos(ax)daj f (@) cos(an)dn.
0 0
Towmy piBHicTb (5.33) MOXHa 3anmMcaTH TAKUM YAHOM:
5 e
iy = ;t—jcos (ox)a j £ (m)cos(om)dn. (534)
. A g :

OcraHHs piBHICTb BUpaxKae TaKy TEOpeMy
Teopema. Axwo F.— xocunyc-mpancgopmanma Pyp’e dyuryii
£ (x), mobmo, sxuo

£ (@)= 2] s n)eos(amkin, 539

mo f(x) eusnauacmvcs gopmynoio

i by \E]F (@) cos (aux)dor. (5.35%)

®opmynu (5.35) Ta (5.35%) BigoMi sixk mapa B3aeMHHUX (opMyn s
KOCUHYC-TIepeTBOpeHHs! Dype.

MoxHa po3iwnpuTH 06NacTb BU3Ha4eHHs QyHKUii f(x) 3 iHTepBana
0<x<o Ha IHTEPBAI —oo< x<oo, Ta BU3HAYUTH il B IPOMIiXKY
—0 < x< 0, NoKnIaBLIA
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F()==F ()

Y TakoMy BHNAAKy OTPHUMAEMO

%Tda} f(n)cosa(n—-x)dn =%Ida}f(n)[cosa(n—x)—cosa(n+x)]dn,

Ta BUpa3 (5.33) mpuiiMe BUTIAA

25 T ;
f (x)==]sin(ax)da] £ (n)sin (o) dn.
0 0
Omxe, OTpuManM TeopeMy.

Teopewma. Jxuyo F, (a) — cunyc-mparcgopmanma Dyp’e Gynxyii
f(x), mobmo sxwo

F.(a)= \/% [ £ (m)sin(an)an, (536)
0

mo f (x) eupascacmocs uepes F,(a) gopmynoro

f(x)= \/%TE (a)sin(aex)da. (5.36Y

Lli dopmysu BinoMi sik mapa B3aeMHUX GOPMYJ ISl CHHYC-MEPETBO-
peHus Dyp'e.

Moxna Hamatu inTerpanbHiit popmysi Dyp’e we oany dopmy. Kopu-
CTYIOUHCh (hopMyTamu

m

j cose(n—x)a = ZIcosa(n—x)da, J. sinor(n —x)do =0,

-m 0 -m

— BOHU BUILTHUBAIOTH 3 TOrO, IO Sinx Ta COSx BiAMOBIAHO HEmapHa Ta
napHa QyHKUii Bil X — OTpUMaEMo

[coset(n-x)do = % f et
0

-m

3BiAKM 3aMiCTh PIBHOCTI
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& 1 oo m
Ll 31131;:— j i (n)dn_[cosa(n -x)da
=00 0
OTPMMAEMO

f(x)= 517; j e “da J f(n)e™an. (537)

Teopema. Axwyo F(a) — mpancopmanma ®yp'e @ynkyii
f(x), mobmo, sxuo

F(a)= _\é_; [ £ (x)e=ax, (539)

mo f (x) eupascacmocs uepes F (o) cnigsionowennam

flx)= ﬁ IF(a)e""’“da. (5.38%)

Tpeba 3ayBauTH, WO TYT CHiBBiAHOWIEHHs MiX (yHkuieto f(x) Ta ii
TpaHchopmanToo F () He € CHMETPHYHHMM, B TOW € Yac CIiBBiaHO-
LIEeHHs Mk (YHKL{€IO Ta 1i KOCHHYC- Ta CuHyc-TpaHcdopmantamu F, (@),
F, (&) € cumerpuunnmi. CrisBigHowenns (5.38) ta (5.38) sanmcyiotsb
YacTo y TakoMy BUDIsimi. Skiio

F(e)= [ 1 (x)ear, (539
TO
f(x)= %if (a)e™da, (5.39%)

ne MHOXHHUK (1/ 271)”2 y BU3HA4€HHI TpaHC(OPMAHTH HE BKAa3YEThCH.
TToTpiGHO 3ayBaXkWTH, WO MH MAEMO MPAaBO KOPUCTYBATHUCS LiiMH (hopmy-
namu nuie ToAi, ko f (x) 3amoBonbHsie ymoBu Jipixie y Gyap-skomy
3 iHTEpBaiB (—o0,00) (0,0) Ta KOIM iHTErpan

llf(X)ldx

€ 30DKHUM.
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Busnauennsa inmezpanie 3a O0onomozoio ¢hopmyn obepnenns

®Dopmyau 0OepHEHHS, fKi OTPUMaHi Y OCTAaHHbOMY MYHKTi, MOXHa
BUKOPUCTATH [Tl OOUMCIIEHHS IHTErPaIiB, 110 MAIOTh TPUTOHOMETPUUHI
¢dynxkuii. PosrisiHemMo iHTerpaau

oo

L= Ie””‘ cos (aux) dx, - je"”‘ sin (ax)dx.
0

0

IHTerpyioun mepiuuii i3 HUX MO YACTUHAX, OTPUMAEMO

oo

I =[_%e—bx cos (aux) ] _%je * sin (otx) dx

0

110 MOXKHa 3arnucaTy y BULJISIII:

1 Yo
I =——1,.
1 b b 2

AHAJIOTHYHUM YMHOM, iHTEIpYIOUM APYTMii MO YACTHHAX, 3HANIEMO
o
L==I,.
b
Po3p’sa3yroun Wi piBHAHHS BigHOcHO /,Ta I,, GyaeMo MaTu

b o

[, =———, = :
i’y 7 Eatiht

Tobro, siKi10 BBaXaTH, 1O f (x)=e"”‘,mm KOCHHYC- Ta CHUHYC-TpPaHC-
dopMaHT wiel GyHKLiT MAEMO BiAMOBIAHO BUpas3u

b Do
Eilo)= n'oe+b2’ F‘(a)=\/;a2+b2’

[MiacraBnstoun wi BUpasu y gopmyau (5.35%) ta (5.36%), BimmosigHo ot-
pUMaEeMO Taki iHTerpaiu:
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s ®iod fesmom. 5 5 b 5.40
£M+# ¥ g ’£¢+V 2 i

AHaJIOrnyHO, BBaXalwuM, Wo f(x)=1 npu O0<x<a abo 0 npu

X > a, 3Hanpemo,
2% J?sinaa
F. o)=,|— S(Ox dx-: =y )
N

i Teopema J1a€ HaM pe3yJbTar:

2 ]‘ sin(aa) cos caz)

B0<dr < a
et

T 0z >0
CknaaHiluMi iHTerpan OTPUMAEMO, SIKLIO B3ATH
0 0<x<a
f(x)=4x asx<bh
05§ x >b:

B upbomy BUNaaKy MaeMo

F, (a)=\/;2:—jxsin (ax)lx =

D (acosaa —bcosab + sinab —sinaa )
[y

T a o

i Teopema [ae 3HaYeHHs iHTerpasa:

0 O<x<a
s = b sinob-sinca
-stinax(acosaa Fapo + - do=4x a<x<b.
o
¢ 0 x>b

Awuanoriuso, BBaxawouu, wo y dopmynax (5.36) Ta (5.36*) f(x)=1
npu 0<x<a Ta f(x)=0mpu x>a, a

F(a)= %(l—cosaa)
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3HalaeMo, 110
i 1—-cosaa 1 0<x<a
—jsmax — o=
Ty (04 0 x<a.

Beaxaioun, mo f(x)=1 npu a<x<b Ta f(x)=0 y iHumx Toukax,
OTPUMAEMO

. U6:0i< r=a
2-[. cosaa—cosoh
—|sinox| ————— — Ho =141 a<x<b
™o 2 0ix>h

Kom0GiHytoun oTpumani pesynsTaT, 3Haiiaemo

& a-b 0<x<a
2ipit a—-b cosoa—cosab
—J‘smax + 5 a=<x—b a<x<b
T o o A
x>

BuxopucraBiuy 3HaueHHs iHTerpasa
ngda — 1 npu x>0,
™ ‘ (0%
OTPUMAEMO
4 hii Qicixi<ia
20 h cosaa-—cosab
;J‘smax ~+——az——tgu/ doo=<h+(x—a)gy a<x<b
0

o
h+(b-a)tgy x>b.

Teopema npo sroprky mns nepersopenns ®yp'e. Dynuxyis

Yo
fre=m i g(n)f(x-n)dn (5.41)

Ha3UBAEMbCs 320pmKOI0 QYHKYil f ma g na inmepeani (—oo, o).
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3a jonomororw TeopeM, Lo Oymu moBeseHi pawiuie, Led iHTerpan
MO>XHa MOJATH B iHIIOMY BUIJsAI. A caMe:

J ) (x=n)dn=—— [ s (n)an | " =

= % I F(t)e'“"dt] g(n)e™dn = T F()G(t)e ™dt, (5.42)
s Al = —o

ae F ta G — tpaHchopmanT Dyp’e dyHkuiit f Ta g. Takum uMHOM, MU
OTPUMAEMO TEOPEMY MPO 3rOPTKH:

Teopema. AxuyoF(t) ma G(t) e¢ mpancgopmanmamu @yp’e
dynxyiti f(x) ma g(x), mo mpancopmanmoio Pyp’e dobymxy FG ¢
s32opmka f-g; iHaKkuie Kaxcyuu,

[ FyG@e™dr = [ g(n) f(x-mydn.

—c0

AHaJIOTiYHi Pe3yIbTaTH MOXHA OTPMMATH ISl CHHYC- Ta KOCHHYC-
TpaHchopmaHT dyHkuiii f(x) Ta g(x). Hanpuxnaz, sKwo kKocuHyc-
TpaHchopManTH PYHKWA f (x) Ta g(x) BM3HA4MTH uepe3 F, (¢)Ta G, (1),
TO OTPUMAEMO

IE. ()G, (1) cos(xt)dt = \/%]: F.(1) cos(xt)dt]: g (n)cos(mt)dn =
0 0 0

" 3
=——|g(n)dn|E.(t) -n|t+ +n)t |dt =
\/_2_7?B|'g( ) ! [coslx |t +cos(x+7) ]d

=%]:g(n)[f(lx—nl)+f(x+n)]dn- (5.43)

AnayioriuHo, sixuio F, (t)Ta G, (1) — cunyc-tpanchopmantu @yp'e f(x)
Ta g(x), To OTpUMaEMO

[, (1)G, (t)sin (xr)di = \ET F, (1)sin (s1)dt [ ¢ (n)sin (m) dn =
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oo

1 3
Bl dnlF —nlt— o0
,_.2nj'g(n) n}[ S(t)[coslx n|t cos(x+n)t]dt

0

= 2 fe ) rQx=nh=7 (x+m)]an (544

Ta
- : 13
[F (1)G, (1)sin(xr)dr = [£@[e(x-nl)-g(x+n)]dn. (5.45)
0 0

Axuo y niBiif yactuHi Bupasy (5.43) BBaxatH, o z = (0, TO 3HAKIEMO

JF.0)G (i = | f;(r)dr\/% [ 8 (m)costemydn =
0 0 0

=Tg(n)dn\/%h(z)cos<m>_dt=]f(n)g(n)dn, (5.46)

Ta y YaCTKOBOMY BMIIa[Ky, KOJIM [ Ta g CHiBMagalTh, OyaeMo MaTu

I[Fc ()] ar= T[f ()] dn. (5.47)

AHastoriuHi GopMyiu
[F.(1)G, (1)t = [ £ (m) g (m)an, (5.48)
JlE O d=[[s ] an (549

MOXHa JIETKO OTPUMATU Ui cuHyc-TpaHchopmant dyp’e. BiamosigHa
¢dopmyna mst TpaHchopManT Dyp’e nuille TPOXU BiAPI3HAETHCS Bij More-
peaHix, a came: '

70

J.F(t)G(t)dt IF(t)dz 5l j g(n)e™an =

= T /4 (n)dnﬁ I F(t)e™dt = T f(-n)g(m)dn. (5.50)

3ayBaxMo, WO criBBigHOWEHHs (5.50) MoxHa oTpumaty 3 (5.42) miacra-
HOBKOIO 7 — (. Y 3B's3ky 3 TuM, 1o dopmymu (5.47) ta (5.49) aHa-
JoriuHi go popmynu IMapcesans

GRS

n=|

3 Teopii psanis @yp’e, popmyan (5.46) - (5.50) HazMBalOTBCA chiBgidHO-
wennsmu Ilapcesans ons mpancgopmanm Dyp’e.

Ili dopMyau MOXXHa BHUKOPHCTOBYBATH [UIs IPOCTHX PO3PaxyHKiB
nmeskux iHterpamiB. Hanpuknan, y piBHocTsx (5.40) Oyno mokazaHo, 110
Kocunyc-tpaHchopmanTamu Dyp’e dyHKLIH

flxl=e, YgR)o0

2 aiib Qim0
F (t)=,———, G (t)=,————.
(7) \/;b2+t2 (1) \/;a2+t2

ITincrasnstoun Ui ¢yHkuii y Bupas (5.46), 3HaiineMo

€ BiIMOBIZHO

2ab | J dt J (@ g = __1__,

c (@)D +17) o+b

3BiJKW OTPUMAEMO 3HAUEHHSI iHTErpary

dt i T
-[(a2 + b%)(b* + t?) " 2ab(a + b)
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3BiJIKH OTPUMAEMO 3HAYEHHs iHTerpana

T n
;';(a +t )(b2 +t) 2ab(a+b) A Boh)
Bi3bMeMO [UIsi HACTYMHOrO NpUKIaLy
0 <x<] LO<x<l
x)= =
& {O,x>l 8(x) {O,x>u
Ta 3ayBaXKMMO, IO
2 sin At 2 sin ut
F()=\[===:G.0= =25
Tl 7 NER
3a IOTIOMOTOI0 BHpasy (5.46) omepxyeMo
Tsin(Ar) sin(r) s T
[ =2 [ dn=Zmin(d,p), (552)
0

Ae min(A, 1) MO3HAa4Yae MeHLIE 3 ABOX JoJaTHix umcen A Ta u. Jai,
SKWO y BUpasi (5.46) 6patu g(x)=e™, f(x)=1 npu O0<x<A Ta
f(x)=0 npux> A, To oTprMaEMo

o, i
st
1O MPU3BOAUTH AO TAKOTO PE3YNBTATY
Tsin(lt)dt n e
(@) ‘5[ = ) (553)

ol

EbexkTBHICTb LIbOTO MeTOMY OGUMCIIEHHS IHTErpasliB MOXHA MOKPALLHUTH,
AKLIO 3aYBAXKUTH, LIO 1JIs TPhOX TpaHchopmant Dype F,G,H byHKLii
f,g,h Mae Micle CriBBiHOILIEHHS

oo

1 7 T i
[ FOHOGd = —— i FOGydt [ h(E)e®d =

—o0 S,
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1
2

§ =3

WEE [ F(r)eat | g (n)e™an =

o 7 : i .
= % '[ h(é)dé J. g(n)dn\/_—ﬁ- j F(t)el(ﬁﬂy),dt :

T
AJjle MH MaeMo

= | P = f£-m),

TaK 10 HAMPUKIHLi OTPUMAEMO

oo

g o
| FOHOG: == [ 1E)dE [ g fE ~mdn

—o0

Cnissionowenns mixc mpancpopmanmamu Dyp'e noxionux Gymxuii

B mesixux 3amayax 3 3aCTOCYBaHHSAM Teopil meperBopeHHss Pyp’e mwis
PO3B’si3aHHs KPAaHoOBUX 3a/au MaTeMaTH4HOl (I3MKU HEOOXIHO BUPA3MTH
tpanchopmanty Pyp’e byukuii d’ f /dx" uepes tpaHchopmanty Dyp’e F
byHkuii  f(x). 3a o3HaueHHAM TpaHchopmanTu Dyp’e dyHkuUil
d’ f | dx" maemo

J— j ?taxdx F(r)(a)

InTerpyiouu JiBy 4acTHHY PIBHOCTi MO YacTHHAX, OTPUMAEMO

r 1 dr : 10X 1 i 0 o iax
F® =|:-\-/-2__-7-E.Ex_r:.e : } _Ejdx"' (io)e™ dx.

IMpunyckarouu, o d'' f/dx"™ npsMye Q0 HyJs, KOJIU |x| NpsIMy€ 110
HECKIHYEHHOCTi, MOXXHA HamnucaTh

FO = (=ia)F,

3ac1‘ocosy}oqn L€ NpaBHUJIO Ta MOBTOPHO MPUIIYCKAKOYH, IO

Bl (e el wnor -l
|

7i)




OTPpUMAEMO
F\) = (~ia)' F.
TakuM YMHOM, MOXHa CHOPMYITIOBATH TEOPEMY.

T e o p e m a. Tpaucpopmanma Pyp’c Gynkyii d' f /dx’ € dobymrom
(-i@) ma mpancpopmanmu Dyp’e Gynuxyii  f(x), AKwo nepuii
(r—1) noxioni 6i0 f(X) 3nuxaiomv npu x — teo.

Binnosiani Bupa3su s KOCHHYC- Ta CMHYyC-TpaHchopMaHT Pyp’e He
€ npocTuMu. Busnaunmo

,Z“d'f ’Z”d’f ;
() ()
= n_‘([ —cos(ax)dx, F,"” = ”i[ —sin(ax)dx . (5.54)

InTerpyioun no yacTMHax, OTPUMAEMO

e =\E [ - cos(ax)] +°‘\EJ dr_lfS*ﬂ‘“X?dX-
0 0

d=
dxr— dxr—l
IIpunyckarouy, 10

g SR PR O g
‘E‘(dx—f)=° iy 2 [zx—f]=

OCTaHHE CMiBBiJHOILEHHS MOXHA 3alUCaTH y BHLJISA

Ell = paF it (5.55)
AHAJIOTIYHO 3 Apyroro Bupasy (5.54) iHTerpyBaHHsAM MO YaCcTMHAM 3HAMAEMO
F® =_qF. (5.56)

3 Wix CniBBiAHOLIEHb Ge3MocepeHbO BUILIMBAE, IO
F" = Sl _azpc(r—Z) ; (5.57)

3acrocoByroun 10 GOpMyJTy BOpYTe, MOXHA BUpasuTu F. " abo y BuUrsmi
CymHu BenMuMH ocTa F", abo y Bursai cymu BenuumH ata F,.. Y ¢op-
mynax 3'sButbes F"y Tomy Bumazaky, konu r Hemapse; F." MOXHA 3aMi-
HUTH Ha —a, +OF, . TakuM YMHOM MM OTPHUMAEMO HACTYITHI (HOPMYJIH:
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r-1
FC(Z") = —z (_1)" a2r—2n—la2” o (_1)’ 'aszc ’ (558)
g =0

Fc(2r+l) & _Z (_l)n alr—Znazn i (—1)’“2”]1;;, (559)

n=0

AKi BHpaXaioTb KOCHHYC-TpaHchopMaHTH noximHux ¢yHkuii flx) yepes
KOCHMHYC- T2 CHHYC-TpaHChOpMaHTU (GyHKIIT f(x).

AmnaioriyHi pe3y/IbTaTH MaioTh MiCLe VISl CHUHYC-TpaHChopMaHT. SKiio
3 cniBBigHOWEHb (5.55) Ta (5.56) BuKIrOUMTH F(”, TO OTPUMAEMO

2 -2
F;(r) =0a, -a P;(r )s
3BiIKH BUILUTUBAIOTH (hOPMYIIH

Fy(Zr) ol _2 (__1)» a2r—2na2"_l L (_1)r+la2r1;; ;
n=|
: (5:60)
FS(ZH-I) 2 _Z (—1)" a2r-2n+la2"—l 2 (_1)r+la2r+lF; ?
n=1

Jesiki okpemi Bumaxu Lux (GopMys yacto 3ycrpiyaiotkest. Hanmpukian,
Ko nmpy x =0

d” belnk
dx a5’ na
~ w12
\/Z —d—%cos(ax)d.x=—(x2Fc
Ty dx
Ta

S 4
\/sz {cos(ax)dx =a F
Ty dx

Axwo npu x=0

d
f=55=0,
TO
e o)
\jzj‘d {sin(ax)dx =-0’F,
ey dx
Ta
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e

Ilepemeopenna Jlanaaca

®opmyJia obepHenHs s nepersopenns Jlanaaca
Ipu posenenHi TeopeM MU GaumiM, WO SKLIO iHTErpa

[1£0olax (561)

€ po3bikHuM, To TpaHcopmanTa Dyp’e dyHkuii f(x)He icnye. Taka
CHTYyalis Mae Micle y 6araTbOX BHMaJKax, WO 3aliKaBIIOKTh HAC MPH
PO3B’A3aHHI NEBHUX KPAaHOBMX 3a4ay, HANPHKIA/, MPH

Ter=sinwy

Y takomy Bunanky supasu (6.38) ta (6.38%) He BU3HAYAIOTH TpaHCHOP-
manty @yp’e F, gynkuii f(x). Y 3amayax matemaTHuHoi Qi3uku, 1e
PO3IIANa0ThC NEPEXiAHI MpouecH, 3ycTpivaroThes GyHKLil f (x) Takoro
TUITY; A7 Bil €MHHX 3HaueHb X Ui QyHKI] MOXKHA BBAXATH TAKUMM, LIO
NOPIBHIOIOTh Hy/IO. [HaKIe Kaxyun, Wi —eo < x <( MOXHA BBaXaTH
f(x)=0. Tak sk interpan (5.61) 3 Takoro ¢yHkuieo f(x) po3bixHui,
TO 3aMiCTb HEl MOXHa B3ITH QYHKLIIO

[ =" f(x), (562)

[e Y-— AonaTHs nocridiHa. Tomy 1o Tenep f;(x)3aH0BONLHAE YMOBH
Teopemu DPyp’e Ta f, =0npU —eo < x <0, TO MOXHA HaMmUcaTH

i r :
bt inx —i&;
fix) =gz | emdn fi@ernat
MMincrasnsroun Bupas (5.62) 4o ocraHHBOI PiBHOCTI, 6yaeMO MaTH
__eyx”ix T =(y+im§
f(x)—gie"dn_([f(é)e e
MHauni, BBaxkarouu B wiii Gopmyii
=y+in, o) = [ f(E)e ™ dE, dp=idn,
0

OTPUMAEMO TAKUWA pPE3yJbTaT:
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Y+ico

1 _
F@=5= | o(p)edp. (563)

y=ieo

@yHKUiA @(p) HasuBaeThcs TpaHchopmanToro Jlannaca. Tomy dopmyna
(5.63) Bupaxae f(x)yepe3 ii Tparchopmanty Jlamiaca. Lle o3Hauae, Lo
BoHa € GopMyJI0I0 06epHEHHS Lis nepetBopenHst Jlarwtaca. SAkuio iHTerpan

T|f(x)ldx

po36ikHUI, a iHTerpa

[e=| £ ()| ax

0
36iraeThCs [1sl JEIKOTO OJATHBOTO 3HAYEHHS c, TO (opMyna obepHEHHS
(5.63) cnpaseuiMBa MpH ¥ > c.

Teopema. Axwyo @(p) — anarimuyna QyHKYis KOMNAEKCHOI
3Minnoi pma mae nopsdok O(p™*)y niennowuni R(p)=c, 0e c,k—
Oiticni ma k >1, mo inmezpan

1 r+B
- tim | e
sl pr o(p)dp

¥30082c 6y0b-5K0i npamoi R(p) =7y 2 c 36ieacmbcs 00 @yukyii f(x), sKa
He 3anejcumb 6i0 yma mpancgopmanma Jlannaca axoi € @(p) npu
R(p)>c. Kpim mozo, Qyuxyia f(x) HenepepsHa npu KONCHOMY
x20,f(0)=0ma f(x)mae nopsadox O(e"™)ora scix x=0.

Teopema npo 3roprku Ajas neperBopenns Jlannaca. ITpunycmu-
Mo, wo @(p) ma y(p) — mpancgopmanmu Jannaca @yuxyii f(x) ma
g(x), maemo

Ytico Yiso

o px AP

Zr—ylww(p)w(p)e” B Jme ¢(p)dpfg(y e Pdy=
-Ig(y)dy— j "o (p)dp.

