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THE DYNAMICAL PROBLEM ON ACTING CONCENTRATED
LOAD ON THE ELASTIC QUARTER SPACE

The wave field of an elastic quarter space is constructed when one face is rigidly fixed and a
dynamic normal compressive load acts on the other along a rectangular section at the initial
moment of time. Integral Laplace and Fourier transforms are applied sequentially to the
equations of motion and boundary conditions in contrast to traditional approaches when
integral transforms are applied to solutions’ representations through harmonic functions.
This leads to a one-dimensional vector homogeneous boundary value problem with respect
to unknown displacement’s transformants. The problem was solved using matrix differential
calculus. The original displacement field was found after applying inverse integral transforms.
For the case of stationary vibrations a method of calculating integrals in the solution in
the near loading zone was indicated. For the analysis of oscillations in a remote zone the
asymptotic formulas were constructed. The amplitude of vertical vibrations was investigated
depending on the shape of the load section, natural frequencies of vibrations and the material
of the medium.
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1. INTRODUCTION

During the construction and analysis of structures when dynamic or static
loads appear, stress arise and concentrate in elastic bodies. These stresses
can deform and even break the structure. Therefore they must be taken into
account during design calculation. Because of this, problems of the elasticity
theory appear in mathematical physics.

These problems were considered in a static and dynamic statements by
many authors for different objects under different initial and boundary condi-
tions [1-4]. An object such as a quarter space can be considered as a model
before solving a similar problems for an infinite or semi-infinite layer and then
for a plate. A quarter space is a special case of a spatial wedge. In particular

for the second boundary value problem for a spatial wedge the exact solution
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was constructed by Ya. S. Uflyand [5]. In another work [6], the exact solution
for the case, when normal displacements and tangential stress are given, was
constructed. The exact solution of the mixed problem of the elasticity the-
ory for a quarter-space in the static statement was found by G. Ya. Popov in
[1]. It is essential that a new method was used in the solving of this problem,
based on representation of new functions which are the sum of displacements’
derivatives [7|. This method was successfully applied to solving Lamb problem
[8]. Also using this method, homogeneous and inhomogeneous problems of
the elasticity theory for a semifinite layer were solved [7|. The development of
methods for problems of the elasticity theory for various objects, in particular
for a quarter space, was also carried out by A. M. Alexandrov in [9]. A general
solution for an elastic quarter space contact problem was presented in [10].
Dynamical stresses in elastic half-space were analysed in [11]. Plane contact
problem on the pressure of a stamp with a rectangular base on a rough elastic
halfspace was considered in [12].

Based on the results of [1; 8], as well as the method of representing the
equations of motion in terms of two jointly and one independently solvable
equations, proposed in [7], the aim of this work is to obtain the exact formulas
for displacements that appear in a quarter space when a dynamic compressive

load acts on one of its faces.

2. MAIN REsSULTS

2.1. STATEMENT OF THE PROBLEM.

An elastic quarter space x > 0, —0o < y < 00, 0 < z < 00, is considered.

At the moment of time ¢ = 0 dynamic normal load

0. (2,y,2,t)] oo = —p(z,y) P(t)
is applied to the boundary of the quarter space z = 0 across the rectangular
area 0 < x < A, —B < y < B the tangential stresses over the entire XQOY
plane are zero. The face x = 0 is rigidly fixed. The nonstationary points’
displacements of the quarter space u(z,vy,z,t), v(z,y,z,t), w(x,y,z,t) are
required to be determined with zero initial conditions. The statement leads to

the following boundary conditions

o.(2,y,0,t) = —p(z,y)P(t), 0<x < A; -B<y<B (1)



o.(x,y,0,t) =0, x > A; |y| > B
TZI(SU,y,O,t) =0, sz(x,y,o,t) =0
u(0,y,2,t) = v(0,y,2,t) = w(0,y,2,t) =0

The equations of motion in vector form are |§|

A(u,v,w) +

2 <8® 00 3@) p <82u 0%v 82w> ©)

dx’ 9y’ 0z) G\ 027 o2 o2

k—1

where A is the Laplace operator, k = 3 — 4u, u — Poisson’s ratio, © =
% + %Z + %—’5 — volume expansion, p — density of the medium material, G —
shear modulus; % = C%, ¢ — wave propagation speed.

To obtain a solution to the posed problem, it is enough firstly to obtain a
solution when the dynamic force concentrated at an arbitrary point (a,b) of

the face z = 0, and then distribute it over the required section, i.e.

p(z,y) =6(z —a)é(y — b)

Let’s set up a dimensionless coordinate system

T zZ - 1
= =2 i=(=)¢t 3
! ) 3)

Further, the “waves” are omitted, implying the replacement (3), introduce the

new functions [7]

0 0
Z(x,y,z) = %u(w,y, z) + a—yv(x,y, 2)

(4)
~ 0 0
Z(xayvz) = %U(xay) Z) - @u(x7y¢ Z)

Then the system of equations of motion (2) and the boundary conditions (1)

are rewritten in the form relatively new functions.

2 0 ow O*w
aw e g (