Yieo

Ane Yoo
1 p(x-y)
el 30 @(p)dp = f(x-y),
T

7



TOMY 1 Y +ico
5= | eowpdp= j g(y)f G- y)dy.

r—rw

3ayBaxumo, o f(x—y)=0 npu x—y<0, To6TO Npu y > x . 3BiaKH
BUILIMBAE, L0 MiJiHTErpanbHUA BUpPa3 NOPIBHIOE HyJO s y > x. Ha-
NPUKIiHLI OTPUMAEMO

Yoo

- J QP (p)dp = j g(y)f x=y)dy. i

_100

3aMiHIOIOUH y NpaBili yacTuHi BUpa3sy (5.64) 3MiHHY iHTErpyBaHHs Y Ha
n=x-y, 6ynemMo MaTu

y+l°°

1
| "opwipp = j £ (Mg Ge=mydn. e

i,

Ile i € Teopema npo 3ropTku neperBopeHHs Jlamiaca.
AHaJIOTIYHO MOJXXHa 3aIicaTH
Y+ico
'27:‘ | ™ot -prdp=
y—ieo
e Y+ioo sy oo
=%£ i (y)dyyj "y (-pydp = f(y)g(y-xdy,
—loo m

Je m — Oinblue 3 ABox uucen x Ta 0. TakuM 4MHOM, KO z > 0,
OTPUMAEMO

Yoo

1
- | oW pdp= j £ (y)8Cx=y)dy.
7 Jeo

CriBBinnomennsa mix Tpancdopmantamn Jlannaca
NoXiAHUX oKkpemoi QyHKuii
Sk i y Bunmaaxy tpaHchopmant Dyp'e, tpaHchopmanty Jlamnaca
dyHkuii d'f/dz” MoxHa BUpasuTH uepe3 Tpancopmanty Jlammaca
dyskuii f(z). 3a o3HaueHHAM TpaHchopmanTH Jlamnaca MaeMo

@y [ pr g
¢ (p) {dx,e
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IHTErpyIOUYM MO YACTHHAX, 3HAUAEMO
r-1 = G r—l
¢(’)(p)=[——d = e"”] +pJ E et
dx - dx

DyHKLs, WO CTOITh Y AYXKKaX, 3HUKAE MPH IMiACTaHOBL BEPXHBOT MeXi,

TOMY BBOJUMO O3HAYCHHS
dr 1

e hm( dm"‘)

Ta OTPUMAEMO TaKE CHiBBiIHOLIEHHS:

(P(r) (P) i _fo("l) o p(p(r—l) (p) :

3 JKOr'o BUIIIMBAE 3arajbHa cbopmyna

r-1
0" (p)=-3. p" """ +p"0(p).

n=0

Sxwo nepui (1 — 1) moxinaux Big f(z) snukatots npu x = 0, TO Us
piBHICTb HaOyBae BUILJISALY

0" (p)=po(p)- (5.66)

Kpammni nepemeopenna @yp’e

Teopiro neperBopends Pyp’e GpyHKUIT oaHIET 3MiIHHOT MOXXHA PO3MOB-
CIOMTU Ha (YHKLIT AEKiIbKUX 3MiHHUX. [IpUnycTMMO, HampuKiIaj, Lo
flx, y) — dyHKLis ABYX He3ale)KHUX 3MIHHUX X Ta J; TOAi GyHKLis f,
10 PO3IJISAAEThC K (YHKLIs Bif x, Mae TpaHchopMaHTy Pyp'e

fley = f f(@,y)eds (5.67)

a oyukuis f(£,y), mo posrasayeThea AK GyHKUis Bi y, Mae TpaHcdop-
manty Dyp’e

F(&n) = T;? [ F&yemay. 69

Komb6inyroun Bupasu (5.67) ta (5.68), 6auumo, 110 CIiBBiZHOLIEHHS MiX
byukuismu f(z,y)Ta F(£73) Mae BUDIAL:
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+00 +50

F(&,n) = i f f [z, y)e =™ dzdy . (5.69)

Kaxyts, wo F(£7) e aBosumipHoio TpanchopmanToio Pyp’e pyHKwii
f(z,y). Pynkuito f(z,y) MoxHa Bupasuth yepes f(£,y) 3a JOMOMOTOIO
dopmyn
A 1 T T —ilx
i _[U f(&y)e™dE . (5:70)

AHanornyHo 3 Bupasy (7.75) 3HainemMo, 1o

fley) = J—;—; [ Femean, (571)

3 cniBBigHoweHb (7.76) Ta (7.77) BummBae dhopmyia

flz,y) = % f PE e ™acdy (572

wo € Gopmyol0 0OEpHEHHs i ABOBUMIPHOTO mepeTBOpeHHs Dyp'e.
3uanaemo yssiieHHs 11 TpaHchopmant Dyp'e nobyTky dyHkuii FG :

+ou +ou

[ [ F&nGEne e magan =

- ] [ ot | LT T e duae] =
e gl o
271.:];:[0f (Y v)dudv 2ﬂ££G(§, ) Nkﬁhu)muw“dfdn] 5
+00 +00
= o o= [ [ Fw ool ~wy — vydudo.

Bupas y kBagpaTHHX Qy)XKax 3a O3HauYeHHsAM € Tpanchopmantowo Dyp'e
dynkuii G(§,m). Takum YMHOM, MH OTPUMANH (OPMYIH 3TOPTKHU
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+% +00

o f f F(&,n)G(&,n)e "+ dédn =

—0 =0

(5:73)

=i‘[ If(u, V)g(x—u, y—v)dudv.

Ilepemeopennn Xanxens

Teopema oGepHeHHs1 /15l MepeTBOPEHHsT XaHKeIs
Tpumycrumo, 1o dyuxuis z/2J,(z) € sapom Dyp’e B TOMY CeHC, 1O
Mae€ Miclie piBHiCTb

[0 7, (xordec [ @)1, @B f(BB=fx). (574

OcHoBHa TeopeMa, 110 JOAAE CIPABELTUBOCTI Ll PiBHOCTI, JOBOAUTHCA
3a JIONIOMOTOI0 [EAKMX AOMOMiXHUX TeopeM. Ilepuia 3 Hux (GopmyItoeTs-
CSl TAKUM YMHOM:

Teopema. Jxiyo N\ — desaxe dodamic ckinyenme 4ucio, mo

A
[ x7,(ax) ], (bx)dx = ’11 [aJ,.,(Aa)J,(Ab)—bJ

0

(Ab)J,(Aa)].

v+l

BBengemMo o3HaueHHs
A A
I(e) =[x/, (ax)], (bx)dx = [x10,ax)x 7, (bx)dx
£ E
Ta KOPUCTYIOYMCh BifoMUMHU opMysIamMu 3 Teopii GecceneBux (yHKLi

%[x"J,,(X)] =xiJ (x) %[X—V"v (x)] ==x () :

3a JOMOMOIr O iHTeI‘pyBaHHS{ M0 YaCTHUHAaX 3HAUIEMO

A A
I,(e)= E U (@)x ™, (bx)] +§ [2 @), () =
€ €
A

A
= [ﬁ Ty (ax)d, (bx)] & éjxjm (ax)J, ., (bx)dx.
a a 7

£
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I1pu npsimyBaHHi € A0 HyJIsl, OTPUMYEMO
A b
I, =—1J,,(aA)J,(bA)+—1,,, (575
a a
Ji€ BPaxoBYEMO, LIO
I = lin(l) 1.V

Beanuuuyn [, Ta I, cUMETpMYHI BiIHOCHO @ Ta b. 3MmiHIOMOuYM a Ta b
MICLSIMM B CMiBBiIHOLLIEHHi (5.75), MM NMPUXOANMO [0 TAKOTO PE3yIbTaTy:

A
I, =D, @h) + 21, (576)

Bukitoyatouu I, i3 criBBigHOwWeHs (5.75) Ta (5.76) oTpumaeMo
I =——2l—b2-[ajv+l (Aa)J, (Ab)—-bJ,, (Ab)J, (Aa)] , .77
s

{0 i [OBOAUTH TEOPEMY.
S0 BBECTH O3HAYEHHs

A o
H, (e, B) = [J, (au)eu) " du [ J, (uy)uy)” £ (3)dly, (578)
0 B

A oo
[9, () () du [ 1, (uy) ()" £ (y)dy =

=H, (0,x+8)+H (x+68,x)+H, (x,x-8)+H, (x-8,0). (7

Tenep HeoOXinHO HocniauTH NoBemiHKy H, (o, ) npu mpsMyBaHHi \ 10
HECKIHYEHHOCTI.

Teopema. Hxwo § — Mmane oOodammue uucio, mo
H,(z—-60)— 0,H,(co,z+6) — 0npu X\ — co 6 npunyujenwi, wo
inmezpan

If (»)dy
0

€ abcomomno 36ixncHuil.
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3a O3HAYEHHSIM MAaEMO

x-8

H,(x~8,0)= f J, Cn)) " d j J,)wy)” f(y)dy =

i j y|/2f()’)d}’j1,(xu)Jv()’“)"du :

InTerpan B npasii 4acCTUHI PiBHOCTI MOXHA OOYMCIUTH 32 JOMOMOrOIO
NOMEPEAHBOI TeOpeMU. SIK pe3ysIbTaT OTPUMAEMO

x-6 o
H,(x-8,0)=x"?A J‘ xJ,, (Ax)J, (lyz) J’-zlm(l)’)‘]v (lx)y”zf(y)dy ;
0 ARy
Jns z >>1 MOXHa 3amucaTu

I(n=dcea Bane z,, Bsnz L oa*, (580)

i Tomy

x-8

H,(x=8,00=0(") [ J,(Ap)y"2(x* = y*)" F(y)dy+

x=8

+OA"™) [ J,,(A0)y" (2 - y*) f()dy
0

st Oymb-skux dikcoBanux x ta § . Maui,

f(y) f(y)

_ay="] y2s @y

1/

I yl/ZJ (a’y)

—dy+ j &l (lv)

i (y)
-y

Ta

1A s
j RACR ol L [ [ayry® If(.v)ldy]=0[/1" Jogner: If(y)ld.v]=

1A
- 0[”“ J If(y)ld.v]=0(/1"”) ,
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SKILO iHTerpal
flromlay
0
30iXHUHA, TOOTO SIKLIO iHTErpat
[y
0

€ abcomoTHo 36ixHUM. Kopucrytourcs Bupasom (5.80), 3naiinemo

-6 112 x=0
J'Jv(,ly)l_zf_()z’)d)mx"” j(Acosly+BsinAy)f(y)dzy=0(A"/2).
X

7 1A Xy
[To-iHomy,
H{(x=95,0y=04""*), (581)
TaK 110
H,(x-8,00—0 5%)

npu A — 0. JIOBEAEHHS TOrO, 11O
H (0,x+8) >0

npu A — o 3[Ii/ICHIOETbCS AHANOTHYHUM YMHOM, aJle TIPOCTIllE, TaK SK Yy
L[bOMY BUITAJIKy y HE € MAJIOIO BEJIMYMHOIO.

Teopema. Jxwo f(y) — Qynkyis 3 0OMedcenum 3MIHIOBAHHEM
inmepeani (x — 6, x + 6), de & — mane, ma akwyo Vv >> —1/2, mo

Hv(x+5,x)—)—;-f(x+0) Hv(x,x—(?)—)-;—f(x—O)
npu A — coma d — 0.

Cnpasgai, sxmo f(y) — byHKLiS 3 0OMEXEHHM 3MIHIOBAHHSIM Y
iHTepBanm (x — 6, x + 0), To i y""% Ay) 6yne dyHkuieo 3 06MeXEHNM

3MiHIOBaHHSM Y iHTepBati (x < y < x + §), Ta MU MaEMO HamNUcaTh
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o el
y f(y)=x fGx+0)+x1,0)-2(),

ne X(¥),X,(¥) — nopmathi 3pocraroui GyHKLIi, KOXHA 3 AKAX MEHLI HiX
JiesiKe JOJATHE YMCIIO €, L0 3aleXUTh Big & . Tomy

x+6

il 4
H,(x+8,x)=x 2 f(x+0)[J,(xupudu [ J,(yu)y""dy+
0 X

A x+8

+2"% [ud, Gandu [ J,(m)y"™ [1,(5) = 2] dy.
0 x
BignoBigHO OO TEOpeMH, MEpLINii YlieH A€

A
x'”f(x+0)J Al (xu)[Jm (xu+8u)(x+68)"*" = J,, (xu)x"" ]du =
0

) i
= x"’f(x+0)[(x+6)“' j J,(xu)Jd,,, (xu+8u)du—x"*' I J, (u)d,,, (xu)du}.
0 0

Bigomo, 1o
g " 0<a<l

[7,@),.dx =%, a=1
0 2
0,a>1

i TOMy pu A — oo Liel YieH MpsAMYE N0 3HAYEHHS
x f(x+0)(x" —%x”) = %f(x+ 0). (5.83)

Ynen, wo Bknrouyae dyHkuio x,(y), nae

A x+0 x+0 A
A2, (aaucs [ 3, ()Y 20 (v)dy =, (x+8) [ 3*'y[ 4, (o0a) J, () =
0 x & 0

x+6

2
=x”2)(,(x+5)JJV(xu)udu J Y (yu)dy,x <€ <x+8.
0 4

JHamni, maemo

x+6

I vy (yu)dy = -i—[(x+ &I, (u+u)-€""J, (éu)] ]
g
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i Tomy
A x+6
2 [ul, G [ 33,007, G0y =
0 x
A
= xl/le (x+5)IJv(m)d“[(x+5)"+'Jv,,,(xu+5u) _gwl‘]m(éu)]:
0

A A
= "2 (e+ )" 2, (e+8) [ 1, Gan),, -+ S~ X E 2, (x+8) [ 1, (i), G,
0 0

Tenep, sxiio.x 2 x> 0,y > x . %21> 12, 70
A
[ 7, G, (ywydu = O(1)
0

Iyis BCix 3Ha4yeHb A. ToMy Bkian uieHa, 1o BKIoYae y,(y), Mae nops-
JIOK € Ta MpAMYE IO HyJs mpu 6 — 0 Ta Gyap-gkomy A.

AHaJIOTIYHMM YMHOM BKJAJ BiJ iHTerpangy, W0 BKIOYAE X, fxl
npsMye [0 HyJst mpu 6 —0Ta A — oo . ToMy 3 cniBBigHOWEHHS (5.83)
MaeMo

H, (x+6,x)—->%f(x+0) (584
nmpu 6 -0 Ta A — eo. JIpyry H4acTMHy TEOPEMH MpO Te€, LIO
Hv(x,x—6)—>—;—f(x—0), (589)

npu § -0 Ta A — o MOXHa [JOBECTH TAaKUM Xe yMHOM. Termep MaeMo
MO>JIUBICTh JOBECTH OCHOBHY TEODEMY.

Teopewma. Jkwo inmezpan

£ (3)ay

€ abcomomno 3bigicnum ma sxwo f(y)— @yHKyis 3 obMedIceHuM 3IMiHIO-

BaHHAM NOOAU3Y MOYKU X, MO 01 V 2——2- Mae micye pigHicmb

T oo ] 1, ) 9Dy =3[ (520045 =0)]
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P

L{ro Teopemy MOXHa [oBecTH Oe3nocepeIHbO Ha 6a3i IBYX OCTaHHIX
TeopeM. 3anucaBlUU

h S| %
[, Gy du [ 1, @y)uyy” £ (n)dy =
0 0

=H, (eo,x+8)+H, (x+J,x)+H, (x,x-5)+H, (x-4,0),
a jaii Bubpaswy § Takum Manum, wo6 f (y)6yna dynkuiero 3 obme-

KEHUM 3MiHIOBAaHHEM y iHTepBaji x—38 < y < x+4d, nobaunmo, mo BCi
YMOBHW TEOPEM BHKOHAHI, SIKIIO TiJIbKU

vZ—l-
CrBepmxeHHs TeOpeMH OecrocepeiHbO BUILUTHBAE, SIKILIO CIPSAMYBaTH A 110

HECKIHYEHHOCTi Ta § [0 HyJs, a Aajii BUKOpUcTaTh Bupasu (5.81) — (5.83).
Sxwo yukuis f(x) B TOuUi x HemepepBHa, TOOTO

F(x+0)=f(x=0)= f(x),

TO Teopema Ja€ TaKy PiBHiCTb:

IJV (xu)(xu)}/2 duIJV (uy)(uy)% F(y)dy=rf(x). (5.86)

SIxwo 3aminuTy f (x) Ha x* f(x) Ta BBECTH O3HAYEHHS

F)= [ ()7, (wy)dy, (587)
TO piBHOCTI (5.86) MOXXHA HAafaTH IHLUHMK BUIJISL:
fu)= juf(u)]v (xu)du . (5.88)

DyHKuis f(u) Ha3UBAEThCS TPaHCHOPMAHTOIO XaHKeNs Mopsaka v
Gynxuii f(x).
JloBeneHHsi TeopeMH o0epHeHHsI XaHKeJs

Teopewma. Axwo Oiiicha yacmuna n binbwe Hixe — 1 ma akwo
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q
f(/l)=J¢(p,)J"(lp)pdp, 0L p<g<oos
mo .
p<r<q

fr (), (ar)zdk{fp(()r)

0<r<p,g<r<ee

JoBeneHHs OCHOBHOI TeopeMu 0a3yeThbcs Ha iHTerpasi Jlomens [1]

(42 =) [0, (A)V, () = [0, (Aox) 2, ()=, (x) a0 ()]

ne U, Ta V, — faBa po3B’si3ku audepeHuianbHoro piBHsHHA Beccens.
3ayBaxMMo, 110 IHTErpaiy, L0 3HAXOAUTHCS Yy JIBI YACTHHI PiBHOCTI,
€ y3arajbHEHHSIM IHTErpaiy, 110 OOYMCICHUH Yy MONepeaHiid TeopeMi; Liei
IHTErpajg MOXKHa OOUYMCITUTU TAKUM ke YUHOM. KOpUCTYIOUHChH CITiBBiHO-
WeHHsaM, ae U, Ta V, 3amiHeHi Ha yHkuii beccena J, Tta G, nepuoro
Ta APYroro poay, Ui SIKAX iCHYFOTb aCMMITOTHYHI BUPa3u

G, (z)~\/%exp[i(z+%n)—%nm'], - <arg(z)<m, (589)

J,(2) ~ JZcos(z-tm—Linm) -z <arg(z)<r, (5.90)

3HaiemMo, Wo npu aiicHoMy A Ta Im(u)>0 mae Micue piBHICTb

(22 = %) [ 37, (A%)G, (ux)dx = (&) (5.91)
Ta mpu Im(u)<0 :
(42 =) [, (10)G, (une" )ax = (3 (592)
PosrisHemo Tenep iHTe:pa.n
1(r)= [Af (A)7, (Ar)dA (593
ne f(A) Bu3HA4a€ThCS CHiBBi(}lHOLUeHHﬂM
f(l)=jp<p(p)1n (PA)dp, 0<p<gseo. (594

r
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IMincraBnsioun Bupasu (5.94) y (5.93), orpumaemo

1(r)= A1, (ar)d2[ po(p)J, (Ap)dp =

=44, (Ar)d/‘L]'p(p(p)#[G,, (Ap)-€"G, (Ape™ )]dp :

TOMY 1O
mil, (z2)=G, (z)-€"G, (zei”) -

Orxe,

! (’)ﬁ]’”n (wr)afpolp)G, () dp——"f-fu d/lj po(p)G, (Ape" Jip=

- [to c)dcju (A7)G, (Ag)dA~

C

~S [&0()dE[ 1, (1, )6, (e )i
iz 3

ae C,Ta C,— IUIAXM, IO NokasaHi Ha Puc. 2.
BHyTpiuiHi iHTErpasm Mox-

Ha OOUMCINUTH 32 IOTIOMOTOI0 st S

dopmyn (5.92) ta (5.93). Li 44
¢dopMynu HecnpaBemIMBI [Is p q v
KpanoBUX TOYOK KpUBHX C,Ta B @

C,, ane Taki TpyAHOLi MOX- Man. 2

Ha MNOJOJATH TAKMUM YMHOM.
Hexait C/Ta C, — KpuBi, wo otpumyioTh 3 C;ta C, 3pizom 3 060x
KiHliB HeBenMkux yactuH. Toxi inTerpamu B3oBxk C,ta C, MOXHa BU3-
HAUUTH SK TPaHULi BiAnoBimHuX iHTerpani B3goBk C;ta C,, Komu
3pi3aHi YaCTHHU MPSAMYIOTH A0 HYJIS.

Kopucryrouuch Takum 3acobom, oTpuMaeMo

Ol lE] ol e e

W 2€ dC
g “)( ]m;_r’
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ne C — 3aMKHeHM# KOHTYp MiX pTa g (auB.puc. 1). SAxmo ¢(f) —
ronoMopdHa ¢yHkLig Big { y 067acTi KOMIUIEKCHOI MIOIKMHU § , LIO
obMexeHa 3aMKHYTHUM KOHTypoM C, To mpu P <7 <g eJUHHUIA MOJIOC

S MiJIHTErpanbHOro BUpasy ycepe-

quni C 6yne y touwi § =r, AKILO

Kew 0<r=p i 200" r>g .0 O

) g g MiJiHTerpaabHUil BUpa3 HE Mae Mo-

JIOCIB ycepemuHi KOHTypa. Towmy,

C —
3acTocoByrouu teopemy Koiu, mu
3HaiIEMO :
r SKIO p < ¥ <
1) <p( 'k 1o p 4 1ab(
0, sxmoO<r<pabor>gqg

Sk npuknan 3acrocyBaHHs Gopmysid o6epHeHHs XaHKeNs B TaKOMY
BULJIAI HaBeaeMo obGuucieHHs iHterpany CoHiHa

J. J,(Ar),(A) dA,
A'm—n-l
0
Hexaii
l+n-m

[(m-n)

Toui, mo o3nauenHto (5.94) mpu p=0, g=1 maemo

o(p)= P (1ep)idis

21+n m

e )Ip"*‘

2 m-n~1

J,(Ap)dp

Posknamatoun dynxuio J, (Ap) y pAmNo 3pocTarouMM CTEMeHsX Ap Ta
iHTErpyrouM MOUWIEHHO, OTPUMAEMO CITiBBiJHOLICHHS

o ,,+| m ~n-1 (_1)5 (lp)mzsd
s I"(m n)z.[p

e 2SI (n+s+1)

sike Mpu miacTaHoBUi & = p® mpuiiMe BUIJIAN

An+2c
( ) = 2m+2v

(-1) d¢

A s!F(n+s+1)=

J‘én+v( g)m‘" 1
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oo _ 1) gm+2s n—-m
) (2 1) A A« =A~n_m‘lm (2«) (595)
202" T(m+s+d) s!
Bpaxosyioun dopmyau (5.94) ta (5.95) Ta KOPUCTYIOUMCh JAHOIO TEOpE-
MOI0, oTpuMaeMo pesyabTaT CoHiHa

n 2 m-n-1
I‘]m(l)‘]n(lr) g '————r (l—r ) inIO<r<1
T g = 2'"‘"‘11"(m—n)
0 npu r > 1

NPUIYCKAIOUH, 11O AificHa yacThHA 7 Oinbliue Hix — 1.

Inwi dopmu interpanshoi dopmyin ®yp’e-Beccens
®opmynu 06EpHEHHs BiANOBIAAIOTL 3BUYAKHIN TEOPEMi PO3KJIALEHHS

®yp’e — Beccens y Teopii GecceneBux QyHkuiit. IcHye Takox i mpyra
TeopeMa poskinageHHs Dyp’e — Beccens, 110 Mae BUIISL:

f(A)=Y AT, (r,4), (59)

nie
T,(r,A)=1J,(rA)G, (ra)-G,(rA)J, (ra)>
J€ r, — AOJATHIN KOPiHb TPAHCLEHAEHTHOTO PiBHAHHS

Tn (r,b)=0. (597)

KoeoilieHT A, BH3HAYa€ThCs BUPA3oM

27}2.]3 (rsb) b A
Ju (ar)-J; (brs)!“f(“)Tu(rx,u)du,

Cyma psfly NepeTBOPIOETECS 0 HYJIsl JsiA=a Ta A=b Ta JOPIBHIOE
%[f(l+0)+f(/l—0)] s a<A<b.
BignosigHy iHTerpajibHy TeOpeMy MOXHa chOpMYJIFOBATH TAKMM YMHOM:

Teopewma. Axkuyo

f(/l)=ip¢(p)7; (p.A)dp, To
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ra)[(p(r+0 +o(r- O)] p<r<gq
0 O<r<pabor>gq

ju(z)r (r,2)dA= {

oe @ynxyia B, (z) BU3HAYAEMBCA BUPA3OM
B.(2)= ( ncosec(nﬂ)) [7: (2)-2J,(2)J., (z)cos(nm)+ 2, (2)].

I{ro TeopeMy MOXHa JOBECTH METOAOM KOHTYPHOI'O iHTETPYBaHH:.
B posrisiHyTOMY BHITAKy [JOBEJEHHsS MeToAoM iHTerpana [lipixsie € Ta-
K0X npoctuM. ToMy L0 HaM MOTPIGHO JIMLLe MPHIYCTUTH, 1O yHKLis
¢(p) 3anoBimbHsie ymosam [lipixie, To pesynbTar 6yae Gigblu 3araib-
HMM, HDXK TIpU JOBEIEHHI METOJOM KOHTYPHOTO iHTErpyBaHHS.

BBenemo o3HayeHHs

h
=p*) [T, (nA)T, (p.A)AdA

Ta, KOPUCTYIOUUCH CIiBBIAHOLICHHSM, 10 6a3yeTbcs Ha iHTerpati Jlom-
MeJisl, Ta PEKYPEHTHUMH CITiBBiTHOIIEHHSIMU

oI, (x) =nd (2)=2] ;) (x)5" | 26/ (%) =nG, (x) =G, (x)
OTPUMAEMO, LIO

I = thT, (p.h)[ 1,y ()G, (ra) G, (rh) ], (ra)]~

n+l

—phT, (r.h)[J,.. (Ph)G, (pa)~G,., (ph)J, (pa)]-

3aminroroun yci 6ecceneBi GyHKLUIl y npaBid YacTUHI, 4O SIKUX HAIXOAUTH
h, X aCUMITOTHYHMMU BHpa3aMU, 3HaHAEMO

I = _27rp(r;pr)yzeinn I:ei(pH)I'G,, (raein )G" (paeiﬂ )+e"i(0+’)hG" (ra)G" (pa)]+

+—2ﬂp(:.pr)% e [iei(p")"Gn (ra)G, (pae"' )— ie VG, (rae"'r )Gn (pa )] +§:— :

JI6 P € CKiHYCHHUM isi Oydb-IKOro 3HAYEHHS h Ta Mae (p—r) y
BULJISIAI MHOXXHHKA. 3BiIKK
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q h
y g [ po(e) sin(o-rin _
hlj[lc;[pr(P) P! (r.A)T, (p,A )2 = },2’2“2,, roYt p-r
« <[, )G, pu) 6, e}, )3},

TYT 4Yepe3 J O3HAa4YWMO IHTErpajy, IO MPSMYIOTh A0 HYJIs NIPU MNpAMY-
BaHHI h 10 HECKiHYEHHOCTI.
3acTrocoByroun teopemy Jlipixie, GymeMo MaTu

q h
lim [ pp(p)dp [T, (. A)T, (p,A)iA =
P a

e {%[(p(r+0)+(p(r—0)]e"""0n (ra)G, (rae"' ), AKIO p<r<gq,
0 akmo 0<r<pabor>q.

3MiHIOIOUH MOPSIIOK IHTErpyBaHHs Ta 3ayBajKylouH, L0
e"™G, (ra)G, (rae’” ) =B, (ra),

6aunMo, 1O Teopema JOBEEHA.
IHwa inTerpanbHa Teopema MoB’si3aHa 3 BUKOPUCTaHHAM psai Kan-
TeWHa, BiIOMUX 3 Teopil GeccesieBUX (hyHKILIMH.

Teopewma. xyo

q

F(A)=[pe(p)I,(pA)dp, 0<p<q,mo

P

T(}“‘%)f(l)lm (mA)dA= {%["’(”’J’O)*‘P(m‘o)], p<m<g

0 0, O<m<p abo m>gq.

HoBoauTtecs TeopeMa 3a JonoMororo inrerpaiis [ipixie. [loBeneHHs
3a JIOTIOMOIOX0 KOHTYpPHOTO iHTErPyBaHHS MOXHA TaKOX MpPOBECTH. 3
iHTerpana JIoMMens BUIUIMBAE

(m - * )I(x—;) L2}y, ()42 ={a[ 0, (2) 2, (52)-

o0, )]
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3a JOTOMOTOI0 PEKYPEHTHOTO CIiBBiJHOILEHHS
d n
—J, (x)=—J,(x)=-J,,(x
L1, ()=20, ()= (+)
OTPUMAEMO

1(1'%)Jm(m’l)’p(pl)dx= "

Q!
o

[P, (mh) 1, (ph)-

—md, (ph)J s (mh)] —;%;J,,, (mh)J, (ph). (598)

TMpu 3amini 6ecceneBux QyHKLi# y npasiif YacTUHI PiBHOCTI iX acUMITO-
TUYHUMM YSBJICHHSIMH OTPUMYEMO

2

—(p—m)sin[(p+m)(h—%7c):l}+%,

o€ P — 3aJUIIAETbCS CKIHUEHHWM MpPU NpPSAMYBaHHI h 1O HECKIHYEH-
HocTi. ToMy 3a JOBEIEHOIO PaHillle TEOPEMOIO

q h 1
m{p¢(p)dp£(/l7]f,,. (mA)J, (pA)dA =

m p—m

=31imq(£T (p(p)sin[(/"m)(h—%ﬂdp—

h—eo
43 P

T sl m p+m

—anq(p T(p(p)sin[(p+m)(h—%;z)}dp -

_[slo(m+0)+¢(m-0)]. SKIO p <m<q,
9 0 skimo 0<m< p abom > gq.
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3MIHIOIOUH MOPSAAOK iHTErpyBaHHsl, AOBEAEMO ITOYATKOBY TEOPEMY.
Po3sriisiHeMo npuknaz 3actocyBaHHsi TeopeMn oGepHeHHsl. Bigoma dop-
Mmyna

oo

Iu"e"‘".lm(pu)du=—ﬂ%)—1’"'”' Lk S R
v (1= Fprtete A

Bisbmemo A =a,p=m,n=0, Toni nonepenss dopmyna Habyne BUrIALY

Ie'“’IJ (mA)dA = ) Po""[ ¢ } m20.

i fé \/”I’l2 & 02

0 a’+m? )
Bpaxosytoun osnauennst P, (z) , 3AIMLLIEMO MOYATKOBE CITBBiHOLLEHHS TaK:

Ie_‘,;,J 1 (\/m2 +tat—a

w (mA)dA =
L

J ,a>0m=20.

I3 Teopemu oOGepHEHHsSI BUILIMBAE, 1[0

=PI kPA Yded &+ gl
e p(P )[ ik a]pdp=—/12)v le'“*,lzo.

0 \/a2 +p? p
Y BUmagkax, KOJHU a TPAMYE A0 HyJsl, OTPUMAEMO TaKi GopMyIH

J'J,,,(m/l)dl=l’ m>0
0 m

T A
Tt . AR,
_(': P(p ) p 12_1

Teopema IlapceBans s Tpanchopmant Xaukens

Teopma npo 3ropTkw, 1o icHye w1 neperBopeHHs Pyp’e Ta Jlania-
ca, BIICYTHs [UISl IEPETBOPEHHS XaHKeysl. AJie MOXHA OTPUMATH JOCHUTh
NpOCTy TeopeMy Tuiy Teopemu Ilapcepasi.

Hexaii f(u) Ta g (u) TpaHchopmanti Xaukens byHkui# f(x) Ta
g(x)- Tomi, kopucTyiouuch o3Ha4YeHHAM g (1), MOXHA 3aMMCaTH
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Tuf(u)fj(u)du = Iu-f(u)dqug (x)J, (ux)dx
3MIHIOIOUM TOPSIZIOK IHTErpyBaHHS, 3HAKIEMO
qu(u)é’(u)du - ng (x)dx_[uf(u)]v (ux)du = J‘){f (x)g(x)dx -

Teopema. Axuyo f(x)ma g(x) 3adosomvnsioms ymosu meopemu
obeprenns ma akwo f(u)ma g(u) ix mpancopmanmu Xanxens no-
paoka v =— A , Mo Mae micye pigHicmp

Ixf(x)g(X)dx=qu(u)§(u)du

Tpancopmantu Xankenas noxiguux yHkuii

Hexaii f, () — TpaucdopmanTa Xaukens nopsuka v dyskuii f(r),
TOOTO

=[rf (r)J, (&r)dr,
0
3a O03HaYeHHsM TpaHchopmaHToo Xaukens GyHkuil df /dr 6yne yHKLis
o =l
7 (Zj):jrdiJV (Er)dr.
0 I
IHTErpyBaHHS MO YAaCTHHAX Jae
i il (o 5
FE)=[rr (). ENL - [7 ()L, (Er)]ar . (59)
0
Ae
d /
a—;[r']ﬂ (g‘r)] 7 JV (5”‘) + § rJl/ (67") 2
Ta APYruil 4ieH y mpaiid YacTUHI HaOyBae BUTISIY

Endi S (Cr=Slie (G
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TakK IO

2 {rI, (60 = (@ =), (6r) + Er,, (&)

IMigcraBnsoun Leid BuUpa3 A0 piBHOCTI (5.99) Ta NPMITYCKAKOUH, 1O
rf(r) mpAMye [0 HyJis NMpPU MPSIMyBaHHI r 10 HyJs abo 10 HECKIHYEH-
HOCTi, OTPUMAEMO

F ©=0-0] ), Endr-EF,,©). (5100)

Iepuuit wieH crnpasa € TpaHchOPMaHTOX XaHKeNs MOPSAKY 1 (yHKLIl
f(r)/r , ane Horo MoxxHa BUPa3UTH 4epe3 TpaHCHOPMAHTH XaHKeNs Mo-
psaakiB p 4+ 1 ¢yukuii f(r). HificHo, Bigomo, 10

W[ f (), Erdr =§[ [ (), Enydr+ [1f (1), Erdr | =
0 0 5
S8 B (o o (5.101)

Buxiroyarouu iHTerpas

[ £a,Enar (5.102)

3 criBBigHoweHsb (5.100) Ta (5.101), 3nainemo

FEy= —€[v+1fv.(€)— fv+.(6)] (5.103)

Dopmymu 11 TpaHchOpMaHT XaHKENS MOXIMHUX BUILIOTO MOPSIKY MOXHA
OTPUMATH LIUBSIXOM MOCTIOBHOTO 3actocyBanHst opmysi (5.103). Hampuxiiaz,

Vsl

1= —[V Us T 1(6) = (é)] ; (5.104)

TaK 110, MiICTABNSAIOYM 3HAYCHHS f (f) f.,(6) 3 cniBBigHOWeHHS
(5.103), OTpIdMaCMO

ﬁ’(&)——? s

=3 Vil
2
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Jaui, iHTerpyIouu mo 4actuHax, 6yaemMo maTu

o 32
r‘;r{ L (Erydr = j af d[rJ Err,
0 0

AKWo rf/(r) NpsiMye O HyJsl MU NpPSMYyBaHHI 10 Hyias abo 10 He-
ckiHueHHoCTi. Tomy

_[ (er idf}’ (&r)dr =—§J.—J—c—r./ (ér)dr—fjf(r)— [r2](r)]dr,

BBaXalo4u, WO 7f(r) 3HUKAE NMPU r — () TA p = oo. 34 O3HAUEHHSM
dyukuis Beccens J,(Er) 3amoBonbHsie qudepeHLianbHe PIBHAHHS

i 0 e B A T
a'r ) i

a TOMY Mae MiCIle CHiBBiHOIIECHHS

f (d Il l_‘ﬁ_v_} Erydr=-E2£, (&), (5.106)

dr* rdr

e, SIK 1 paHille, yepe3 fv(lj) o3HayeHa TpaHchopMaHTa XaHKeNs Mops/-
Ka p QyHkuii f(r).

Tyt noTpiGHO BiIpPi3HATH AEAKi NOOJWHOKI BUMAIKHK L€l 3arajbHOi
(dopmynH, WO 3ycTpivyaloThess 0coGuMBO yacro. Ilpumyckaroud, IO B
cniBBinHoweHHi (5.103) = 1, orpuMaemMo

0

[ 1 enar = €70, (5107)

0

ne f(£) o3HaueHa SK TPAHCOPMAHTA HYJLOBOTO MOPSIIKY

F©) = [rfr),(enar. (5.108)

AHaJOTUYHO, MPUITYCKAlO4M, 10 B chiBBigHoweHHi (5.106) , = O,
3HAWIEMO

S (5 + 1 otersir =~ €760, 5109

ae f(€), gk i panile, o3HayaeThesl Bupasom (5.108).
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§ 6. CniBBigHomeHnsi Mick Tpancdopmantamu XaHkeas
Ta Tpancopmantamu Dyp’e
PosrnsaneMo Tpaucpopmanty ®yp'e F(€ €,) dyHkuii f(z,,z,), wo
3QIEKUTB JIMILE Bl 3MiHHOT T = (2] + x;)% 3 03HAYEHHS JBOBUMIpPHOI
tpanchopmantu Dyp’e BumIMBae

P &)=t f f F(JaT + 2 )een+amldy i, |

—00 =00

Ski1o B LbOMY iHTErpaji 3poOUTH 3aMiHy 3MIHHHUX

z, = rcosb,z, = rsinf,§ = pcosp,§, = psiny
Ta BpaxyBaTH, 110

dz,dz, = rdrdd
Ta
&z, + &, = rpcos(d — ),
TO iHTerpajl Habyne Takoro BUIJIAIY

2

F(8) = f rf(r)dr [ emr=0-9dp . (6.1)
0
Jaii, 3aBAsSKH MEPiogUUHOMY XapakTepy MiiHTErpaJbHOrO BUpasy MaeMo
2m 2
eirpcos(e—ap)da = eirpcos 9d0
) [

Iuterpan y mpasii yactuni — Tabnauunuii Ta nopisuioe 2w.J (pr). Tomy,
IpUIyCKalouu, wo p = (& + 52)}/ 6auumo, 1110 TpaHC(bOpMaHTa Dyp’e
F(&&,) € GyHKUjEO JMLIe OTHOTO TUIBKK p Ta ii MOXHA TMOATH Y BUIJIAM
F(p) = f rf(r)J,(pr)dr (6.2)

0

TOOTO BOHA € TpaHC(OPMAHTOIO XaHKeJs HYJILOBOTO MOPSAKY byHKLIT
f(r). Ax Bimomo, Ha ocHOBi (opMynu obepHeHHsT Dyp’e Wi KpaTHUX
NIEPETBOPEHb MaE MicLie piBHiCTb

S(@,2,) = 5 f f F(§,6)e Gt de de, ,

=00 —00
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Ky TMICJIs 3aMiHM 3MiHHHUX MOXHA 3aIlUCcCaTH TaK
1 o 2n
£r) = 5= [ pF(p)dp [ e
™
0 0

IHTerpyBaHHs poOMTECS 32 CXEMOIO, 110 [aHa Bullle. B pe3yibrati oTprmyemo

oo

1) = [ pF(p)J,(ro)dp - 6.3)
0

Bupasu (6.2) Ta (6.3) sBasiioTs co6010 popMynu 0OepHEHHS! XaHKeNIs Ui
BUNAAKY p = (. Tak¥uM YMHOM, TakMil MOOJWHOKMH BHUIAJOK MOXKHA
BHUBECTH 3 Teopil ABOBMMIpHMX mepeTBopeHb Dyp’e. Taxuit pe3ynbraT
JerKo ysaranpHuTU. Sxwo f(z,,,,...,,) — O(yHKUig TinbKu Bij
r = (22 + 2 + ... + 22)%, T0 ii TpaHChOpMaHTa Dyp’e 3a O3HAUCHHAM
JIOPIBHIOE

x o

ff flrle e de. da.

Ae (£ - z) o3Hayae CKaJspHUA JOOYTOK

1
=17

2

I LE e (517;)

§lzl + 523:2 + ..+ ¢z, .
Hexait

PP=g+E 4+
Ta Micjs 3aMiHU 3MIHHUX

& = pa,t =12,...,n,

n n
Y, = Zaimi,yj =Zabzi,j =230,
i=1 i=1

Ae koediuieHTH «, BUOpaHi TAKUM YMHOM, LI00 MEPETBOPEHHS Oyo Op-
TOTOHAJIBHUM, 3HAWIEMO

r= (gt )
dz dz,dz,..dz, = dydy,dy,...dy,,

Got = Zgiwi = pzaimi’: PY:.
i=1 1=1
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El

Hexaii

N=yp+y+.+y
TaK 10

x oo

...fdyzd%...dy" - fﬂd)\.
et 0

22
e 1

Bupas s tpanchopmantu ®@yp’e F MOXHA 3amucaTv y BUIIIS: -

F(€,nt,) = ( 51;)5 7 dyjﬂd)\f(\/ Y+ A%)e™ (6.4)

Y Takux nmo3HayeHHAX s NOBiNbHOI GyHKLi ®()\) MaeMo

_z..._zcb(,/y; + oo F Y2 )dy,..dy, = zm»(,\)dx ] (6.5)

Ilo6 3naiiTM BenuuuHy () 3ayBaXKMMO, IO LE € €JIEMEHT 06’eMy y
(n — 1) -MipHOMY MPOCTOpi, TOMY BH3HAYa€EThCS BUPA3OM

Qi #, (6.6)

ae w — GyHKUis Bl n, a He Bim ). I[06 BU3HAYUTH BULNISAA Li€i
BEJIMYMHH, PO3TIITHEMO MOOAUHOKMUNA BUIMALOK

BlAJ=" ™

ITipcraBnsroyu Lei Bupa3 y chiBBimHomenss (6.5) Ta 3aMiHoO4YM ) Ha
wA"™?, OTPUMAEMO ISl BUHAYEHHS MOCTIMHOI () TAKE CITiBBiJHOLICHHS:

[]e-v*dy]ﬂ~1 = w} Xt
0

—00
Kopucryrounce 3Ha4eHHsIMM O3HAYEHUX IHTErpaliB

x

2 °r Seerer 1 (n—1
—y Al }/ n—2_-A i,
fe dy—WZ,[A e d)\—-zl"( 5 ),

00

6aunmMo oAapasy, 1O BEJIWYUHA W BUPAXKAETHLCS Y BI/IFJIHIIi
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(n—ly
W= 27T—2 : (6.7)

(%3]

IligcranoBka BupasiB (6.6) Ta (6.7) y (6.4) mae

o,

s g )] dy, [ F(JYT+ N )emrtdx

ln—l 1
i :

Js o0YKCIIeHHsT TaKOTO iHTerpaia 3po0MMO TaKy 3aMiHy 3MIHHUX

A =rsing,y, = rcosep.

3BiIKM OTPUMAEMO

o g

1 ) o ipr cos
FUE oo Sl —1'1L—1F(1)F(1 1)f7"”“1f(r)drfsm 2 ety
9 ey

2 2l A9 13 {

Bigomo 3 Tabnuiib iHTErpasiB, 1o

1
w sl
f s’ welt rido, — : Fevail o) -
0) (p’r)in—l §n—1

IMincraBuMo L CHiBBIAHOWIEHHS Y Gopmyity, WO BU3HaYae F(&,¢&,,...,&,).
BpaxoByrouy, 1110 ocTaHHs € QYHKLIEO TUTBKU Bill 3MiHHOI P, il MOXHa
3amucaTy K F(p). OTpuMaeMo Takuil pe3ysbpTart:

o rp) = [r[ s, onar,

0 2

1110 MOKa3ye, 1o (PyHKLs p%"‘l F(p) € TpanchOpMaHTO XaHKeNsl HOPSIKY
4

571 dymkuii 72" f(r) . TakuM YMHOM, NIPU MeBHUX OGCTABMHAX TpaHchop-

MaHTy @yp’e B p -MipHOMY IPOCTOPI MOKHA 3BECTH [0 TpaHCHOpPMAaHTH

XaHkelnsi B OTHOBUMIpHOMY Tipoctopi. Tomy Oynp-sika TeopeMa, Ky MOXHA

nonmatu st TpaHchopmanT Dyp’e dyHKil 6aratbox 3MIHHHX, TOPOKYE
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BIANOBiOHY TeopeMy [uisi Tpanchopmant Xankens. Hanpuknan, 3a mono-
MOTOI0 aHAJIOTIYHUX MipKYyBaHb, L0 3aCTOCOBYIOTHCS 10 GopMyu

1 ¢ T T SHG—x
f(xl,...,x”)=(g)Z i--iF(é,,...,:’,‘n)e et gl | din

CTBEP/IXKYETHCS, IO

12" (r) = fp[p%"*ﬂp) }J%H_l(mdp.

Hexaii
1

ln—l
o(r) = 1" f(r), B(p)=p? F(p), v =%n—1,

OTpUMAaEMO B3aeMHI Gopmynn

(p) = [rp(r)], (pridr, o(r) = [ pd(p)J, (pr)dp .
0 0

1[0 € JOBEICHHSIM TEOPEMHU OOEpHEHHST XaHKes.

§ 7. IlepeBopenHsi 3 CKIHYEHHHMH MeKAMM

Cunyc- ma xocunycmpancopmanmu Dyp’e
30 CKIHUEHHUMU Mexcamu

3 Teopil psaaiB Pyp’e nobpe Bimomo, 1o skio hyHKIsS f(z)3amo-
BoJIbHSIE yMOBH ipixite y iHTepBai 0< x<7m, TO PAX
| 2 o
—a,+— ) a,cos(nx),
Lay+23 0, c0s(m)

n=|

(7.1)
ne -
a ff(m)cos(m:)dac,

36iracThes 10 %[ fx+0)+ f (x—O)] y KOxHi#t Touui inTepsany (0,7),
B sIKili (DyHKLSI Ma€ PO3PUB HEMEPEPBHOCTI, i 0 3HAUCHHs f(z)y KOXHiH

TOYLi g LBOTO iHTEpBaly, B Kui GyHKUiS f(z)HemepepBHa.
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SIkwo 3aMicTh KOE(ilieHTIB g, KOPUCTYBAaTHCA O3HAYEHHSIM KOCHHYC-
TpanchopmanTi Dyp’e 3 CKIHUEHMMH MEXaMH, IO MO3HAYAeThCA f, (n)
Ta BM3HAYAETHCS CITiBBiJHOLIECHHAM

A { el

TO (hOPMYJIFOBAHHS TEOPEMH, 1O MPUBOAMTLCS BHUILE, MOXKHA 3MIHUTH TaK:

T eopewma. Axwyo f(z)3adoeonvnse ymosu [ipixne y inmepeani
0<x<7m ma AKWo NO3HA4UMU Yepe3

7 (n)= [ £ (x)cos (nx) dx

KOCUHYC-MPAHCHOPMAHMY 3 CKIHUEHHUMU MEdHCcamu, mo

£0) 28—+

10)=2 25 F (n)cos (1) (7.2)
T Y4 n=|

Y. KOXMCHIU mouyi inmepsany (O,n), 6 axuil f(x)Henepepsna.

VY THX Toukax iHTepBaily, B AKMX f(z)Mae CKIHYEHHMI pO3pHB HEIe-
PEPBHOCTI, JIIBYy YaCTMHY CHiBBiJHOWIEHHS (7.2) MOTpiOHO 3aMiHUTH Ha
%[ f(x+0)+f (x—O)]. VY nojanbumioMy MU 6yAeMO 4acTO MOCHIATHUCH
Ha L]0 TeopeMy, Ik Ha TeopeMy obepHeHHs1 Dyp’e M1 KOCUHYC-TpaHC-

(opMaHT 3 CKIHYEHHUMH MEXaMHU.

AHaJIOTiYHa TeopeMa Ma€e MiClie B TOMY BUMAIKy, KOJY He3aJexHa
3MiHHa g 3MiHIO€ThC y iHTepBami (0,4). B 1mpoMy BUMmaaky KOCHHYyC-
TpaHchopMaHTa 3 CKIHUEHHUMU MEXaM{ BU3HAYAEThCS TAKUM CIIiBBiIHO-
LICHHSIM:

7 (n)= [ £ (x)cos (&, )dx

Je TMOCHiJOBHICTE & MOKM 0 He Bu3HaueHa. Hexai y=”%, Ternep
3HAWJEMO
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f(n) = %].F(y)cos(é,, %)dy ;

nme yepe3 F(y) nosnauena dyukuis f (ay/m). 3sigku Gesnocepennbo Ha
OCHOBI MOTMEPEHbOI TEOPEMH MOXKHA HAMUCATH

LF()= LT O+ 23 (n)eos(m)

sikio aé, /m =n , o610 &, =nm/a . TloBepTalouuch 10 3MiHHOI X, Gaun-
MO, LIO LeH Pe3y/bTaT MOXHA CHOPMYIIOBATH TAKMM YUHOM:

Teopema. Axwo f(z) 3adosonvrac ymosu [ipixne y inmepsani
(0,a) ma axwo

a

F(n)= 7 Copos{ 5 J a3

0

BUBHAYAE KOCUHYC-MPAHCHOPMANIMY 3 CKIHYEHHUMU Melcamu, mo (QyHK-
yin f(z) y Kooicnitt mouyi inmepeany (0,a), Oe 6ona nenepepena, supa-
ACAEMBCA 34 OONOMO20I0 MAKO20 PAOY.

f(x)=@+§§f(n)cos(ﬁzl), (7.4)

AHanoruyHi pesynbTaTH CHIpPABEIMBI Ul CHHYC-TPaHC(OPMAHT 3
CKIHYEHHUMM MEXaMH, 10 BU3HAYAIOTHCS 33 JOTIOMOTOO CITiBBiAHOIIEHHS

f,(n)=]'f(x)sin (nx)dx . (7.5)

Bigoma 3 Teopii paais @yp’e Teopema npo Te, o AKWO dyHKUis f(z) 3a-
NoBOJbHSE yMOBM [ipixse y iHTepBanmi 0< x<7, TO psn

2 oo
£ X f
= z , sin (nx)

n=|

e
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= Tf (x)sin (nx)dx

36iraeTbed 40 f(z) y KOXHii Touwi iHTepBaily, Ae (QyHKLis HENepepBHa
-y TEpMiHaxX Teopii TpaHCHOPMAHT 3 CKIHYEHHUMU Mexamu, (hOpMyYITIOETHCS
TaKAM YHHOM:

Teopema. Axwyo f(z) 3adosonvrsae ymosu [Hipixne y inmepsani
(0,7) ma axwyo

7, ()= ] £ (x)sin (n)

Il CUHyC-mpaHcoOpManma 3 CKIHUYEHHUMU MeHCAMU, Mo

=237 (n)sin (nx) (7.6)
T n=l1
6 Kooicniti mouyi inmepsany (0,7), Oe gynxyia Henepepsna.

3a IOMOMOTOO MPOCTOI MAICTAHOBKK y =7Tx/a Ta MIpKyBaHb, OJHAKO-
BUX 3 TUMH, 10 Oy/M BUKOPUCTAHI paHillle, KOJY JOBOIMIACS MONEPEHHSs
Teopema, JOBeAeMO TeopeMy i (yHKL{i, WO BW3HAYeHI Ha iHTepBai

i=x<a.

Teopema. Axwo f(z) 3a0o6onvusc ymosu [ipixne y inmepeani
(0,a) ma sxwo y yvomy inmepeani ii cunyc-mpancopmanma 3 cKinde-
HUMU MeJNCaM GUSHAYAEMbCA 34 0ONOMO20I0 CHiB8IOHOUIEHHS.

(7:7)

a

7. (n)= [ £ (x)sin " dx ,
. a
mo 6 kodicniii mouyi inmepeany (0,a), 6 axuii gynxyis f(x) nenepepsna,
Mae micye maka piGHiCmb
(7.8)

oo

F(9)=2 27, (n)sin ™.

n=1
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Cnissionowenna mixc mpancopmanmamnu Dyp’e
3i CKiHuenumu mescamu noxionux Oawnoi Qyuxuii

YacTto noTpibHO BUPA3UTH iHTErpalld THUITY

[£a000%

5

yepe3 TpaHC(bopmaHm @yp’e 3 ckinueHHuMU Mexxamu dyHkuii f(z) . Li
obumcnenns 6a3yroTecs Ha GOpMyIax, 110 MarOTh MepLli NOXiaHi QyHKLiT
f(z) . Hanpuiknan, B pe3ynpTati iHTErpyBaHHS MO YaCTMHAX OTPUMAEMO

tep
L dt

Tomy 110 7 — Lig Liijie YKCIO, TO sin (nnx a) 3HUKAE MPU 7 = () Ta NpH
z = a. ToMy K0 BU3HAYUTH f, (n) 3a AOTIOMOTOIO CITiBBiAHOLICHHS
(7.3), To MOXHa 3amucaTu

J.af sm—dx —EZ}-TC(H) (79)

H 0X a

¥ dx I——cos dx

nxmw

sm-;z—dx = [f (x)smT:L ——J'f (x)cos—dx

npu Oysb-sikux 3HaveHHsax f(0), f (a), MpUIycKaouy, WO Ui 3HAYCHHS!
HE € HECKiHYEHHi. AHAJIOTIYHO, IHTErPYIOYM MO YACTUHAX, OTPUMAEMO

(1Y cos ™ 4o o | A i B
Jaxcos . dx—[f(x)cos . ] e !f(x)sm . dx .

0 0

Tomy mo cos(nr)= (—1)" NPH UiTMX 3HAYEHHSIX 1 , TO PE3yJILTAT MOXHA
3amMcaT¥ B TAKOMY BUIJISII:

j‘aicos =l

ox

dx=(-1)" f(a)- f(0)+———f (n), (7.10)

0

ne uepes f, (n) no3HaueHa cuHyc-TpaHCOPMAHTA 3 CKIHYCHHUMHU MEXaMHy,
BU3HAYEHA CHiBBiAHOIWEHHAM (7.5). Y Bumaaky, konu dyHkuis f(z) neper-
BOPIOETBCS HA HyJIb Y TOUKaX g = () Td g = g, TOMi MAa€ MiCIle PiBHICTh

jaicos”x —””7( n). (7.11)

ALY a

DopMyIH TS BULLMX TIOXiJHMX MOXHA OTPUMATH, OBTOPHO 3aCTOCOBYIOUM
ocHoBHI (opmyiu (7.9) Ta (7.10). Hanpuxan, 3 dopmyiu (7.9) Burumsae, wo
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oD
J~ fs' mnx . _ N af ﬂ:nxd

Sl a aoax a

3BiIKM Ha OCHOBI (opMmyiu (7.10) OTpUMAHO CHiBBIAHOLIEHHS

j?;f sin 22 iy ”"[( 1) £ (a)+ f(O):l f(n). @R

505 a

B Tomy Bumagky, Koiau f (0): f(a)=0, OCTaHHSl piBHICTH HaOyBae
OB MPOCTOrO BUIISLY

a N2
Ia Loin™% g = a.13)
* X a
Amnanoriuno 3 ¢opmynu (7.10) BunauBae, wwo
a LRIl
) £(@)- PO (n). (19

0

af

Sxuio HOXiﬂHa—a—HepeTBopIOETbCﬂ Ha HyJb Yy KiHUEBUX TOYKax iHTEpBa-
by

ay x=0,x=a, TO Ma€ MicCle CIiBBIJHOLIEHHS

(7.15)

J1sl MOXiAHMX TIOPSIAKY BHIlle APYroro GopMyin MOXHa OTPUMAaTH 3a
JoroMoror Meroay iHaykiii. ITpyu anamisi kpaidoBuxX 3agad MOTPIOHO
3HATH (GOPMYJIM MOXIJHMUX YETBEPTOrO MOPAAKY. 3 criBBiAHOLIEHHS (7.13)
BUILUIMBAE, WO, SKWO O°f /D2’ NEpeTBOPIOEThCS B Hyjlb B KpaWOBHUX
TOUYKax iHTepBaly x=0, x=a, TO

a N4 PRETR D N 4.4

L nXT Tint.c O fra.ooeny n'nt —

j f st g = L { BRI, ST
ox a a ox a ,

0 0

AHAJIOTIYHO, SKILO
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npu x=0, x=a, TO B pe3ynbTaTi ABOKPATHOTO 3acTtocyBaHHs (7.15)
OTPUMAEMO

aa4
J' S

7.1
I3 1)

nxmw
cos——dx =
a

Teopema npo 320pmku Ona nepemeopenna @yp'e
30 CKiHWeHHUMU Medcamu

Posrisinemo agi Gynkuii, £, () Ta F,(u) W0 € MapHUM Ta HemapHUM
NEPIOAMYHUM MPOIOBXKEHHAM dyHKUii f(u), 0 BU3HA4YeHa y iHTepBali
0<u<m . Tak, HemapHe mepiofn4He NPOJOBXeHHA F,(u) 3 mepiogom
2r Qynkuii f(u) y iHTEpBaM -7 <y < 7T BUBHAYAETHCA TAK:

. f(u),0sus<nm
b (u)_{—f(—u),—ﬂ3u<0.

AHAJIOTIYHO [UIsi TAPHOTO nepioaMyHoro npososkenns F,(u) y intep-
Bali —7 <u<7m Maemo

Fz(u)={f(u)’05“ﬁ7r

f(-u),~-w<u<0.

3 o3uHaueHHs F(u) BarUMBae, wo kim0 F (u) Ta G, (u) € HenapHnmu
NEPIOIMYHMMHU NPOJOBXKEHHsIMU GyHKuil f(u)Ta g(u), TO

;i;F](x—u)G,(u)du=jf(x—u)g(u)du—]j-f(u—x)g(u)du, )

a Takox TOMy WO GyHKuis F, nepioanyHa,

0 n—x

[ F(x-u)G, (u)du-jf(zn sl u)g(u)du—ff(uu)g(u)du (7.19)

-

Jas inTerpaia

jF (x—u)G, (u)du
BUKOPHCTAEMO NO3HayeHHs F, (x)-G, (x) Ta Ha3BeMO TaKWii iHTerpa 3rop-
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KOO dyHKUiE F (x) Ta G,(x). BusHauuBuM cuHyc-TpaHCQOpPMAHTY
®yp’e 3 ckinuenHuMHu Mexxamu GyHkUil f(z) Ta g(z) uepes f,(n), g,(n)
BIZTIOBIHO OTPUMAEMO

) = [ f(©)sin(n)dg, 7i(n) = [ gln)sin(nn)dn -

3BigKKM BUILIMBAE, LIO

2 > T cos(rnz) =

=2 faf dnf(é)g(n)‘é saeingisin(ac)sin{o)

TYT MpOBEJEHa 3MiHA MOPSAKY MiACYyMOBYBAaHHS Ta iHTerpyBaHHs. Kopwu-
CTYIOUHCh PIBHOCTSIMU

4sin(né)sin(nn) cos(nx) = cos(§ =N+ x)n+cos( —n—x)n—
—cos(& +n+x)n—cos(& +n—x)n

Ta 1
m 1 sin(m — 5)&
E cos(ra) = —= + ——=—,
2 LI
i 2sin—«
2
3HalgeEMO

2 S )i n)cos(na) = f f(&)de f gln)in %

n-—l

sin(m — (€~ n + 9) , sintm = Ne-n-2)

sinz (€~ +9) sinz (€~ n - 2)

_sin(m = ';‘)(ff + n ) i sin(m — l)(5 +n—2z) :

sinz (€ + 1+ 1) sinz (€ + 71— 2)
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3aMiHIOIOUM B MEPLIOMY 3 YOTUPbOX MOIBIHHKMX IHTErpaiB, IO CTOSTH
crpaBa, 3MiHHI IHTErpyBaHHS £Ta n Ha A\Ta p, 1e

A=t B

OTpPUMAEMO

sin (f n+a)
i
&Rl sin(m — 2)A =)\
=5 fg yip [ f+u—2) : 2—dx.
T—p Sln§/\

ITpn npsiMyBaHHI 7, O HECKIHYEHHOCTI IMPaBa YacTHHA, SIK JIETKO Gauu-
TH, TIPSIMYE IO BUpA3y

o LT

AHAJIOTHYHUM YMHOM OGYMCITIOIOTHCS OCTAaHHI TpU uieHa. B pesyabTaTi
OTPHUMAEMO

X

237, (n)8: (n)cos(nx)=

n=1

=_1Tg(ﬂ)[f(x—u)+f(2n—x—u)—f(u—X)-f(ﬂH)]d#-
4

3BigK¥ BUILUIMBAE

——Zf )9, (1) cos(nz) fF (z — wG,(n)dp = ——F(x)*G( i

n=1

Kopucryrounce Teopemoro 0GepHEHHs, 3HANAEMO

[ E(@) * G,(@) cos(ne)dz = ~2F(n)g;(n) -

3ayBaxuMO L€ pas, IO CHIBBIAHOIIECHHS Mae Maicue Jmiie i QyHKLiH
f(z),9(z), mo 3anoBonbHAIOTE YMOBH Hipixie y intepsan 0 < z < 7.
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Ilepemeopenna Xankensa 3i CKIHUEHHUMU MedHCAMU

3 Teopil ¢yHkuiit beccens nobpe Binomo, 1o Ao GyHKUis f(z)3a-
JI0BOJIbHSE yMoBM Jlipixie y iHTepBami 0 < z < a, TO DS

2 RACHE
Z A

A€ a, BU3HAYAETHCS iHTCFpaJIOM

o, = [ af(a)],(a8)do (720)

Ta cyma GepeThCs 10 BCiX AoAaTHiX kopeHsx dynkuii J,(a,) , 36iraetb-
cs 10 CyMH -;-[ f(z + 0) + f(z — 0)] . Lle cTBepakeHHs MOXHA 3amucaTy
y BursiAi popMyiu oGepHEHHs! U1 EPETBOPEHHs XaHKeNs 3 CKiHYeH-

HUMHU MCXaMH

a

JUf@) = [af(z),(@8)dz = F(&) nraoniich

0

ne J mo3Hauae orepartlito 00epHeHHS Ul NepeTBopeHHs XaHkensa. Pop-
myna (7.21) cnpasemiuBa s Oyap-saxux ¢yHkuin f(z), mo 3ag0BoJIb-
Hst0Th yMoBaM [ipixie y 3amkHyTomy iHTepBaii (0, a).

Teopema. Axwo f(z) 3adoeonvuse ymosam [ipixne y inmepeani
(0, a) ma it mpancgpopmanma Xanxens 3 CKIHUCHHUMU MEHCAMU Y YbOMY
iHmepeani BU3HAYAEMbCA 3G OONOMO20K) CHiBBIOHOUIEHHS.

T(&) = [af@V, (g )dz

de & — KOpinb MPAHCYEHOCHMHO20 DIBHANHSA
J,(a&) =0, 722)

mo y KodcHitl mouyi inmepeany (0, a), 6 saxuii pynxyis f(z) Henepepsna,
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Bt
=27 T ee)r e

Oe cyma bepembvca no 6cix 0odamuix Kopenax pighanns (7.22).
OcobnmBo BaxIuBMH BUNAZOK Mae Micue, konu u = 0. Kopucryro-
YUChb PEKYPEHTHMM CIIBBIJHOIIEHHSM st (yHKiN Beccens, 3HaiinemMo, 1mo
Jo(@) = =J,(2),
TOMy y BUnaiaky p = 0 psapn (7.23) HaOyne BUrIsmy
Jo(28)
e )= e 724
S LT ey

Y Teopemi oGepHeHHs napamerp ¢, 1o BXOJMTb B O3HAYCHHS TpaHCHOP-
MaHTH XaHKesl 3 CKIHYEHHUMHU MeXaMu f,(€,), € PO3B’I3KOM TPaHCLeH-
AEHTHOTO piBHAHHSA (7.22). IHmmi, Ginblu 3araibHMiA, BUTIIAL TIEPETBO-
peHHs1 XaHKess 3 CKIHUCHHUMY MeXaMH MOXKHAa OTPMMATH, SIKIIO B O3HA-
deHHi (7.21) BubpaT £ K KOpiHb TPAHCLEHAEHTHOTO PiBHSHHS

£J.(a€) + hJ,(a&) = 0.
s TpaHCOPMAHTH TAKOTO TUILY iCHYE TEOpeMa OOEpHEHHS.

Teopema. ko f(z)3adoeonvnsic ymosu Hdipixne y samxruymomy
inmepeani (0;a)ma it mpancopmanma Xankens 3 CKiHUEHHUMU Medca-
MU BUSHAYAEMbCA 34 0ONOMO2010 DI6HOCHII

a

7 fmf(z)J” (2€,)dz,

0

de £ — KOpinb MPaHCYEHOEHMHO20 DIGHAHHA

§J.(&a) +hd, (&a) =0, (725)
mo y KodcHitl mouyi inmepeany, Oe f(z)Henepepeua,

Ll 2Zh2 53[7(5_) 2o (zﬁ)] i

de cyma bepemvcs no 6cix 0odammix Kopeusx pisusnna (7.25).
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VY Bumaaxy, komt p = 0, pan (7.26) HabyBae BULIsLY

il &) Jy(a€)
Z[h2+£2][.}( S

ne cyMma GepeThbesi MO BCIX JAOJATHIX KOPEHSX PIBHSIHHS
Jo (gia’) 7 5;‘]1 (Eia)'

VY 3aranpHOMY BUMAAky psia (7.26) MOXHA 3aMUCaTH Y BUIJISI

2 ) 5)

,1+ 52_ /Q[hJ,

VY BignosigHoCTi 10 piBHAHHS (7.25) OCTaHHIM Pl MOXKHA MEPE3aNUCATH
TAKUM YUHOM:

fw =—

L (&) Ju (7€)

o) — b (7.27)
7 1+[§2 ] 2 [ (a€,)]
Je cyma OepeTbesi Mo BCiX OAATHIX KOPEHSX PiBHSHHS
£J. (Ea
J,(a) = ——‘,S ). (728)

Koau p y Bupasax (7.27), (7.28) npsiMye OO HECKIHYEHHOCTi, TO BOHHU
MEPETBOPIOIOTECST Ha Bupasu (7.23), (7.22).

JBi TpancdopmaHTi XaHKeNs 3 CKIHUEHHUMU MEXaMKU BUKOPHCTOBY-
I0TBCSl y BUNAAKaX, KOJM X 3MIHIOEThCs y iHTepBani (0, a). Skuo 06-
JacTh 3MIHM 3MIiHHOI X HE BKJIIOYA€ TOYKY HyJb, TOOTO X HAJEXKUTh
iHtepany 0 < b £ x < a, TO NOTPIGHO KOPUCTYBATUCS APYTMM THUIIOM
NEPETBOPEHHS, LL{0 O3HAYYETHCS PiBHICTIO

a

Fu (&) = [af @[], (s€)G, (a&) - G, (€ ), (a€ )]dz . (79)

Y wi# pisHocTi yepes G, (z) mosHaueHa ¢yHkuis Becens apyroro poay
nopsiaka g . Jnst TpaHchOpMaHTH TaKOro THUILy iCHYE TeopeMa OOEpHEHHS.
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Teopema. Axwo f(z) 3adosonvusic ymosu [ipixae y obnacmi
b <z < a ma akwo it mpancgpopmanma Xanxens 3 CKiHUCHHUMU Medica-
MUy yiei obnacmi GUIHAYUAEMBCS CNIGBIOHOUIEHHAM

a

HIf @)1= F4(8) = [of @[J, (56)6, (0 ) - J, (a8 )G, (a5, ) o,

8 AKOMY & — € KOpeHi mpaHcyeHOeHmHO20 DIGHAHH:

J.(§0)G, (§a) = J, (£a)G, (&b) = 0, (7.31)

mo y kooicuitt mouyi inmepsany (b, a), 6 akuti gyuxyia f(z)nenepepena

_ 260 (60)Fn (& ] P
f<w>—Z#(£i) ACS [J )G, (a&;) — J,. (&) G, (2€)]

NpU4OMy NiOCYMOBY8AHHS po3noec10c)9fcy€mbc;t 1o 8cim 000amuim Kope-
Hsam pigusanns (7.31).

Bnacmusocmi nepemeopenns Xankens 3i cKinueHHuMu Medcamu

Bumapnox 1. ¢ — xopiub piBHAHHA (7.22). Hal6inbu yacto 3yc-
TPIYAETHCsl BUNA/IOK, KOJIM NMApaMeTp ¢, IO BXOAWTH 0 o3HaueHHs (7.21)
TpaHcopmantu Xaukens J, [f(x)], € KOPiHb TPAHCLEHAEHTHOTrO PIBHAHHS
(7.22). TTouHemo 3 PO3IIIIAY BIACTUBOCTEH MEPETBOPEHHS L[LOTO THITY.

IuTerpyroun mo yactuHax, 6auyuMo, IO

f L (E2)de = [of >, (€2)] —[f(x)%[aﬂ“(xgi)]dm. (132)

SIxwo mpunyctuTy, Wo p > 0, T0 [zJ, (2§, )] MEPETBOPIOETHLCA B HYIIb
mpu g = (, @ TOMY WO ¢ — KOpiHb piBHsHHS (7.22), To [zJ, (£, )] me-
PETBOPIOETHCS B HYJIb NMPH 7 — g . 1OMYy nepiumii Bupas y (7.32), wo y
KBaIpaTHUX JyXKax, JOpiBHIoe Hymro. [Hami, maemo

287, (26,)] = J, (2€,) + 6271 (2,).

3 BnactuBocted ¢yHkui Becens maemo

2£ix‘]l/l (xsz ) = wgi‘],u—l (zgz ) o xéi‘]uﬂ (:Bgz ) ’ (7.33)
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3 Apyroro 6oky

2, (gzm) 5 xgiJ;L—l (:Ef ) + z€J S| ( 3 )

Ta, TAKUM YHHOM,
4 _ & & 734)
E;[z“]u (xfz )] & ’Q—u(“ 5§ 1)3:‘]“—1 (Ifz ) e ﬂ(:u' -1aJ p+l (z€ ) (.

IMincrasnsroun Bupas (7.34) po (7.32), 6aunmo, wo mpu p > 0

dftrure .
J"(E;)_Eﬁ[(“_l)‘fuﬂ(f) PRSP G5

AHaNOriYyHO BUBOJUTHLCS CIIBBIJHOLLIECHHS
2uff(z)J,L(x§)dx = gifzf(m)Jﬂ_l (€ )dz + Qfxf(a;)J“H(mgi)dx
0 0 0

K€ B IO3HAYEHHSX, 110 BUKOPHUCTaHi y Bupasi (7.35), MoxHa moaaTu y
BULJISAMI

3
wr (L) =S, +,0) 730

Sxwo B criBBigHOWEH X (7.35), (7.36) f3aminuTH Ha df /dr Ta ckia-
CTH iX, OTPUMAEMO
af af
J[L+1 (d.'l;) J/L 1 (dm)

7 d’f g 1.4f /7 -k ¢
Eldrtisnzidog. 20T

Bupas y niBiii 4acTHHI OCTaHHBOI PIBHOCTI MOXHA OTPMMATH i iHIIUM

LUIAXOM. IHTerpyroun nepiiuii WieH Mo YacTUHAX Ta 3aIULIAIOYM APYTUii

yJieH 06e3 3MiH, 3HaiIeEMO

(7.37)

Ilepumnii uneH B LIbOMY BHpa3i 3HUKAE, a APYTHi [OPIBHIOE

—gf J. (w¢,)d

Ta MiCJs IHTErpyBaHHS MO YacCTHHAX Jae
—gaf > J)(a&) + & [ feo[ae ) (s€) + T (a6 ) ha.
0

Hani, xopuctytounch Tum axtom, wo ¢ynkuis Becens J,(z€,) 3ano-
BOJIbHSIE AudepeHIiaibHe PIBHSIHHS

2

J"(zE) + iJ,i (z€) + [1 " —H—.]JM (2£) =0,

l‘fi 1_2&‘2
0auumo, 110
PFEF e e o
f[w—}_:cd:c &’ ] i
= —a§,farJ, (a&,) — §ffa:f(w)],, (€ )dz,
abo

J[dz_f+1df uf

Wde zdr @ g

] ~agfJi(a6) = €1, (f). g3

OcobnuBo BaXIMBI 1i pe3yabTaTH y BUMAAKy, Koau p = 0. Skuwo y
(7.35) pu =1, 3HainemMo

L(L)=-e2.. (139

AmnanorigHo, ko y (7.38) u = 0, TO KOPUCTYIOUHChH PiBHICTIO

/ P
Jo 2 = —J (2,
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OTPUMAEMO CIiBBiTHOIICHHS

dzf 1df 0 2
JO[WJF;E] = ot fear i (at,) - &, (). (740)

Tomy, sxiio 3 yMoBH 3ajaui Bigomo, o (yHKUisA f(a) ZOPIBHIOE HYIIO,
TO

= —€J,(f). (741)

NETRY
i

Inoni motpi6HO 3HaTH TpaHchoMaHTH AesIKMX MpocTx dyHkmii. Hampuk-
JIad, BigoMo, 110

a

p+1 .18 11
fx J,xrdz = o JMl(a).

0

1 TAKMM YMHOM, SIKIIO B3ATM Y JIiBifl YacTuHi inTerpana z = {r,a = {a,
OTPUMAEMO

8 a/t+1
f(’l‘” )TJ/L (gir)dr A TJ[PFI (afi ) 5
0 7
OcTaHHsI piBHICTb MOKA3yE, IO
;t+1
J, (z") = : ”H (at,), (742)
a TaKoX
J o> = %(ZJI (a,), (%)

Jie ¢ — craja. AHaJOriyHO MaeMo

% 2

J (@ =a*)zd, (62)ds = 553, (60) - T, (g0).

0

ToMy wo ¢ — KOpiHb PiBHSIHHS, TO APYTM YiIEH MPaBOPYyY MEPETBO-
PIOETBHCSI HA HYJIb, TOMY
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Jy (¥ =a? Y=o (at,). (744)

Haini, y 383Ky 3 THM, LIO
d B J,,(az) -+ e J az> + (o’z® — p?)J, caz> =0
Ta
2

e (&2) + 2T, (62) + (€28 — ), (E2) =

mic/isi MHOJeHHs nepuioi pisHocti Ha J,(§z), a apyroi — na J,(az)Ta
TICJIS BiAHIMAHHSI OTPUMAEMO

(ol & )zl camJ (Ex)=
d
4 |

InterpyBanns no « Big 0 40 @ 3 BpaxyBaHHSM TOrO, IO J,(&a) nop-
IBHIOE HYJIIO, [a€

d
Jﬂ(az)%,],( z)— (§z) J(az)

(a® — {f)foH(ax)Jﬂ(Ezm)dx = &alJ, candJ) (£a),

3BIJIKU
rJ, cap a
zJ &z )dr = e a
OJN(aa) l( ) a §2 l(é- )
ITo-iHwomy,
J,, oz g
T i (8a), (745)
J

a B OKPEMOMY BHIA[KY

T 251_(1512 J,(&a). (746)

a

7 [Jﬂ(a:c)

°|J, caa>
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Sximo y Bupasi (7.43) ¢ = 1Ta micas BigHIMaHHS OTPUMAaHOIO BUpa3y
Bi (7.46) OCTaTOYHO OTPUMAEMO
Jo caad J, (§a)a
. 0 Lo -— _#___ 3 (747)
J, caa> 51(1_&2/@2)

Bumnmapngoxk 2. Hexait ¢ -xopenb piBHsuHs (7.25). Pesysnsraty, mwo
AHAJIOTIYHi O OTPUMAHMX BHILE, CIPABEMINBI IS TpaHChHOPMaHTH XaH-
KeJst 3 CKiHdeHuMHU Mexamu (7.21), xonu mapametp &, U0 BXOAUTB [0
O3HayeHHs Wil TpaHchOpMaHTH, € KOpeHeM piBHsAHH (7.25). Posrnsanemo
JMILIE OJHY 3 BIACTUBOCTEH 1ii€i TpaHchopMaHTH. SIK i MpU OTpUMaHHI
criBBigHoeHHs (7.38), Maemo

j:x[ix{ i%}o (éi‘x)dx e

=[x%10(§,. JeEal (2 ]0 gjxf (xW, (&x)dx.

Bupas, o MICTUTBCS Y Ay)KKaX, 3HUKAE MPH MiJCTAHOBLI HWKHBOI MeXi.
Ilpu mifcTaHOBI BEpXHBOI MEXI OTPUMAEMO

“51‘](;(‘15,> 7 hJo(a'f,,)’

TOMy WO § — KOpiHb piBHsHHA (7.25). Tum camMuM MOKa3aHo, IO SKLIO
¢ — KxopiHb piBHAHHA (7.25), TO

J(3;f+—1——g—£]-a<]0(a§)(df+hf) G, e

Lle cniBBigHOLIEHHS MMOKA3YeE, TIPU SIKUX 0OCTABMHAX MOTPIOHO KOPHUCTY-
BaTucs TpaHchopMaHTamu XaHKeN s 3 CKIHYeHUMHU MEXaMH, 110 BU3HAYa-
IOThCsI 32 JIOTTOMOTO0 piBHSHD (7.21) Ta (7.25); a came, sxuwo f(z) BU3-
HayeHa y iHTepBajgi 0 < z < g Ta SKIIO

g

+hf =0 OpA 3 = q; (749)
dz
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&f  1df _
()[W+_d_J é ()(f)' (7.50)

Bunanoxk 3. & — xopinp piBusuus (7.31) dis 3aCTOCYBaHHS
TEOPEMU MU MOBUHHI MATH CIIBBIAHOLIEHHS, L0 aHAJOTIYHE CIiBBiAHO-
weHHo (7.38). InTerpyrouu mo yactuHax, OTPUMAEMO

a

J o7, ()6, (a6,) = 7, (08,6, (a6 )| T2 + 2L ) =

5 dx

= ~¢ {af @[, (66, (&) — J, (a&)GL (a8, )]} +
w6, [ {ar o> 171 (266, (06) = 7, (a8 )6 (a6, +
+F]T(5)G, (a€,) - J, (a8 )G (35,)]} da-

Jarmi MoXHa MOKa3aTH, IO

' / Iy
(&), (60) - CLED), (60) = o od . 30

TOMy WO 5K J Ta (G, € pO3B’s3Kamu piBHsAHb Beccens, To

[z{%+lﬂ][‘]ﬂ(‘r€i)Gﬂ(a§i) (a,f ) ”(mf )]

T dr

- j:‘[';t—z =4y }"fm)[‘]u(z{i)Gu(a@)—J‘L(agi)Gu(xé)]dx It

A

Jﬂ(gb)f(b)~f<.a) (1.31)

OTxe, B O3HAYCHHSX, [1[0 BUKOPHCTaHi y piBHOCTI (7.30), MM MaeMo

2f ot u) N
H s o B L
[ i T my

tldr. rdricas

J(b)— Feor— EH L (f). (5]

Sxwo f(z)3Hukae npu ¢ = a Ta v = b, OTPUMAEMO

d’ ;
o [_f+lﬁ_£g] _ en 159

Bldes zds | =z
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VY nopaneioMy Oyze BUKOpUCTaHa TpaHc(OpPMaHTa LBOTO THUITY (YHKLIT

(2’ — a®)/x . 3 Tabnu4HMX iHTErpayiB MOXHA JIErKO BUBECTH, LIO

[ = a)d, () e =z (223, (62) - £ (= = )7, (g2)] . 058

Hani, 3 ypaxyBaHHsM, wo ¢yHkuis Beccens G, 3am0BojbHAE Ti cami
PEKYPEHTHI CMiBBIJHOIUEHHS, 10 1 yHKLisA J, , 3HakaEMO

a

; 1 o
f(ml el )Gl (Szw)dx i ?[21‘01 (flw) el €i (I2 i )Gu (gzx)]b LY
0 7
ITomHoxuBIIM crniBBiHOWEHHA (7.54) Ha G ({a), a CHiBBIIHOUIEHH:
(7.55) na J,(,a), nicis BiJHIMAHHS OJHOIO Bij iHLIOro 3HaiIEMO

f(ﬂ” —a*)[J,(£2)G, (&a) — G, (&2)J, (§a)]dz =

= gaz [7,(€0)G, (&a) — G, (£b)J, (&a)].

Kopucryiounch peKypeHTHUMM CITiBBiJHOIIEHHSIMU

Jy(&0) = J/(&D) + 75 J,(6), G, (€D) = G{()) + =G, (£D)

§b ! §b

Ta BPaxoByiouu, wo ¢yHkuii J (£b),J,(§a),G,(£b),G (5 a) 3a00BOJILHS-
10Th criBBigHOUIeHHs (7.31) Ta (7. 51), OTPUMAEMO DIBHICTh

[ (& = a5, (62)6, (6a) - G, (62) 7, (ga)]dz =
‘-a? J(é:a)
b§2 JED)

SKy B IMO3HAYEHHSX, 110 BUKOpucTaHi y (7.30), MOKHA 3anucaTy y BULIIAMd

s et 7 R e (EH)

o e
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§ 8. MMincymoByBanusa caa6030ikHMX
paniB Ta iHTerpajis

3 GopMyaH CyMH WIEHIB T€OMETPUYHOI MTPOrPECii BUMIMBAE

b Lq @8.1)
=0

TTMX

q? =-In(l-g), (82)

Y ke 83)
k=1
zk2qk ) q(1+q3) : @4
o (I-9)
[Mincrapnsiroun 1o Gopmyin (8.1) — (8.4)
g= e (4HB) *
OTPUMAEMO
ie_k( A+iB) _ eA —cosB—isin B (85)
o 2(chA—cos B)
Zle‘k(’”"ﬁ) = —iln(l S i o) s B)— iarctg-ASlLB—, 8.6)
ik 2 e’ —cosB
i feo-kAiB) _ chA-cos B—1—ishA-sin B
2(chA—cos B)? &
i IRk A+B) _ shA chA- cos B—1-sin? B] sm B{chA-cosB—1- sh? Al
2(chA-cos B)? 2(chA-cos B)® @ 8')

Posnoninioroun mitficHy Ta ysiBHy yactuHy B (8.5) — (8.8), oTpumaemo
dopmyu:
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e’ —cosB

e MooskpraleTal o Hip
2(chA—cos B)

sin B

e P ERkB =
2(chA —cos B)

ke ™™ coskB = e
2(chA—cos B)

DMe TN T T 2DV DR

ke ™™ sin kB = Lo
" 2(chA—cos B)?

=
1l

AHaJIOTMYHO MpY OOYMCIIEHH] iHTErpaiiB BUXIIHUMU € HOPMYJIN:

—qt = =
J. odp= J-e—dt =-In q,Jte_q'dt =—

q

Hicns mincranoBku (g = A +iB ) NPUXOOMMO /IO TAKHMX iHTETpasiB

A—iB
G

o~ AHBN _ ot

—  dt=-InJA*+B® ——iarctg%,
t

—(A+iB)1dt s

°

A —B°—2iAB

te—(Aﬂ'B)ldt L
A Ea)

e 8 Ot § oGS

Posniopinioroun JificHy Ta ysBHY YaCTHHY, OTPHUMAEMO:
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L & 2
Ze kAcoskB=—%ln(l+e Gy AcosB),
—lﬂe‘kA sinkB = arctg ARG 5
k e” —cosB
chA-cos B—1

5 A % paag
i cothdt:—-z—z,Je A" Sin Btdt =
A“+B .

ARt

e McosBt—e! 5

Ll 4
t

T t B
—lln(A2 + Bz),'[e"A’ sin Bti =arctg— ,
2 . t A

By AT-B2 f
te cos Btdt = (A—Z—B—Z-)—Z—,J'e sin Bt - tdt =
ol

2AB
(ARBY)

Ot Ot O

3asoanns oas camocmiiinoi pobomu

1. JdoBecTu:

T + A
! Ie"”" sin(gx + A)dx = __—q S o

0 P’+q

bt

)

pcosA—gsin A

2. |e ™ cos(gx+ A)dx =
g 2

o 2 2
3. J.e'B"(l—cosAx)ix-=l o .
i Satan)

BZ

B2 2
4. je‘”" sinyxsinax£=lln-——2-i(—aﬂ)—2,
0 x4 B +(a—9)
= B2 2
5 Ie’ﬁ’(cosAx—cosBx)ix-=—l 2+ﬁ
0 XD A ﬁ
T A4B
6. Je‘ﬁ" (sin Ax —sin Bx)éx— = arctg (—~—)g,
0 x AB+f
7 f(l—e"‘)cosxgx—zln«/i,
o T
o j—wswdoc In|t|~InB,B>0,
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o ) 21 ano
9. Jt"‘e"“ cos Btdt = % A0
0 (A +B“)
2. O6uncanuTH
= g i B
1% '[ cos Bxdx, J sin Axdx,
0
e s oA
3 J.e—+ sin Axdx, 4. J(e’ﬁ" —e " cos Bx)g-,
0 X 0 X
5 je"" sin® Axcos Bxdx, 6. Ie"’" sin® Axsin Bxﬂ,
0 0 X
T px T —-px . 2 . dx
7 Je sin Axsin Bxsin Cxdx, 8. Ie sin” Axsin Bx—,
0 0 X

0. J(Ae‘B" sin Cx —Ce™™ sin Ax)ﬂz.
. 73

3. 3HaiiTu cymy psnay

LY e ™ cos(2k +1)y,
k=0

2.2 e @D GinBk +1)y,
k=0

3 2 *cosky,

4.2 (2k + e~ cos(5k +1) y.
k=0

§ 9. 3aranpHa cxema y3arajJbHEHHOr0 METOXY
iHTerpanbHUX NepeTBOPEHb NPH HAABHOCTI
oaHoro aedexta

ITin nedexTom BBaxkaeThCst JTiHist a00 MOBEPXHsI, HA SAKiM TEPIUIATH PO3PH-
BU ab60 cama QyHKUIS u(x, y), abo i HOpMajbHa MOXiaHa A0 L€l JIHili (260

126

noBepxHi), abo i Te, i inme. Hexaii Ha KOOpAMHATHIN JiHII x=a Npu
h £ y £ hy€ nedext. JIng BUSHAYEHHOCT]I PO3IIISHEMO BUITAAKHU:
1) xonu 3a3Hae po3pUBY PO3ILyKyBaHa (bym(uiﬂ ajne 3agaHa (o[Ha-

(u(a,y)) =u(@a-0,y)-u(@a+0,y) = x(y),
ul(ﬂ‘*'O,)’) =M'(a—0a)’) = g(y)7 h] < Y < h’2>

2) KoJIM 3a3HAa€ PO3PUBY HOpMallbHA MOXiJHA, ajie 3a/aHi 3HAYEHHS
po3uiyKyBaHoi QyHkUii, TOOTO

9.1)

(W(a, y))=u'(@-0,y)-u'(a+0,y) = (),
u(a+0,y)=u(a-0,y)=g(y), < y<h,.

B o60x Bunagkax Hesigoma dynkuis X(¥) =0,y (h.hy).

IIfo6 3acTocyBaTH CTaHAAPTHY CXEMYy METOMY IHTErpajbHUX TEpe-
TBOPEHb, MOTPIOHO 0OJacCTh, Jie MOCTaBlIeHA 3aaayva, po30UTH Ha JBi
monobaacTi 3 CyMICHOIO MEXOIO MO JIiHiil x =a, A€ PO3TAlIOBAHUN [e-
dekT. ko mobymoBaHO iHTErpabHe NMEPETBOPEHHS

92)

up(® = [ Ka(v B (D, y)ay,
by (9.3)

u(x,y) = [Ry(y. Bug(v)do(B)
)
3 IPOM INEPETBOPEHHS K, (y,[3), 110 € po3B’sa3koM 3adaui Llltypma —
JliyBimns:
r(P2K3) = q:Ky = —PK,, by < y <by;

ViK,]=0,i=01

Ta rpaHruHi yMoBH (1.3) ogHOpiaHI, TO OJIsi KOXHOI 3 Migo0jacTeli 3acToco-
BYETBCS 1HTErpajibHe neperBopeHHs (9.3) Ta 3aJ0BOJILHSIOTHCS BiAOBIIHI
rpa}mqﬂi yMoBH 3 (1.3). TToOymoBaHi TaKUM YMHOM PO3B SI3KH LTS Mifo6ia-
CTeld MOTIM 3LIMBAIOTHCS 3 BPaXyBaHHSM yMOB Ha nedexri (9.1) a6o (9. 2) Sk
PE3YJBTAT OIEPXKYIOTHCS MapHi urrerpaﬂbm DIBHSIHHS. AJTe el TpaIulLiifHMiz
LIUIIX HE MOYKHA 3aCTOCYBaTH, KOJM He icHye neperBopeHHs (9.3). CximagHocri
BUHUKAIOTh 1 Y BUMAAKY, Ko yMoBH (1.3) He € omHOpimHuMu. BapiaHT, 110
Oyne BUKIIA[ICHO HWKYe, He MOTpeOye pO3OUTTS Ha IMI00JACTi Ta HAsBHOCTI
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neperBopenHs (9.3). Bin 6a3yeThcsi Ha iHTErpanbHOM nerepBopeHHi (1.4)
MO 3MIHHIA X, IO 3MIiHIOIOEThCS Y HANPIMKY, LIO nepeTrHae AedeKT, Ta
CKJIAIA€ThCS 3 TAKMX OTepallii.

JloMHOXMMO piBHsAHHS (1.1) HA MHOXHUK r]_l(x)K,(x,Ot), ajie iHTerpy-
BAHHs M0 YaCTMHAX MPOBENEMO HE Ha BCbOMY IHTEpBaJli 3apa3, a Mmicis
MOMEPeIHbOTO PO30OUTTS iHTEpBaJy IHTEPryBaHHs Ha [Ba: (ay,a)Ta
(a,a)) . SIx pe3ynabTaT OTPUMAEMO:

a ( q, a, 7
J.K](p]u,)/dx :jKl(plu’),dX'*' ‘[Kl (pyu,) dx= N“ et J Kl (pIKl )dx+

a4y dg i

+n0[u'(a—0, y)—u'(a+0,y)]—n, [(@=0, y)—u(a+0,y)] b y=h:

ny =ng(a) = pl(@)K(a,&), n =na)=p(a)K{(a,a) . 9.4)

Tyr N, BusHavaetsca popmynoro (1.6).

SIK1O U1 BU3HAYEHOCTI BBaXKaTH, IO Ha aedexTi peaizoBaHa yMo-
Ba (9.1), BpaxyBaru, mo B yepe3 (1.2),(1.3) N, =0, a Takox (1.7) Ta
(9.4), To oTpUMaEMo:

l?“a =—r2—l(fa —”1%)1’0 SIS bl 3 (95)

Lle piBHsIHHSI pa30M 3 'paHUYHMMM ymoBamu 3 (1.8) Oyzae Bu3Ha4aTH
OIHOMIpHY KpaHoBy 3amauy ajsi TpaHchopMaHTH u,(y). Popmyia st
O3B sA3KY L€l KpaitoBoi 3afayi HaOyne BUIJIsLY:

y
—ug(Y)=m j

hy

Gulp M G Sy
A

’”2(77) b rZ(n) j=0

Haui, BukopucroByroun Gopmyiy odepHenHs (1.16), orpumaemo yss-
JIeHHs wykanoi GyHKUil wu(x,y)depe3 HeBinomy ¢yHkuito ¥(y). Tenep
HEOOXIIHO BUIUIMTH HEPABHOMIPHO 30DKHI IHTErpajy Ta psiiy, L0 MiCTSTh-
Csl B LIbOMY YSIBJICHHI, Td OTPUMATH JUIsl HUX 3aMKHYTI BiJHOLIEHHs, MiC/s
4yoro oTpuMMmaTH BUpa3s mis u'(x,y). HacrymHa migcraHoBka 3700yTOl
MOXigHOT B 1€ HepeaizoBaHy Apyry ymoBy 3 (9.1) Ha medexti npusesne
J10 IHTErpajibHOTO (SIK MPABMJIO, CIHT'YJISPHOTO) PIBHSIHHS [UISl BU3HAYEHHS]
dyukuii X(y). TTokaxemo lie Ha Takii 3agadi.
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Anmunnocka 3a0aua Ona NPYIHCHOI NIGNAOWUHI 3 MPIUWUHOIO
ma JHCopCmKUM 6KAIOUEHHAM

Hexaii y npy>KHOMY HiBIPOCTOPi (—oo < x,z < oo,y 2 () 3 BiIbHOIO BiJ
HAMpyXeHb FPAHUIEIO € TOHKE )XOPCTKE BKIIIOUEHHS y BUTJISIAI MOJOCH:
0< y <bh,—o0 < z < oo, 1[0 PO3TAILOBAHO y TUIOMHI x =0 . [ToTpibHO BU3-
HAYMTH TOJIE 3MIIlIeHb Ta HaNpyXeHb, SKIIO 10 30BHIIIHBOTO KPAKO BKIIIO-
YeHHSs JoJJaHe PIBHOMIPHO PO3MO/IiJIeHE 3CyBHE (TOOTO Te, 110 i€ y3T0BK
Z) HaBaHTaXXECHHsI iHTECUBHOCTI Tj. TyT MOXHAa BBa)XaTH HEHYJIbOBUM
TiIbKY 3MILLIEHHST w = w(x,y) Y3[OBX Bici z (aHTHIUIOCKa AedopMaliisi), 3
HanpyXeHb OyAyTh ICHYBaTH TUIbKU JOTHYHI HANpPYKEHHS:

7,, =Gw",7,, =Gw ,G — MOLyIIb 3CYBY. (9.6)
3dopMynpoBaHa 3ajlaya €KBIBAJIEHTHA OO TaKoOi 3amaui:
ww™ =0, |x<eo,y>0w (x0)=0, ©.7)

0py BOMY piBHSIHHSA Jlamyiaca MOBUHHO 3aI0BOJIBHSATHUCS BCIOAM, KPiM
obacti, U0 € 3aHATa BKIIOYEHHSM. IIpu mepexofi uyepe3 BKIIIOUEHHS
NOTHYHE HAMpYyXeHHs 7, 3a3HA€ PO3PMBIB, a 3MIllEHHs HETNEPEPBHI Ta
IOCTIiHI, TOOTO

(1.0, =G(W(©0,»))=x(»), x=0, y2b, 9.8)
w(0,y) =const, 0<y<bh.

Lli ymMoBM Ha BKJIIOUCHHI € aHanor ymMoB (9.1). IIlo6 oTpumaTH aHajior
yMOB (9.2), MOTPiOHO BKJIIOUEHHS 3aMiHUTH Ha BiATOBIOHHMIA PO3pi3 (IO-
JIOCOBHIHA TpillMHA). SKIIO HAa Kpasix po3pi3y HoAaHe OJHAKOBE IO
3HAKY Ta BEIMYMHI MOCTiiiHe JOTUYHE HABAHTAXEHHS T, =T, TO 3aMiCTh
(9.8) 6ymemo matu:

(w 0,9)=0(), 0<y<bh, 9(»)=0, y2b, ©99)
GW(-0,y)=GW(+0,y) =7, 0<y<bh.

B po3risiHyToOMy BUIIAAKy pOJib iHTErpajbHOTrO neperBopeHHs (1.4) Oyne
BUKOHYBaTU nepeTrBopeHHss Dyp’e.

IMoMHOXuUMO piBHsAHHS (9.7) Ha ¢'* Ta MPOIHTErPYEMO MO YaCTHUHAX
OKpeMo Ha iHTepBajiaXx (—o0,—0), (+0,00). CTOCOBHO MEPILOIO J0JaTKa
151 OTepallisi MPUBOIUTH 10 . pe3yIbTaTy:
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s
j +j "¢ dx = (w(0, y)) il w(0, y)) — 2w, (1),

—oo 40
Ta 3a popmynamu (9.8),(9.9) wst TpaHchopmanT Dyp’e OTPUMAEMO OLHO-
MipHY KpaHoBy 3ajauy
We (N =0wa ()= £ (1), 0< y <o w (0) =0, 9.10)

ae  f(y) =—G”'x(y)y BHUMNAJKy BKIIOYEHHs, ToOTO (9.8), Ta
f(y)=iop(y)y BUnmaaxy tpimuHy, To6T0 (9.9).
CrniagHa Ha HeckiHYeHHOCTI GyHIameHTanbHa GyHK1s piBHsAHHS 3 (9.10)
BU3HAYAETHCS (POPMYIIOIO
-l

d(x,8) = —W

@yukuia I'pina G, (y,n) kpaitoBoi 3agadi (9.10) moBMHHA 3a0BiIbHS-
TH yMOBi G, (0,7) =0, oTOX 1i MOXHO NMOGYAYBAaTH Yy BUIJISAI MPOCTOI
KoMOiHauii 3 pyHaaMeHTanbHOI QyHKIT, TOOTO
ol o Al

2o

©.11)

Gy (y,m) =@(y.m) +D(y,—1n) =

Takum yuHOM,

b

b
o) = [[@0.m+®(-mrmdn = [@(y,m)fmyan
0 -b

TyT BpaxoByeTbcs, 1110 MpaBa YacTvHA B piBHsHHI (9.10) HopisBHIOE HyIIO
npy y > b, Ta NPOBEACHO 1 MPOJOBXKEHHsI MApHUM 00pa3oM Ha Bix’€MHI
3HAYEHHS ApTYMEHTY.

OTxe, y BUNAJIKY JKOPCTKOT'O BKJIOYEHHS

ey

x(mdn .
e

Gw,(y) = je

AHaIOrMYHO y BUIMAJAKY TPILMHU OyaeMO MaTH
b el

2ilor]

sgn(y )

‘(mdn .
= el

o (y) = j pmdn =——
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IIpu OTPUMAaHHI OCTaHHBOI PIBHOCTI OyJO BUKOHAHO iHTErpYBaHHs IO
4acTMHAX Ta B3ATO A0 yBaru, wo @(b)=0.

Hesiznomi dyHKLUl, 3aBASKH 3p0OIEHOMY NAPHOMY MPOJOBKEHHIO MPa-
BOi yacTiHU piBHAHHA (9.10), MOBMHHI OyTH MApHUMHM, TOOTO

lx (=n). 0 (=) =|x ()0 ()] . 9.12)

O6epraroun 3100yTi TpaHChHOPMAHTH, 3HANIEMO

faly-ni
Gw(x, y) = j x(n)dn— j —“’S“’&i

9.13)

- 2 o ely-nl g
; Iire sin ox
w(x.y) == [@'man—— [-——"2dq
ih 2m ) osgn(y =)
OcranHi#t iHTErpar po3paxoByeThCs 3a AoroMororo (opmymu I'P 3.941(1),
OTXe€, y BUMAAKY TPILUHU OTpUMaeMo GHopMyy Ui 3MillleHb

b
w(x,y) = L jarctg X o'(M)dn. 9.14)
2 £y y—1n

VY Bumajky 3amadi Mpo BKJIIOYEHHsI 3MIllIEHHsI BUPAKAIOTLCS Yepe3 po36-

DxHU# iHTerpai. Lle moB’si3aHO 3 TUM, 1[0 3MILIEHHS Y TPY)KHiA MiBILIO-

IMHI MOXXHA OTPUMATH TUIbKM 3 TOYHICTIO [0 aUTHUBHOI cTayoi. Tomy,

IUISL TOTO, 1100 M036aBUTHCSI PO3ODKHOTO iHTErpasia, MOTPiOHO TepenTH

260 10 MOXigHOI Bif 3MillleHb, a60 10 BiZHOCHUX 3MILLEHb.
Hanpuxitaa, kopuctyrouucs nepioro dopmynoro 3 (9.13), otpumaemo

o0 cos e — ey dr
o

b o
1
G[W(x, Vizt W(0,0)] = JlX(n)dnEJ‘ (e

— 30DKHUIA IHTerpal TS BiTHOCHHUX 3MillleHb. Po3paxoByrour HOTo 3a JOMoMo-
roro I'P 3.951(8), orpumaemo dopmyry st 3MillieHb (y BUIAKY BKTFOUEHHS):

1
s (A nEEeonsie 9.15)
2 +(y-n)’

Kopucryuncs (9.15), peanizyemo apyry 3 ymoB (9.8) Ha BKIIOYEHH,
110 MPUBEJE OO0 PIBHSIHHSA

! b
Gw(x,y) =— Jln
4 by
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J.ln x(n)dn const, |y|<b, (9.16)

PO3B’130K SIKOTO BUTUTMBAE 3 BiIOMOTO CIIEKTPAILHOTO CIIiBBiAHOLIEHHs. Dikcy-
104M JOBiTBHY cTany y (9.16) 3a JOMOMOrOI0 yMOBM PIBHOBAIYM BKJIIOYEHHS

b
1
5 '[x(n)dn =1Tp,
3HAKUOEMO

my (@) = 27, (b> —nz)%~

L5 dhopmysa pa3om 3 (9.15) nae moBHUE PO3B’A30K 3aAayi MPO KOP-
CTKE BKJIFOUCHHSI.

AHAJIOTIYHO, peaslizytouu Apyry 3 yMoB (9.9) Ha TpiliuHi, 3a JOTIOMO-
roro ¢opmyiu (9.14) OTpUMAEMO CIHTYJISIPHE PIBHSAHHS

b
1 (¢ T
oy <P(n)m:_0, |y|<b,
Zo Ty G

JUTSl BU3HAYEHHS! MOXiIHOI Bill PO3KPHUTTS TPILMHKA @(y) . 3aCTOCOBYIOYU
CIIeKTpaJIbHE CIiBBigHOWIEHHS [A 12.2], 3Haiaemo

9 =25,G(b? )
IToxcraHoBKa 1Oro BUpasy y (9.14) mae moBHMIA PO3B’S30K 3a/ayi PO
TPILIKHY.
Bunaoox nepemunnux degpexmie (3azanvna cxema)

Hexaii xpim jgedexra Ha niHil x =a, € wme nedekr Ha miHil
y =h(cy < x < ¢;). [lns BU3HAYEHOCTI OyIEMO BBaXAaTH, IO HA HBOMY pe-
ami3yroThcst yMOBHU THITy (9.1), To6TO

<u(x, h)) =y(x), W@)=0, xe(cyic)

u(x,h=0)=u"(x,h+0)=h(x), cy<x<c. 9.17)

Posrisinemo kpaiioBy 3ajmauy juis piBHsHHs (1.1), ane, g y3arais-
HeHHs1, y 06MacTi:ay < x <a;,hy <y <h, (10610 [ho,h, )€ [by.5;]). Tlpn
npomy 36epexemo Bl nepuii rpaHuyHi ymoBu 3 (1.1) , a aBi Opyrux
3MiHEMO Ha Taki ABi:
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Vi [ul= Bou(x, b))+ Bru'(x,h) = Bi(x), agSx<a i=0,n. (9.18)

Hudeperiianpre piBHAHHS (1.1) MOBUHHO 3a0BOJIBHATHCS BCIOOU BCEpe-
vHi 00JIacTi, KpiM TOYOK, IO CHiBmagaloTh 3 Aedexramu. Ha nedexrax
MaroTh Micrie BiarnosimHo ymoBu (9.1) Ta (9.17). st po3s’s3aHHs 3(hopMyITb-
OBaHOI KPanoBOI 3a7iadi 3aCTOCYyeEMO iHTerpaibHe nepeTBopeHHs (1.4) 3a cxe-
MOIO, 10 OMKcaHa BULIE. SIK pe3y/IbTaT OTPUMAEMO OHOMIPHY KpaioBy 3a[a4y

Loty =15 (fy+mx), ho<y<h, y#h Vlugl=By, i=0n (9.19)

JUIs TOro X audepeHuiansHOro piBHAHHS (9.5), 110 i y BUMAAKy OJHOTO
nedexTy, aje 3 TIEI0 CYTTEBOIO PI3HMIIEIO, 10 PO3B’sI30K KpaioBoi 3aiadi
(9.19) moBUHEH MaTU CTPUOOK MPU MEPEXOAl YEPEe3 TOUKY h, 110 BU3HA-
YaeTbCsl (HhOPMYJIOIO

€
() =V Vo= [T O E W ENME, 920)
Co
siKa OTPUMaHa B PE3yJIbTATi IHTErPaJIbHOTO NMEPETBOPEHHS MEPILOi 3 YMOB
3 (9.17).
BiamnosigHo 10 BMKIIAISHOI paHillie cXeMH PO3B’s130K KpaloBoi 3aaauyi
3aMHLIETbCS y BUIIISAMI:

1
U (9)= YV (9B = Py (G5 (v, 1)~ j Ga (1) ¢ 1y
i=0

horZ()

us TGa(y,n)x(n)dn
1 B

9.21)

Tyt G,(y.n) 12 y;,— ¢yHkuis 'pina Ta 6a3ucHa cucTeMa po3B’a3KiB
KpaioBoi 3aaaui (9. 19) IMigcraBuBimn (9.21) B (9.1), 3HalaeMO LIyKaHy
dyukuito u(x, y)Ta ii noxigny. Peanizauis apyrux ymos 3 (9.1) ta (9.17)
Ha JedekTax MPUBOIWUTH 10 CHCTEMH iHTErpajbHHX DPIiBHAHb BiJHOCHO
(yHKUid y(y) 1a Y(x).

TyT MOXKHA TIOMITHTH, L0 BUKJIAJIEHa CXeMa J03BOJISIE HE TiTbKM PO3B’sl-
3yBaTH 3a/adi MY HAsIBHOCTI MEPETHHHMX AeQEKTIB, ajie i 3aCTOCYBATH LIEH
HiIXiD 10 BUNAKY, KOJIM € TUIbKM OJWH AedeKT abo AeKiIbKa, aie 3 OIHOTO
KOOPIMHATHOTO cimeiicTa. Lle Moxe OyTy Oibll 3pYUHILIMM y JAESIKUX BH-
najkax Ta 6asyeThesl BiH HA TOMY, 1O TEPETBOPEHHS! 3BEPILYETCA, K i Yy
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3BMYaHOMY METO/i iHTerpabHUX MEPETBOPEHB, MO 3MiHHiM, [0 3MiHIOETh-
csl y3IOBX MeQEKTy.

Anmunnocka 3adaua 0na npyxcHoi niGNIOWUHU ¢ NePeMURHUMU
MPpIWUHOI0 A MOHKUM GKTIOYEHHAM

PosrinsiHeMo 3arajibHy CXeMy Ha MpPUKJIALi aHTUIUIOCKOI 3aiadi mpo
)KOPCTKE BKJIIOYEHHS, 1110 PO3B’s3aHa BUIIE, ajle YCKIaJHUMO MOCTAHOBKY
HasiBHOCTIO TPIilIMHU (3 BiJIbHUMHU BiJ HanpykeHb Oeperamu) Ha
Bifpi3Ky y =b,—c < x<a. Toxi no kpaiosoi 3amaui (9.7) ta (9.8) HeoO-
XiIHO MOJATH TakKi YMOBM Ha TPilLlMHi;

(wx,b)=y(x), w=0, xg(-c,a), w(xb-0)=w"(xb+0)=0. (922)

3actocyemo neperBopeHHst Pyp’e no pisHsHHS (9.7) 3 ypaxyBauHsaM (9.8).
Sk pe3ynpTaT MPUXOAMMO OO OJHOMIPHOI KpaioBOi 3amadi (y #b )

Wy =0we () =-G'2(y), 0<y<es; wo(0)=0 (23
3 JIOBEICHHSIM TPaHC(OPMOBAHOI 3a TONMOMOTOI0 repeTBopeHHst Dyp’e mep-
moi 3 yMoB (9.22) Ha TpiluHi:

a

(wyB))=w, = je""‘éw(é)dé : 9.24)

=€

Po3B’si30x po3puBHOI kpaloBoi 3anaui (9.23), (9.24), BignmosigHo 10
(9.21), 3anuiueMo y BULJIAMI:

b
W (3) = VaGa.0) == [ Ga Mz . 029)
0

Tyr  G,(y,n)— oyskuis I'pina xpaiioBoi 3amaui (9.23), BU3HAYeHa
dopmyioro (9.11), BimnmoBigHO 10 sIKOI
2G°(y,b) = e P sgn(p— yy 4 £ HOD (9.26)

VY 3agauax 3 TpillMHAMH 3pYYHO OMEPYBATU HE 3 POKPUTTSAM TPIilLUMHH,
a 3 Moro moxigHoro. Tomy mpeobpasyemo (GopMmyiy NMEPETBOPUMO st
Y, 3 (9.24), mpoinTerpyBaBiy MO YacTHHAX iHTerpa

jw’(@ei"‘fdé =], -ia jw@e""fdé :
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3aiHTerpajibHuii WIeH TYT 3HUKAE, 6O PO3KPHUTTS TPILUMHKM MO Kpasx
JIOPIBHIOE HYJIIO, TOMY

Loyl e
Vo =—— [W/©)edt
za_E

Bpaxosyroun ne, Ha ocHoBi (9.25), (9.11) Ta (9.26) maemo

I

b a ;
L [ YO [ el .
W= __[x(n) dn J’ - x[e 5 o ]

2] o

Tyt ¢yukuis X () napaum 06pa3oM NMpoaoBKeHa Ha Bia'€MHi 3HAYEHHS
aprymMeHTa 3 BUKOpPHUCTaHHsAM dopmynu (9.11).
3a oromoror ¢Gopmy1 06EpHEHHS 3HANAEMO

b o0 ~a|y-1)|
1 1 fcosaxe
: - al—— T
w(x, y) G:[x(n) 7727%[ 7

Twerae L [sneG-Osenb-y) oo
+__[w(5)d§2nj . [ +e O lgg ©27)

ale-y]
0 (&
Hesnactusi interpamy, mwo Mictatees y (9.27), posmisHyTi y momne-
penHii 3agayi. Ha ocHOBI BHKJIaZEHOro TaM 3ammcyemMo

b
Il 1
x,y)= In dan +
W 3) = jb A

+ J v )l:arctg ;:i +arctg z;f] }Mf + const,

9.28)

b
. 1 il
3 e d T

a x_é 7 x_é '
0 ds.
J{(X~§)2+(b_y)2 +(x"§)2+(b+y)2}/(§) :

—c
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Ilicist TOro sik HepaBHOMIpPHO 30iXkHi iHTerpamu B (9.27) mepeTBOpeHi 2) CxiHueHe KOCHHYC-TiepeTBOpeHHsT Dyp’e
B MOTeHIiamu abo 1x moximni (9.28), MoxHa peatizyBaTH iHIII yMOBH Ha
nedextax B (9.8) Ta (9.22). Tyt 3py4yHO 3aMiHUTH ApPYry ymoBy 3 (9.8)
Ha Take: w'(0,y)=0, 0<y<b. Sk pe3yabTaT OTPUMAEMO CHUCTEMY

CIHI'YJISPHUX IHTErpalibHUX DiBHSHB

1. ay=0,0,=a,
2.u"+ 2 =0,'0)=u'(a) =0,

= Jf(x)cosaxdx,

f xman [ L BB B S D o

ey E4(b-y)* EMb+y) -
4.f(x)= l[f0 +22 £, cosax]or = e
a 1 a

tB-mxmdn "[wn , 26nE-x)

‘€)dE=0, —c<x<a.
_bx2+(b_n)2 _cé_x (§~x)2+4b2:|y/(6)§ c<x<a

3) IloBHe ckiHueHHE nepeTBopeHHs Dyp’e

3pobuBLIM 3aMiHy 3MiHHOT Ta pPO3OMBILIY iHTEPBA IHTETPYBAHHS (—c,a) HA
mBa (—c,0)+(0,a) , LIFO CUCTEMY MOXHA MPUBECTH [0 CHCTEMH TPbOX iHTEr-
paJbHUX PiBHSIHB, 1110 3aaaHi Ha iHTepsBaii (0,1).

OOOATOK A
Tabmuus iHTerpajsHuX mnepeTBOpeHb

l.ay=-a,a,=a,
2.u" + Au=0,u(-a) =u(a),u’(-a) = u'(a),

= -a[f(x)e""“dx,

ITocninoBHICTh PO3MILIEHHST MAaTEpiaiB B TAOIML MPUHSITA TaKa: L 2 Femi® o

. w7 a —-
1. TIpoMixOK, Ha SKOM Ji€ EPETBOPEHHS. L
2. Binnmosinua 3amaya I[lItypma — JliyBimis.
3. [IpsiMe iHTETpabHE MEPETBOPEHHS.

4. ®opmyaa 0GEpHEHHS. Hecrannaprui ckinvensi cunyc-nepersopenns ®yp’e

A. TleperBopenns Pyp’e 4)

1) Ckinuyenne cunyc-neperBopentsi dyp’e
l.ay=0,a;=a,

l.ay=0,a,=a 2.0+ Au=0,u(0)=u'(a)=0,

2.u"+ Au=0,u(0)=u(a)=0, =].f(x)simxxdx
:J.f(x)sinaxdx, : o i)
0 4.f(x)=%2fasinax,a=L2a:—)‘-
k=1

4.f(x) =32fa & oy T o
a T a
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5 J€ O/ =0 KODPiHb TPAHCLEHACHTHOTO PIBHSHHS QigQa=h ,

h

a
Oy =—+———r.
i

l.ay=0,0,=a,
2.u”+ A =0,u(0)=0,u'(a) + hu(a) =0

3

4 Hecranpaprthi ckinuenni neperBopenns ®yp’e
3.1, =_[f(x)sinaxdx,
0 0

l.ay=0,a;,=a,

4.f(x) =ZGL £, sina.
A 2.u"+ Au=0,u’(0) — hyu(0) = 0,u’(a) + Ku(a) =0,

: . 1goa 1 a ;
e =0 KOleb AHCLCHOCHTHOI'O PIBHAHHA e SInox
k s r i A f f (Dleosou + by = ds,
B a 5 h 0
T o R AT AT A ¢
2260w H?) sin o

4.f(x)= zl £, [coscux+ kg 1,
kel O

Hecrannaprni ckinvenni xocunyc-nepersopenns ®yp’e 1goa  hy+h
A€ 0 =0; KOPEHb TPAHCLEHIEHTHOrO DiBHSHHS —>— = —0 1

6) & e’ b
1.a0=0,a1=a, 0k=£(l+ﬁ)+ hO o hl af.’.hoz :
2o b hasim0.58(0) = (a0, 2. O 2000 51205 (O + %)
a 9)
Sie j F(x)cosoxdsx,
0 l.ag=0,a0,=a,
4.f (%) =£2f“ cosax,oe:———”(zzk_l). b L VT T
a PR a a L
3.f,= J' Folcosax+h 2%,
7) a
0
l.ay=0,a, =a, sin o

4.f(x) =zi fylcosox+h 1
P

2.u"+ Au=0,u"(0)=0,u’(a) + hu(a) =0

b

a
3 J. f(x)cosaxdx, J€ =0 KOpPiHb TPAHCLEHICHTHOTO PIBHSHHSA OUgoa =h ,
0

2

¢ gyl
o, =—(I+—)+—.
i o

o

4.f(x)= z-l—fa cosox,

k=1 ~k
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10)

l.ﬂo =0,al =
20"+ 2u=0,u'(0)—h u(0) =0,u(a) =0,
sinox

o

3.1, =j F(x)[cosox+h ldx,
0

sin ox

4.f(x) =zi falcosou+h 1,
k=1 Ok

A€ O =0, KOPiHb TPAHCLEHIAECHTHOIO PiBHSHHS Ig0a = —h,

g b el e
=yl = =
ik ¢ T QR 01 1+h%0;

11)

l. a,=0, a,=a,

2. 4" +u=0, u@=0, u'(a)+hu(a)=0,
3. fp =] f(x)sinauxdx
0

= (! +#a’)sinax

4 F0=23

ais (ul+hna’)+ha >

= ﬂ—,, e ha
o= e 0 — KOpeHi piBHSHHS CIgU=——.
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12)

L g =0."a =a,

2. 0 +Au=0, W' (0)=0, u'(a)+hua)=0,
i =Jf(x)cosaxdx’
0

2 & (1) +h*a*)cosax

4. f(")zz,.gr (u2+h’a*)+ha ">

o=t , M, >0 — KOpeHi piBHsAHHs CI§H =%.

g
13)

l. a,=0, g =a,

2w +2u=0, W' (0)+hu0)=0, u@)=0,

3. fo =[fO¥(@D)dx,
0

Y(ax) =cxacosax+ahsinax,

g i Y(ox)

4. I aiz (u: +h2a2)+ha e

_H, il ha
o ST W, >0 — KOpeHi piBHSHHS cig =——.
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14)
16)

Ia=0. a—a:

1. a0=0, a =a,
2. W +2u=0, u'©)+hu(0)=0, u'(a)=0,

2. u +2u=0, W) +hu©)=0, u'(a)+hu(a)=0,

3. £, =[f@¥@ndx, )
0 3. fu = [fD)¥@x)dx,
0

Y(ax) =aacosax+ahsinax

o sk

Y(ax)=aacosox+ahsinox ,

. +ha’ o e o
a - (#n+ha )+ha 4. f(X)_;,Z:l’('uz.phzaz)-{-Zhafa 4
a=%, U, >0 — KopeHi piBHSHHS ctgu=£_ a_#n o i : ha
T — KOPEHI PIBHSIHHS CIgil=————.
. REFR TR o

155)

1 g, =0. a-a 17) HamiBHecKkiHUEHHE KOCMHYC MepeTBopeHHs Dyp’e

2. u" +u=0, u/(0)+}l|u(0)=0a u’(a)+h2u(a)=0, l-ao=0,al=°°,
7 2 - 4 = (‘) (oo} o0 —-—

o fa=jf(x)‘1’(ax)dx, 2.u"+Au=0,u'(0)=0,u' (x) < o0, x =0,k =0,1
0

3.f, = [ f(x)cosaxdx,
Y(ox) =aacosax+ah sinox , 0

i Y(ax) A ’

4. f(x)= EI [, cosoxdor.
=TT ™

2
4. f(x)-—z

18) HaniBHeckiHUeHHe cCHHYC mnepeTBopeHHst Dyp’e

¥ = %(#j +ha’ )_I {(ﬂf +h'a’ )x[hza +(u? +Ka* )]+

+ha(u?+ zaz)}, fL
’ = = (k) fe o) oo =1

ks e u hh,a* 2.u"+Au=0,u(0)=0,u"’(x) <oo,x = 00,k =0,1

=—, U, >0 — KOpeHi pIBHSIHHS CIg[L = = ;

i (h+h)a (b +h)u

3.f, = oj f(x)sin axdx,
0
i
4. f(x)==[f, sinaxda.
T 0
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19) IToBHe neperBopeHHss Pyp’e
i a, =—°,a, = oo,

2.0+ Au=0,u®(x) <o0,x > o0,k =0,1

1 = ]: f(x)e™ dx,

4. f(x)= i |7 e,

—00

b. IleperBopennsi Meniina

1) CkiHueHHe CHHYC-TIepeTBOPEHHST MeiutiHa

lay =a,a; =b0<a<b< o,
2.x(xu”) +Au=0,u(a) =u)=0,

b
3.f, =jf(x)sin(a1n1)ﬁ,
= ay X

alv.‘g

4.f(x) = 2b Y fusin(@in>),0 =
In(=) k=1 e
a

In

2) CkiHueHHe KOCHHYC-TIEpeTBOpeHHsT MesutiHa

laag=a,a, =b0<a<b< o,
2.x(xu’) + u =0,u’(a) = u'(b) =0,

b
3.00 = J.f(x)cos(alnf)ﬁ,
o a
Tk

i lb o423 fucost@inD),a =5
In(—) k=1 . In—
a a
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3) HecrannapTHe CKiHYEHHE CHHYC-TIEPETBOPEHHS MetiHa

lag=a,a,=b0<a<b<oo,
2.x(xu’) + Au=0,u(a) =u'(b) =0,

b
gt J' ) i
o a-x

2 xm A x TQk-1)

4.f(x)= —Zfa sin(aln2),0 = 22 "2
J @ o2
a

In(—) =1
a
4) HecraHgapTHe CKiHUYEHHE KOCHHYC-TIEPETBOPEHHST Metina

lag=a,a,=b0<a<b< e
2.3’y +Au=0,u"(a) =u®) =0,

b
S j e e
: a X

4.F(x) = 2b Y fucos@In),o = % Cotenil)
In(=) =1 o Tin
a a

5) BukirouHuii BUMAaJOK CKIHYEHHOTO CHHYC-IEPETBOPEHHS Meiutina

lag=0,a;=a,

250’y + Au = 0,u(a) = 0,|x* u(k)(x)’ Ces PRS0 0201,

- j it
5 (75005

4 Pl %J' £, sinarIn %)da.
0
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6) BukTIOUHMIH BUINaJ 0K CKiHYEHHOTO KOCHHYC-TIEPETBOPEHHsST MejutiHa

lay=0,a0,=a,

2.x(xu’Y +Au=0,u’(a) = O,kau(k) (x)l <o, x—0,k=0,1,
3.0 = [ FcostanHE,
0

a +x

4.f ()= %j £, cos(@In %)da_
0

7) HaniBHeckiHueHHe nepeTBopeHHst Mejutina

l.ao =O,a1 =0

2x(xu’y + Au = 0,|x"u<">(x){ <o0,x = 0,x o0,k =0,1,

3.f0 = [ fOx*a,
0

Y+ieo
4 flrne J' fx%da.
yoiee

8) HecrannapTHe HamiBHECKiHUEHHE CUHYC-TIEpETBOPeHHST MeiiHa

l.ao =a,a =°°,O<a<°°’

2.x(xu’y +Au =0,u(a) = O,lxku(k)(x)’ < o0, x —> 00,k =0,1,

e j formahe
s/ QX

47 % j £, sin(@In %)da.
0
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9) HecranmapTHe HamiBHECKiHUEHHE KOCHHYC-TIEPEeTBOPeHHS MetiHa
lag=a,a; =,0<a<oo,

2.x(xu’Y +Au=0,u'(a) = O,)xku(k) (x)l <oo,x =00k =01,

3 J' F(Dcosiin ) iR
& X

a

4.f(x)= % _[ £, cos(eIn f)da :
0

B. IleperBopennsi Jlanmaca

l.ao = O,al =°°,
2"+ Au=0,u(0) =1,

e j Fe®dx,
0

1 Y+ico
4f @ == [ faedo.
2mi A

I'. IleperBopenns Xankeuns

Lao =0,a1 =co!
1 v2

20"+ —u'+ (A=) =0,u(0) = 0,|u| < 00, x — o0,
X X

A J' FOxT, ()dx ,
0

4.f(x)= f 00, (c)der.
0
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OOOATOK B
Onun MeToq OTPHMMAHHSA IHTErpajbHUX INepPeTBOPEHb

1. ITouHeMo 3 po3B’s3anHHs KpaioBoi 3amaui [lITypma — JliyBinas

Lsy(x,l)—X[r(x)]‘[y(x,?»)=O, ag'< x <dy (1)
Ly(x,\) = oyyy(a;, M) + 0,y (a;,A)=0, i=0,1, )
ne j — camocnpskenuit oneparop LlItypma — JliyBiuis, oGymMoBIeHMH

dopMyoro
L. y(x) =-[px)y @] +qxyx) -

Bynemo BBaxkat p(x), p'(x), q(x), r~(x) HemepepBHUMY (yHKLISTMHU
Ha BiApi3Ky ao,al], a r'(x)>0 Tam xe.

Kpim Toro, y cucremi (1) A — mapamerp, a; < i BiAMIHHI BiX
HyJs, a O, — JAikcHi uucna, i=0,1.

st BU3HAUEHHS PO3B 3Ky KpaioBoi 3amaui (1) Buxoaumo 3 QyH-
JIAMEHTAJILHOT CUCTEMHU PO3B’SI3KiB @y (x,A) i xo(x,?») nudepeHianb-
HOro piBHsHHA 3 (1).

1106, kpim mudepeHiaTbHOrO PIBHAHHS KpaioBoi 3amaui (1), 3amo-
BOJILHUTH i OJHY i3 KpaiioBux yMoB y (1), Bubepemo po3s’s3ok (1) y Bumi

Y6, = @y (x, M) o (X, 0) = Xo (X, M) [0 (x, 1) A3)

abo y Bui
¥(x, XY= Qg (2, M) lgX o — Xo (%, M) 5@, - @)
SAxuo BubGpatu po3B’si30k y Bumdi (3), To gpyra rpaHu4Ha ymona B (1)
Oy[ie TOTOKHBO 3a/I0BOJIEHA, & SKIIO BUKOPUCTOBYBATH (4), T TOTOXHBO

Oyae 3a70BOJIEHE Tieplie piBHsIHHS. B 000X Bumaakax, mob obunsi rpa-
HUYHKUX yMOBH (1) Oyiiu 3a[0BOJIEHI, TOCUTh, OO BUKOHYBAJAcs PiBHICTh

Lo®o (6, M) Lo (M) = Lpxo (X, M) i@ (x,A) = 0. ®)

Kopeni A =2, j=0,1,2,..., UpOr0 TPAHCLEHICHTHOTO PIBHSHHS i OyIyTh
BJIACHMMH 4MCIIaMH KpaitoBoi 3amayi IlItypma — JliyBimis (1).

1l OCTaTOYHOrO pPO3B’SI3aHHSI OCTAHHBOI'O MOTPIOHO MOKA3aTH, LIO
piBHSHHS (5) Mae JIYMIbHE YMCIO MIMCHMX HE KpaTHUX HYJIB i BIIAcHi
(yHK1ii, 110 BIMOBIAAIOTH PI3HUM BJIACHUM YMCIaM, OPTOrOHAJIbHU, TOOTO
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4yEA)yh) % itk

Ayt Rty ST 6)
o el

BifCyTHICTb KpaTHUX KODPEHIB DIBHAHHS (5) BMIUIMBAE 3 TOTO, IO

KOXXHOMY BJIaCHOMY 7~,- 4HCIly BIANMOBiAae He Oinbl OJHiel BiIacHOI

byHkuii y(x,A ;). e nokasano B po6ori [12]. [ins noxa3y Ji4MIbHOCTI
KOPEHiB PiBHSHHS (5) BapTO 3BECTH KpaiOBY 3a/iauy 10 PiBHOCHIBHOTO
il inTerpanbHOro piBHAHHA [12]. 3 wielo MeTor nobyayemo QyHKIiO
I'pina G(x,§) camocnpsikeHOi KpaiioBoi 3amaui

Lyx)=f(x), ay<x<a,

Ly(x)=0, = )

BuxopucroByioun dyHIaMeHTalIbHYy CHCTEMY PO3B’3KiB YAx) nade-
peHulaanoro pIBHSIHHSA L ;Y (x)=0, j=0,1, 3HaxoaMMO 6a3ucHy cucre-
My pO3B’s3KiB [7] v (x) Kpauonox 3agadyi (7), To6to GyHKIil, 10 BO-
JOIIOTh BJIACTHBICTIO

Ly;(x)=0, ay<x<a,

Ly (x)=8;, i,j=0,1. ®)
Topi ¢ynkuiro I'pina Bu3Hayaemo mo dopmyii

Vo @y, (), x<§,
COWO(X)WI (g), x< §,

ne ¢;' = p(x)W(\|10 V). s BenuunHa nocTiiiHa, OCKIIbKM BPOHKCiaH
Oyab-SKUX ABOX JIHIMHO HE3aJIOKHUX PO3B’A3KIiB y;(x), j=0,1, mdepen-
LiaJIbHOTO piBHsIHHS 3 (8) Mae BIacTUBICTb p(x)W( Yo Y;) =const, 0
nepeBipsieTbCs 6€3MoCepeHbO.

Bonopiroun ¢ynxuieto I'pina kpaitoBoi 3amgaui (7), 3soaumo [12] 3a-
nady Itypma — JliyBims (1) go iHTerpajabHOro piBHSHHS

G(x,8)=G(&,x) ={

00 -1 [ K(x.E)pE)dE=0, ay<x<a, ©)
a9

13 CUMETPUYHNUM 1 HENIEPepPBHUM SIIPOM
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G(x8) |
r(x)r(&)

npu wpomy y(x,A)= { r(x)9(x) . ¥V [12] nokaszaHa piBHOCHIBHICTb Kpaii-
oBoi 3amaui (1) i inTerpanpHoro piBHsHHSA (9). 3BiACH i BHMILIMBAE
JYWIBHICTB i JiHCHICT KOPEHIB PiBHSHHSA (5), TOOTO BJIACHUX YMCEN Kpai-
oBoi 3amaui LlItypma — Jliysinns (1) i iHterpaibHoro pisHsHHA (9), a
TAKOX OPTOrOHAIBHICTH (6) BiracHuX GyHKLji. SKIIO Tenep CKOPUCTATUCH
Teopemoro poskiaganus Crexiosa [12], To ycaky dyHkuio f(x), 110
3a/I0BOJIbHAAE IPaHM4HiA ymOBi [ f(x)=0, i=0,1, i Mae HenepepBHY Apy-
ry TIOXigHy Ha BiOpi3Ky [ao,a,], MOXHA PO3KIIACTH B piBHOMipHO 30irato-
uMiics P MO BIACHUX QYHKLIAX 2(z,A ) sagaui typma — JliyBimisns:

K(x.c)=

f(x)=20j)'(x,7»,-)- ~(10)
720

CKOPMCTABILMCH OPTOrOHAIBHICTIO (6), 3HaiAEMO KOedillieHTH po3KIIa-
AQHHSL C; . Taxum uuHOM, 3amictb (10) 6yaemo matu

244yl " o ) }’(-xv)\'j)
=

fx)=
e

SO Tenep y3STH IO yBarW yTOYHEHHs TeopeMu po3kiagaHHs Crek-
70Ba, 3pobieHe B [12], To OTpMMaHHii pe3yabTaT MOXEMO CHOpMYIIHOBATH
y BH[i HACTYMHOI TEOPEMH.

fix)dxs (11)

a

Teopema. Jcwo eusnauena mpancopmanma Gynkyii f(x), WO
3a7a€ThCS POPMYN0I0

Ly(xA ) f (x)
J. r(x)

mo 01151 OMPUMAHHS opuemaﬂy, mobmo camoi yuryii f (x) , 6apmo cKo-
pucmamucsi psiO0oM
& y(xAj)
f(x) = z BT T ARSI iy

i=0] y(xA) "2

wo pisnomipno 36izacmocs, komu gynkyis f(x) Henepepsna Ha |ay,a,],
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MA€ NOXIOHY 3 CKIHUEHUM HYUCIOM DO3DPUBIE HA [ao’ax] i 3a00801bHsE
epanuunum ymosam [, f(x)=0, i=0,1.

3anponoHOBaHUN METOJ OEPKAHHS IHTErPAIbHUX MEPETBOPEHD YKE
3aCTOCOBYBaBCsl B po0oTi [8] /sl OKpeMHUX BUITAJIKiB.
- Y pobori [9] s omepkaHHS HOBUX IHTErpajibHUX NIEPETBOPEHD 3ac-
TocoBaHuil Meron Tutumapuia [14]. BuknageHUM HWKYE METOIOM BHUBE-
JeMo Oinbll 3aralibHi IHTErpaJbHI MEPETBOPEHHS, YUM OTpuMaHi B [9)].

2. Y poGori [9] ms byHkuii £(0), 3ananux Ha Bimpisky [w,,0,],
ae W, <0, o <m, 6yJ0 BUBEACHO HOBE IHTETPAbHE MEPETBOPEHHS,
AApoM sikoro Oyiia JsiiHidHa KoMOiHauUis cepuyHnx QYHKIIIN, BEpXHI HACK-
CH SIKMX OyaM LUTMMY TIO3UTHBHUMM YucaaMu. Sk moGauynMo HbKYe, AesiKi
KpaioBi 3azaui MaTeMaTn4HoOi (Gi3MKM MOXHA pPO3B’A3yBATH TOYHO 3a
JIOTIOMOT 00 IHTETPAJIbHUX TEPETBOPEHB 3 SIAPaMH, 1O MICTATh chepryHi
dyHKLIT 3 BEPXHIMU iHIEKCAMH, 1O € TO3UTUBHUMH, alie He LITUMM YHC-
jJamu. [lamo yzaranbHEHHS pe3yibTaTiB podoTu [9] Ha uei Bumagok. s
LbOTO PO3IJITHEMO OKPEMHI BUITaJIOK KpaioBoi 3amaui (1):

Ly, (©,v)-v(v+1)sin@y, (6,v)=0, o,<6<wm <n, m=0,1,

Iy, ©,v)=0, | i=01, (12)
Ae v — mapamerp, audepenuianeaunii oneparop lltypmy L, Mae Bun
L y(8) =—[sin0y"(8)] +p’cosec y(6) »
a rpaHnyHi ¢yHkuioHanu B (12) BusHauaroThcs GopMyaaMu
Fy®=y@), Ly®=hy@)+y(®) i=01, (13

IpUYOMY /2. — JUMCHI uncna, | — mosuTtuBHE (He wine) uucio. Kpan-
KOIO TO3HAYeHa MoxigHa no 6. OyHIAMEHTAILHOK CHCTEMOIO PO3B’SI3KIB
gudepeHniaapHOTO piBHsAHHSA 3 (12) 6ymyts [1] chepuuni dyHriil
P¥(cos8) i QF(cosB), TOMY BiANOBIMHO [0 BMKNAJEHOrO B M. 1 po3s’sis-
KOM KpaioBux 3amay (12) Oymyts QyHKIT

¥, (8,V) = P (cos8)]]" QY (cos ) — O (cos 0)[" P! (cos0), m=0,1,(14)

Ji 1
THHUX piBHﬂHb
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5140 =15 P (cos 0)1;" 0k (cos 0) — I Qb (cos 0)/]" P} (cos 8)=0, m=0,1. (15)
IMpu upoMy poskiaganHs (11) 3anuuieTses y BUAL

oY (00T Bl :
f@=Y—"—""— [y,0,v,)sin0f®)dd, k=01. (16)
Bl &
Iepui, Hix chOpMYIIOBATH aHAJIOT TeOpeMHU 3 M. 1 I pO3TIIAHYTOT
YACTKU BUMAAKY, 3alMEMOCS OOUHCIEHHAM

aQy
2 A ] 5
]}ym(e,vj)" =jy§,(e,vj)smede=o;;}, m=0,1, j=0,12,...
®o
3rigno (14) maemo

o= b2 e’ 1D - 2anl ) 17)

a=1I"P!(cos®)=I"P", b=1"0l (cos®) = "0,

M1 o fpr 2 o
{JV }: {P" (cosﬂ)} sin0de, J\(,O)——‘ j P! (cosB)Q! (cosB)sinBdO .
IR [rsolEos) o

Tyt i gani mig v MaeMo Ha yBasi BJacHi Yucia V . JLiist 0OYMCIIeHHS
inTerpaiis, sk i B [8], BuxopucroByemo meron Jlommens [3], 3acHoBaHui
Ha omnepyBaHHi 3 ABoMa audepeHLianbHUMU piBHAHHAMK Jlexanapa

LU®)=v(v+1)sin0U (), LV(®)=y(y+DsinbV(0), (I8)
PO3B’AI3KAMHU SKMX BiANoOBifHO € (yHKuii U(0) = P! (cos6), Q) (cosB) i

V(0) = p;l (cos0), Q;‘ (cos®) , 1 1110 mo3BOINsIE ofepxkaTU hopmyiy

o [U(8)V (8)sinB -V (8)U (8)sin 6] !
[ sin6U )V (0)d6= oS e
Dy

Crivparounch Ha 1o GopMyiy i BUKOHYIOUYM OMNepallii aHaloTiuHi,
npopo6ieHum y [8], 3Haxoaumo
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sin © —
0h (cos 9) Q*l (cosB)

Jo i PF(cos 6) P“ (cosB)
{ } . BVE]

P (cos 6) P*l (cos0)
—sin@ ~Qv+)I? =
Q‘u (cos 9) Q“ (cos9)

[smeP“(cose) Q“(cose)—smeP“(cose) Q“(cos@)] -
()

[sm 80! (cos 6) P“ (cosB) —sinB QY (cos 9) Plu (cos 9)] )
@

P! (cos®) = 3% P (cos®) - (1)

IMincraBusLy oTpuMaHi Bupasu B (17) (mpu4oMy MpH MiACTAHOBLY 2J\(,°)
BapTO BUKOPHCTOBYBATH CyMy ABOX OCTaHHIX BHUpA3iB), OJEP/KUMO

FIW llm Q\”’l d Qn

Gﬁj =I| yk (9,\11)”2 =_|:(2V+l)l(l)nQu :i-; V.1
v

] , m=0,1, (19
V=V

Ac

1 Ll
Bihaet F[1+§(u+v))r(§+—2—(u+v)).

Y
F(l+%(v—u))1"(%+%(v—u))

[Mpuiimaroun B yBary (19) i cniBBinHowenus (16), YCTaHOBJIIOEMO HOBE
IHTerpajibHe MEPETBOPEHHS

il
£l =4§9,00)sin0 1 (0)d0) | 'm=01, « j=0L20; (20)
o
3 dopMmyJI010 OGEpHEHHS
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oo 9’ ;
f(9)=zLV!).f_m, m=0,1. (21)

m J
j=0 Oy
ITpu upoMy [Uis piBHOMIPHOI 301KHOCTI 3aMUCcaHOro psiay Ha (QYHKLIO
/() BapTO HAKIACTH Ti )X OOMEXEHHs, 1[0 i y TeopeMi.

3. IIpu onepxanHi cHOPMYITEOBAHOTO PE3YJILTATY 3 METOO 3aJIHMILATUCS
B paMKax peryisipHocTi kpaioBoi 3amaui typmy — JliyBiuts 3pobieHe
oOMexeHHs o, #0 . Y 6ararbox 3agayax MOTPiOHO iHTErpaibHe MEPETBO-
pennst (20) nmpu ®, =0. B pobori [8] Take nepeTBOPEHHs W1 LiIMX MO3M-
THBHUX 3HAYeHb BEPXHIX iHACKCIB chepnyuHux (GyHKLiH, ToOTO KOIM (W =m,
fie m — 1IJIe YNCIIO, OTPUMAHO IPAHMYHUM MEPEXofioM w, — 0. Ilpu
1pOMy BHKOpucTana ¢opmyna 3.6.1 (2) 3 [1] mma P)"(cos), oTpumana
TaM METOJOM, y SIKOMY iCTOTHO BUKOPUCTOBYETHCS T€, IO 772 — LiiJIe
no3utuBHe uncio. 11106 3pobutu y dopmynax (20) i (21) rpanuuHmii me-
pexin @, — 0, HeoOXiaHO MaTH aHanoriuHy dopmyny mis Pl (cos€) mpu
W ue uimomy*. Taka dopmyna orpuMaHa i Mae Bua (st 0<O< 1)

I'(v+1)sin* 0
Fv+pu+1

20

ﬁv“(cosﬁ)= F(1+u+v,u—v;l+u,sm —)_ (22)

IIfo6 nepexkoHaTHcsi B ii CHpaBemIMBOCTI, JOCHTb IEPEBIPUTH, IO
U(0), obpana y Buzi (22), 3a10BONbHSIE qU(EPEHIiaTbHOMY PiBHIHHIO
Jlexannpa (18). 3 mpencraBiaeHHs (22) BUMIMBAE, L0

IBV“(cose)|e_0=0, w>0,
i (23)
m pu A
1" B! (cose)|m0=0 =0, u>I.
3 oraay Ha ue, 3poObUMO rpaHUYHMI mepexin ®, — 0 (0, = ®) y dop-
myaax (20) i (21), mpuyomy 1eit mepexia kpatie 3pooutu y dopmymi (16),
3 SIKOi BOHM OTpUMaHi. 3a3HauYeHWit TPAaHUYHMI TIepeXia MONnepeaHbO 3p0-

6MMO B TPAHCLEHIEHTHOMY DPiBHsHHI (15), 3 SIKOrO BU3HAYAIOThCS BJIACHI
uucIa v ;. VY cuty (23) TpaHcueHneHTHe piBHsHHS (15) nepeiine B piBHSAHHS

I"P* (cos@) =I"B! =0, m=0L. o=, 24)
i BmacHi ¢yHkuii (14) 6ynyTh BU3HayaTUCs GopMynamu

¥,,(8,v) = P* (cos0) " Q! . (25)

* V [10] rpaHuunuii mepexim 3po0JieHHIT HEKOPEKTHO, TOMY TYT BHECEHi
BiAMOBIAHI 3MiHH.
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m
INpy rpannyHOMy nepexoai w, — 0 y BUpasi ajs 0y _""Vit TOJIOBHUH
o

BHECOK OyHe BHOCHTU HOAAHOK —[J'Ob a(l"’P“), TOMY IO

Q! (cos6) [6_)0 -

SAxmo Bce ue Bpaxysatu y dopmyai (16), To mpu m, — 0 dopmynu
(20) i (21) nepexonsTh y HACTYIIHI:

[
F i j H(cosB)sin@ f(0)d6, m=0,1, (26)
0
oo N.U
= _.?_ic_?_s_e_)_z_ oy g L)
2440 PH(c080)

TOO6TO sk BiacHi QyHKLii Mo)xHa OpaTu

w0 = FHeosil =11

a HopMa oGuMCcIIoEThCs 32 Gopmynoro (19%). BaxinMBo BiA3HAYUTH, IO
TpaHCLEHAEHTHe PiBHAHHA (24) mpu m =0, ®, = = ®=7/2 Mae PO3B’S30K
y siBHOMY Buzi. [lificHO, y LIbOMY BHITaJKy BOHO MpuiMae BUL

Pll ek ,U o
: [cos 2] B (0)=

U+y

Ll
=F(v+1)l“(l+u)\/;r—[r(u+v+l)F(l+ )r( + 2V)] =0. (28)

SAko Bpaxysatu (22), a Takox dopmyny 3.8 (50) 3 [1], To piBHAHHS
(28) zamuiieTsCs y BUII

3 orsimy Ha moJrocu T -QyHKLII, YCTAHOBIIOEMO IBi cepii KOpPEHIiB
piBHsHHS (29):

=1
[F(u+v+1)r‘(l+ )r( i ZV)] =0. (29)
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v, =—pu=2+1) vy=-p—j-1, vi=1+p+2j, j=012.., (30)
MPAYOMY Mepili ABi cepu BiIKMIAa€EMO, OCKiIbKM Ha OCHOBI (25) i (22)
Bracui dyHkuii yo(6,v) ;)=0,j=01,2,.... Orxe, BnacHi dyukuii
Yo(6,v;) 3rigHo (25) 6y,£lyTb BU3HAYATHUCS Q)opmynom

(2sin Q! o 1
¥o(8,v,) = u+21+1 (coso)z Tr(x)c2j+[(cose), ,’L=‘u+5. (31)

(Tyt Ci‘( z) — MmHorouneHu [eren6ayaspa). 11106 mepekoHatucs B cnpa-
BEAJIMBOCTI ApPYroi piBHOCTI, BapTO BpaxyBatH (22), (30), a Takox dop-
myny 10.9 (20) 3 [2]. Lllo6 sanucaty iHTerpanbHe MepeTBOpPeHHs (26),
(27) mis pPO3CJSHYTOTO BUMAAKY, MOTPIOHO 06UMCINTH

d :
! Q”|e 4= 000, EPV”(O) hipu v=p+2j+1. (32)

Kopucryrouunck dopmynoro 3.4 (21) 3 [1], ogepxyemo

Qs jn(0)=- 2" cospmd m(u+ j+ )T (%+ j). (33)

106 oaepxaTu 3HAYEHHs [T APYroro 3 BUpasiB (32), BapTO BUKO-
HaTu audepenuioBaHHs (29) Mo v i MOKNACTH MOTIM v=p+2j+1. Y
pE3yJIbTaTi 3HAXOAUMO

d P (0)
dv

5 2121

H (34)
v=p42 j+ 2“F(].L+ i 5)

Ilpu onepxanHi (34) BUKOpUCTaHa PIBHICTH
W=l D e DO T e g e O

mo BumuBae 3 dopmymu (1.24) 3 [7]. Skmo BpaxyBaTu piBHOCTI (31),
(33) i (34), To opmynu (26) i (27) 6ynyTh NOPOIKYBATH TaKe iHTErpasb-
HE TIEpETBOPEHHs IS QYHKLIM, 3a0aHUX HA BiAPI3KY [O,Tt/2]:

/2
fi= Jsin“GC;‘J.H(cose)sint(e)dG, k=u+—:l)j
0
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o4 IFZ(X)O\,-Fl-FZJ)

i ot
F® Z FOG Tl 0 0C; 1 (c0s0) - f;
ITpn orpumanHi g (6,v PE T00TO po3B’s3Ky 3amaui (12) mpu m=1 i
0<6<w, BapTo BpaxyBam WO BJIACHI YMCIIA V, — L KOPCHI PIBHSIHHS

(24) mpu m=1. SIBHUX dopMyJ U1 KOPEHiB uboro PIBHSIHHSI HE BIAJIOCS
3HaiTh. OJHaK L€ BAAETHCS 3POOMTH [Jisi OKPEMOTO BHUMAAKY, KOIH B
rpannyHux QyHkuioHanax (13) moxmactu h =0, i=0,1, | 0=w2.
Y upomy BHNajaKy BiacHa QyHKLis Oyae BU3HAYATHUCS (HOPMYJIO0
»+0.v)) =Pl (cos8), j=0,12,..., 0<B8<7/2, (35)

1 3rigHo (13) i (24) BmacHi uucna Vv, 3HaXOaMMO 3 PIBHSIHHSI
B* [cos 2] PH(0)= = 4 pu (c088)|gors2 =0.

BukonaBum gudepeHLitoBaHHs BUpa3y (22) mo © i noxnasim 6 =12,
OJIEPIKYEMO

}3,,(0):(/1—1)1"(1+u+v) Tv+1) TQ+uw m

21+ ) PO+R+1) pi3n BFYy pg BV
2 2

=0. (3

3 oy Ha nomiocu ramma-gyHkuii Einepa, BusBIseMO [Bi cepii Ko-
PEHIB TPaHCUEHICHTHOTO PiBHSAHHS (36):
Vi=n+2j+2, vi=op-j-1L vi=-l-p-2j, j=012,...
ITpy LboMy 3HAYEHHS 3 APYroi Ta TPETHOI cepii HE MOXYThb OyTH
BJIACHMMM YMCJIaMH, TOMY IO BJIacHi (QyHKLIT, 110 BiANMOBIAAOTH iM, (35)
y cuiy (22) OyayTh MOPIBHIOBATH HYJIIO. TakuM YMHOM, BiacHi QyHKLil
(35) 6ynyTh BU3HAUYaTHCS (HOPMYJIOO

2B H 1
Y. (6,v;)= +2j+2(c0 SO = e C;;(cos0), k—u+§.

VY cnpaBeASMBOCTi Jpyroi piBHOCTI MOXHA NMEPEKOHATHUCS, SKLIO Bpaxy-
Batu (22), a Takox dopmyry 10.9 (21) 3 [2].
11106 BusiBUTH, kUi BUI HaOyBaroTh Gopmyiu (26) i (27) mis 4acHo-
rO BHMAJKY, IO pO30MPAETHCS, BAPTO BU3HAUUTH
1
Lo =0% o), %PV“ =f—vPv“(0) mpu V=p+2j+2, j=0,12,....
CkopucraBimch popmynoro 3.4 (22) 3 [1], 3Haxonumo
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Ob.2; (0 ==n2"(=1)/ cospnT(u+1+ j) T (%+ j).

Jaui, micna audepenuiroBanns (36) mo v i dikcarii V= +2/ 0gepXUMO

d

vl i BQuE25 1)
dv :

= o
V=42 j 2“F(M+§+J)

3 ornsay Ha Bee Ue, 3 (26) i (27) BUBOAMMO Take iHTErpajibHe MEPeTBO-
penHs st yHkUiA f(0), 3amaHUX Ha BiAPI3KY 0<O0<wW2:

P (0)

w2
o= jsinuec;,(cose)sinef(e)de, l=u+%,
0

{722 T & 2+ M= j!

e 2 T2j+20)

sin* GC;”j(cose)fj T

4. Tami HaMm 3HagOOWTHCS Ille OAHE IHTErpajlbHE MEPETBOPEHHS, LIO
BUIUIMBAE 3 po3B’si3ky 3amaui ltypmy — Jliyeimns (1), xomn r(x)=1,
X =r, napamerp A 3aminelmii Ha AZ, a B onmepatopi (2) p(x)= p(r)=r?,
q(x)=q(r)=—1/4. Y pe3ynbTati oepXyeMo KpaioBi 3aaaui

[rzv:“(r,l)],+(i—+7y2)vm(r,7\,)=0, ay<ksa,  m=01,

l;"vm(r A —0nr—01 liov(r) = p(a; ). l,.lv(r) =hv(a;)+ v'(a,.) - (38)

Lle okpemuii Bunmamok (k =0) KpaioBux 3amgay, pos3s’szaHux y [8].
OCKiJIbKM 3 OTPUMAHMX TaM PO3B’S3KiB BU3HAYUTH PO3B’I30K 3adau (38)
LLUISIXOM TPAaHUYHOTO Mepexony k — 0 Baxko, OyIeMO pO3B’si3yBaTh Kpaii-
oBi 3azaui (38) 3 BUKOpHCTaHHAM cxemu M. 1. Be3nocepenHbo MepeBipKoOro
MOXHa MEPEKOHATHUCS, 10 QYHAAMEHTAIBHOIO CUCTEMOIO PO3B’A3KiB M-
(epenuiansHoro piBHsHHS 3 (38) 6yayTh GyHKLUil

Q(r, M) | | A A (n) sin(AInr)
== , = Sk
XM | V| B B,(r)| |cos(\Inr)
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Biachi ¢ynkuii xpaiioBux 3agay (38) srinHo (4) OyayTh BU3HAYaTHCS
(hopmyJio10

V. (1 A) = 0o (7, M) g %o = Ao ks M) g 9 . m=0,1. (40)

3acrocyBaHHs rpaHMyHMX GyHKUioHamB /" no dyHkuii (39) exsisa-
JIEHTHO 3aCTOCYBaHHIO 10 QYHKLIA A, (r) i B, (r) Takux QyHKUiOHATiB:

IPv(r=v(a), =01, 'vr)y=aDy(a)+v(a), (A1)

Jie
i =ah —1/2, =01 (42)
ToMy 3amicTh (40) moxeMo 3anucaTu
v, (r,\) =4, (N I"B, - B, (NI"A,]. 43)
Haumi, BuxopucroByrouu (41) i (39), 3Haxoaumo, 110
' | | |DiA (@) +ABy (a))
i e . (44)
lilBk 4; | D;B, (a;) —AA, (a;)

i BiacHi ¢yHkuii (43) 3anucyeMo y Bufi

vo(r,\) g sin(Aln(r/ay)) 45)
agv, (r,) A D, sin(Mn(r/ay)) —Acos(AlIn(r/a,)) '

KBanpatu HOpM Lix BiacHUX QyHKUiH OynyTh BH3HauaTucs GopmyaamMu

s
n"o(”’l)ﬂzzjsm (Mn(r/ao))dr:%’

r

'Y = ln ﬂ 3 (46)
9
G

4a2 |v, (r, M| = 2(dZ +22)y+ A" (A% —D2)sin 2Ay —d, sin® Ay . (47)

B ycix npusenenrx ¢opmynax (40)—(47) 3amictb A BapTO MiACTABUTH
BiacHi uncna A, k=0,1,2,....

Bnacui uncna A, ana 3amaqi Htypmy — JInyswsuis (38) mpu m=0
3rigHo (5) 3 obmikoM (38), (39) OymyTh KOPEHAMM TPAHCLIEHIEHTHOTO PIBHSHHS
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g
4

A, (a))B, (ay) — By (a,)Ay (ay) =0,

JUTS SIKOTO 3 ypaxyBaHHsIM Apyroi 3 piBHocTel (39) xopeni A, 3Haxoau-
MO B SIBHOMY BHJI:

Au=o £ k=0,1,2,... (48)

TpancueneHTHe PIBHSHHS [Uls BIACHAX YMCeN ), KparHoBOi 3aadi
Itypmy — JInyBunns (38) npu m=1 B 3araJlbHOMy BHINAAKy yAanocs
MPUBECTH /IO BiZIOMOTO [6] TpaHCUEHIEHTHOI'O PiBHAHHSA

tghy=A(d, —dy)[A> +dyd,] ™. (49)

ACHMITOTHYHWI PO3B’S30K IOTO PIBHSHHS IMPH BEIUKHX 3HAYEHHSX k ,
AK JIETKO TNepekoHaTucs 3 (49), BusHavaeThes popmyiioro (48).

3rigHo m. 1 nobymoBaHi po3B’s3kK KpaloBux 3agau (38) BU3HAYAIOTb
iHTerpaJlbHe NepeTBOPeHHs uist GyHKUiH f(r), 3a1aHNX Ha BiIPI3KY [ao,al ]:

g o
A=, () F (ryar f(r>=2———————v"‘(”7‘k)

ag k=0"vm(r’7\'k)"2 1
a sm! N ln—— ’ sm! A, ln—— ’
L f(rdr, ()= 0lp0, ——.
(10

PosrnsiHeMo 11e BUMAagoK, KOJU B (38) NPUAHATH hy =k =0. Bingmo-
BifHa BnacHa (QyHKLis, 10 MO3HAUYMMO uepe3 v, (r,A), MOBHUHHA 3aJ10-
BOJIBHSITH TPaHWYHI YMOBHU

m=0,1, (50)

i, 30Kpema, npu m = 0 Oymemo MaTu

(e k=0 =l (51)

Ha migcrasi (45), (51) y upomy BUMaJaky BiacHy (YHKLIIO MOXHA
3anycaTy y BUA

2\/_;\) .\, )-sm(?» {7 LA B cos(?» ln—))

2o

NPUYOMY BJIACHI YMCIa A, TYT 3HAXOAMMO B CHIy (49) y siBHOMY BMOI
i Bu3Hauaemo mo Qopmyiii (48). V 1pOMy OKpeMOMY BUMAAKY iHTErpasb-
He nepeTBopeHHs (50) HabyBae BUJ
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= A,
z (r )fk’ )"k=£k_'

91
* 2
£ = [ f(ar, A - -

ag Z k

5. Ilpu BUKOpPMCTaHHI OTPMMaHMUX Y MOMEPEAHIX MyHKTaX. iHTerpab-
HUX TIEPETBOPEHD BAXIMBUM MOMEHTOM € TepeBipka 30DKHOCTI psAdiB, 110
BXOIATh y OpMyJiM OOEpHEHHS, 1 y BUMAZAKY 1XHbOI c1abkol 30ixHOCTI —
HEOOXiAHICTh MOJIMIIEHHs! OCTaHHbOI. [l LIbOro MOTPIOHO MaTH acKMI-
TOTUYHUMIA (JUIsl BEIMKMX 3HAYEHb J ) PO3B’30K TPAHCLEHAEHTHUX DIBHSHb,
3 SKMX 3HAXOMATLCS BJIACHI YMCIIA V i T

[1106 omepXaTH aCHMITOTUYHUA PO3B’SI30K, HANPHUKIAMA, TPAHCLEH-
JIEHTHOro piBHAHHSA (15), BAPTO CKOPUCTATUCH ACUMITOTUYHUMH (OPMY-
MaMM JUIS BEJIMKUX 3HauyeHb napametpa v QyHkuiii A (cos0), ¢ (cos6)
i ixHiX moxigHux mo 6, TobTO

Pv” (cosB) = c_id_é Pl (cosB)=

_T(v+p+1)sin6)"
I'(v-p+1)2"secO

F(1+v+u,u—v;l+u,sm2%)

F(v + 1L+ 2)(sin 9)‘“[
r(v W (L +2)24+

(2+v+u,1+u—v;2+u,sm2—q), (51)

40" (cos@) = 2T tg" ecosecGF( v,V + 11+ 1;sin? 9)

)_

smGF(l—v Vit 2; 0+ 25 sng)

| D

—cospun(w)ctg! %cosecBF(—-v,v +1;1—p;sin?

~rvv+ D@+ gt

—cospnl()v(v+1)(1-p)™! ctg“%sinBF(l—v,v+ 2;2—;sin? g),(52)

M =T TA+v+W)ra+v-p)-
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®Dopmyna (51) orpumana audeperuiroBaHuaM (22), a popmyna (52) —
mudepenuitoBanHaM Gopmyau 3.4 (10) 3 [1] micas 3aMiHu x = cos®.

VY poborti [9] wis aCUMNTOTUYHOTO PO3B’sI3aHHS AHAIOTIYHUX TPAHCLICH-
JIeHTHVX PIBHSIHb BUKOPHCTaHI Bigomi acumrmrotiuti dopmynu 3.9.1 (1) i 3.9.2
(2) 3 [1] o1s BenMKMX 3HAYeHb HIDKHIX iHzekciB dyHKiii JIexanapa. Llporo
BUSIBWIOCS IOCUTh, TOMY L0 TpM LUTMX BEPXHIX iHAEKCAX A1(EepeHLIFOBAHHS
1MX (PYHKLiH eKBIBAJIGHTHO 3MiHi BEPXHBOIO iHIAEKCY Ha Lijie Yncio. Y pos-
IJISIHYTOMY BUIIAZIKy BEPXHii iHIEKC Ll HE € LM, TOMY 3a3HaueHi hopMyu
BUSIB/IAIOTBECS MAapHUMH. TakuM YMHOM, BUHUKAE HEOOXIAHICTb OJEp)KaHH
acuMnToTyeckux Qopmyst wist hyHkuid (51) 1 (52) s BEIMKKMX 3HAYEHDb V .
Merop, BukopHcTanuii npu ozepxanHi Gopmyn 3.9.1 (1) i 3.9.2 (2) 3 [1],
BUSIBJISIETECSL HEMPUIHATHUM. [TpornoHyemo iHImMi crocid, 3aCHOBaHHMN Ha
NOMNEPEHBOMY OZIEPXKaHHI aCUMITOTHYHOI hopmymu utst yHkuii [aycca

u(0)= F(v+a+1—v+a1+a+ﬁ sze) (53)

NpY BEJMKUX 3Ha4YeHHAX v . Taxi ¢opmysu oTpumai B [S] aas BUMaaky,
KoM aprymeHT (yHkuii ['aycca Oinblle oAMHMLI. Y HallOMYy BHIAIKY
BiH MEHIlIE OJMHUI, TOMy CKOPHUCTATHCS pe3yJibTaTaMu pPoOOTH [S] He
NPEACTABIISIETECS MOXUJIMBUM. TyT [Ulsl OAEpXKaHHS aCUMOTOTMYHUX (op-
Myl ;Um/(byj—mui'f I'aycca (53) BukopucroByemo Merog Jliysimas — Crek-
JoBa, K y/poboti [11] mpu oxepxaHHi acCUMITOTHYHUX (HOPMYN [Uis
OPTOrOHAJbHUX MHOTOWIEHIB. BiANMOBIAHO 10 LbOrO METOMY BapTO BHBE-

CTU DIBHSIHHS, SIKOMY 3a[0BOJibHsi€ GyHKUisA (53). Pobnsum 3aminy

z=sin2% B AudepeHLiaJbHOMY PiBHAHHi, SKOMY 3aJ0BOJIbHSE

F(v+a+lLo-v,1+0+B;z) (bopmyna 2.1 (1) 3 [1]), onepixyemo
u'" (8) +[(1+20)ctg @+ 2BcosecB]u’ (8) +[v(v +1) — oo+ 1)]u(8) =0.

IMepexonsuu a0 yHkuil
y(0) =( gJB(smB)‘“VZF(V+0L+1 o—v;l+o+p; sin? 9), (54)
oziepxkyemMo audepeHLiaibHe PiBHSHHS

2
y (e)+(v+1) V@) =q@®)y(®), 0<0<m, (55)
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q(0)= (oc2 + Bz —%)cosecze -20..

3aranbHUM pO3B’si3KoM piBHsHHS (55) Gyae dyHkuis (mopiBHATH (op-
myny 8.61.3 3 [11])

y(0) = c]sm(v+ )(—)+czcos(v+ )9+

]
1 ; 1
— = |(6- d
+ 2V+1J251n[(v+ 2)( t)]q(t)y(t) i (56)

e ¢;, C, — JOBUIbHI MOCTIMHI. MOXHa NEPEKOHATHUCS, L0 IHTErpaIbHUI
5o

JoJaHoK y (56) pa3oMm 3i CBOEIO MOXiIHOIO Mpu O =% MIEPETBOPIOETHCS

B HyJIb. Le /103BOJIsIE BUPA3UTH JOBUTbHI KOHCTAHTH Yepe3 y(g ) 9 (%),

1o BianmosigHo 10 hopmynu (54) npuiMyTh B
T : .
yl= |=F|v+toa+lo-v;l+o+pB;= |,
2 2
y'(%)= BF[V+oc+1,oc—v;1+oc+[3;—;—)—(v—a)(v+oc+1)><

x[2(1+a+[3)]"F(v+oc+2,1+oc—v;2+a+[3;%). (57)

VY pesynbTati 3amicTh (56) Oynemo Matu

ol (5]

L e A W
A (5)snl(v+5)3-])
2
0
1 ; 1
+—2v+1jsm[( E)(B—-t)]q(t)y(t)dt, (58)
w2
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Tumu X po3yMiHHSMY, 110 BHKODPHUCTaHI MPU OJepXkaHHi (Gopmynn
8.61.6 3 [11], ogepkyeMo, 1110 TOJOBHUI 4YIEH B aCUMITOTUUYHOMY PO3K-
nafganHi QyHKUil (54) npu v — o Oyae MICTUTUCS B MEPLIMX ABOX JO-

JlaHKax y mpaBid yactuHi gopmymnu (58). 3HaueHHs y(g) iy (%), 1110

3amaoThes Gopmynamu (57), y Bunaaky B=0, a=p #

u®=F (v+u+1 =il + 10 sm2%)

obuncmooTees mo dopmyn 2.8 (50) 3 [1]. IMincTaBUBILKM OTpUMAHUMI
BUpa3 B (58), 3anmmCyeEMO aCUMIITOTUYHY PiBHICTb

V7 (sin@)*+"2 F(v+u+l,p—v;1+u,sng)—

i 1 z mlv o
-r(1+u)cos{(v+§)e-z—u5}(5r 1+ov™hH]. (59

V Bunagky B=0, a=p+1 i

i) u(8) = F(v+u+2u+1 v2+u,sm2%)

AHAJIOTIYHO OJIEPXKYEMO TaKy ACMMITOTHYHY PiBHICTb:

(sinG)“+3/2F(v+u+2,u+l—v;2+u,sm2%)_

=32
B Tr3/21‘(2+u)cos{(v o %]Q—%—ug }(%T [1 80 6 )]. (60)

Buxopucrosyroun piBHocti (59) i (60), Ha migcrasi dopmyn (22) i
(51), a Taxox acumnroTHuHOi dopmyan 1.18 (4) 3 [1] omepxkyemo He-
06XifHI acCHMITOTHYHI piBHOCTI A P} (cosO) i P! (cos0):

L



-2
v msin GPV‘l (cos0) =2H cos{(v +%)6 —%—ug }(%Ju [l + 0(\;‘1 )] )

+12
Jmsin GI:’V”(COSG) = phH sin{(v +%)9—%——ug }(%j‘ [l + O(V‘I)] -(61)

JUis omepaHHs aHaNoriyHUX (opMyn mis Q (cos) i Q\‘f (cosB)
noTpibHo y hopmyiax (57) i (58) posrmsiHyTH Bumanok B=u, o=0, To6TO

u(0) = F(v +1,—v;1+p.;sin2—g—).

Tyt Wis migpaxyHKy y(]i! ) i y (% J BiamosigHo 10 dopmyi (57) BapTo

ckopucratucs gopmyaamu 7.3.7 (8) i 7.3.7 (10) 3 [10]. ITicnst mincraHOBKM

. TC - of T
OTPUMaHUX BUPA3IB IS y(i) wy (5) y (58) MaeMo HacTynHy acUMII-

TOTUYHY PiBHICT:

2”~/Etg”%w/ sineF(v+1,~v;1+u;sinzg)=

—p-1/2
=F(u+1)cos{(v+%)9—§-—u%}(—\2)—)u [1+ovh)]. (62)

VY Bumagky B=u, a=1, T06TO 2(0) = F(v +2,1—\2;2+u;sin2 g),

JUTsi OOYMCIIEHHS y(f) e (125-) srigHo (57) BukopuctaHi dpopmymnu 7.3.7

2
(10) i 7.3.7(12) 3 [10]. ITincraBnsroun wi Bupasu B (58), omepxyemo

ACUMIITOTUYHY PiBHICTh

2%V egh —g—(sin 9)*? F(v +2,1=v:2+u;sin? g)z

—p-312
=F(p+2)sin{(v+%)9—%—u%}(%)u [1+0(v“)]-
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3 dopmyn (62) i (63) msixom 3aMiHu L HAa — L OJEPKYEMO ACUMIITO-
TUYHI piBHOCTI i UTs

F(v+1,——v;l—u;sin2%} F(v+2,1—v;2—u;sinzg)-

OTpuMaHi acUMNTOTHYHI piBHOCTI st GyHkid [aycca HO3BOIAIOTH
OZiepXaTh aHAJIOTIYHO ACUMITOTHYHI PiBHOCT i QF (cos@) i O (cosB):

V'sin6 Q! (cosB) =

-2
=—Jm2r! sin{(v +%)e—%—u12‘- }(%T [1+00v7h)],

Vsin® Qt‘ (cosB) =

+1/2
:—ﬁzucos{(v-{-%]ﬁ—-%—ug}(%f [1+o(v™h]. (64)

BuBeneHi aCHMNTOTHYHI MPEACTABIICHHS /Ul BEJMKUX 3HAaY€Hb V J03-
BOJISIIOTH JIETKO OJIEP)KATH ACUMITOTHYHI PO3B’A3KM TPAHCLIEHAEHTHHUX
\SiBHHHb (15) i (24). Hanpuxkiag, piBHsHHS (15) mpu m =0 Oyne Maty Bun

QS’“ = P"(cos@,) QY (cos ;) — P! (cos @, )0 (cosmy) =0,  (65)

arnpu m, =1 3 obuikom (13) Horo MoxkHa 3anucaty y BUIi
Q) =hhQy , +ho[ Pl (cos 0g)Q (cos ;) -
—'PV“ (cos®,)QY (cos ay) |+ Iy [ P (cos @) Ok (cos ;) —
— P (cos @, )" (cos @) ]+ P (cos @, ) Q¥ (cos ;) —

— P (cos )0l (cos ) = 0. (66)

3 aHaNi3y aCUMNTOTHYHMX PiBHOCTEH (61) i (64), BUILIMBAE, 110 B TPAHC-
LEHIEHTHOMY PIBHSIHHI (66) TOJIOBHME BHECOK BHOCSITH [(Ba OCTaHHI JOAaH-
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ki. [TiACTABMBILM Ty aCMMITOTHYHE MPEICTABJICHHS JUIA MOXIZHMX, LIO-
MmicTaTbes y dopmysax (61) i (64), oaepKyeMO PiBHAHHS

sin{(v ) )(m, )}:0,

BUIKUTS 3HAXOIMMO ACHMITTOTHYHMIA PO3B’SI30K TPAHCLICHJIGHTHOTO PiBHsIHHS (66):
v, =m(o, o)), (67)

CrIpaBe/UIMBUIA UTS BEMKMX 3HaueHb j . Haaxonduu aHaioriyHo 3 TpaHc-
LIEHACHTHUM DIBHAHHAM (65), AilIeMO BUCHOBKY, L0 OTPUMAHUA acHMII-
TOTMYHHMIA Po3B’s130K (67) cipaBeyMBHIA i /Ui HHOTO. Y TakHii e croci6
TOKA3y€eMO, 1110 ACHMITOTHYHMI PO3B’SI30K TPAHCLEH/ICHTHUX PiBHSHb (24)
npu =0 i m =1 BU3HAYAETLCA HOPMYJIOKO
v, =jro v = jmol.
j
6. TIpoimocTpyeMO 3aCTOCYBaHHSI OTPUMAHMX IHTErpabHUX MEPETBO-
peHb Ha MPUKJIaji NobyI0BM TOYHOTO PO3B’A3KY 3aj1aui CTalliOHAPHOI Terl-
JIOMPOBIHOCTI /U1 Tifa, 1O 3arnoBHIOE obmacte ay<r<a;, 0<6<o,
9y <9©<9,. lllykaHy Temneparypy mo3xauumo uepe3 u(r,6,¢). Bona
MOBMHHA 3a/10BOJILHATH [4] PIBHAHHIO

S g (sin9u°)' u'
el sin@ sin’ @

=0, a,<r<a, 0S0<0, @, <O<Q,,(68)

i rpaHUYHI YMOBH

h,u(a,,ﬁ,(p) +u'(a,»,9’<P) = gi(e,(p), h; = )"-l(x., i =010 (69)

1

u'(r,0,9)=0, u(r,0,9,)=0, i=0,1. (70)

Tyt [4] A — KOediLliEHT TEMIONPOBIAHOCTI; o, — KOEPILieHT TerIo-
Biaaui Ha cepuuHMX MOBEPXHSX; g,(0,¢) — 3amaHi QyHKLIL.

11[06 3a10BOABLHUTH APYroi 3 rpanu4yHux ymoB (70), 3acrocyemo (ay-
matoun @, = 0) 10 chopMyIbOBaHOI KPaioBOi 3aJ1a4i CKIHUYEHHE CHHYC-
neperBopenHs Pyp’e [13]

¢
u"(r,9)=rsin(pn¢)u(r,9,¢)d¢, pn="$7:—, n=0,12,... (1)
0
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V pesynbraTi 3amicts (68)—(70) 6Gynemo maTH

[rzu,', (r,B)]’+ cosece[sin Ou, (r, 9)]' - uncoseczeun (r,0)=0,
a,<r<aq, 0<6<o0,

hu,(a;,0)+u,(a;,0) =g, (0), i=01, u (r,0)=0.

Ho orpumaHoi KpaioBoi 3aayi 3aCTOCYEMO iHTErpajibHe MepeTBOPEH-
HSl (26) npy m =1, NOKIABLIK AOAATKOBO y (yHKuionani (13) hy =h,=0.
Toni s TpanchopmaHTH

w
Uy (r)= IR;“ (cos®)sinOu, (r,0)d0 , (72)
0
A€ W=H,, @ V=V, — BIACHi YMC/IA, WO 30iraioThes 3 KOPEHAMM PiBHSH-
Hsl P“ (cosw) =0, ouepmumo O/IHOMIpPHY KpaioBy 3aaayy
[r? “nj(’)] =Vv;(v;+Du,(r)=0, st <a,
Bty (@) + 1, (a;) = 85 i=0,1.

s po3B’a3aHHsA L€l KpaioBOi 3ajadi 3aCTOCYEMO IHTErpajibHe nepe-
TBOpeHHs (50) mpu m=1. Y pe3yabTari 0JepKUMO

) y A(r)=—-°° v (r,A,) agvl(ao’;‘k)gOnj“alz"l(av)“k)gmj
n 2 1 %
k=] v, (r,A) || k,f+z+vj(vj+1)

ITicns o6epHeHHs oTpuMaHoi TpaHchopManTh 1o dopmyii (27) 3 Ha-
CTYNHHM obepHeHHAM cuHyc-TpaHcdopmanT Dyp’e (71) mo Bimomiii [13]
bopmyJTi OEPXKYEMO OCTATOUHMI BHI PO3B’SI3KY IMOCTABJIEHOI 3a/1ayi:

2 2v+1) (cosco)P”(cosG)
ikl

u(r,, (P)‘ smun(pu (r)- (73
P 2= =0 Fu\'j PlLl (cos m) vev; o i

PosrisinemMo okpemuii BUMAJ0K poO3B’si3aHOIl 3a1a4i, KoM o =1/2, i 06-
JIACTh, 3aMHATA PO3MJISIHYTUM TLIOM, SIBJISE CO00I0 chepuuHy 0OOJIOHKY TOB-
IMHOIO @, —a, 3 BUpi3oM @€ [¢,,2n]. V uboMy BUMAnKy 3amicTs iHTer-
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pajbHOro neperBopeHHs (72) BapTo 3acTocyBaTH nepersopenHs (37) i
PO3B 30K PO3CJsIHYTOI 3a4adi 3amicThb (73) 3anmuIUEThCS Tak:

WE e <22 T2+ M (=D ! a ]
u(r’e’(p)—_@—%% TN TR +2h) 2 (CosDIsink, @, (r)

ne A=1/2+,.
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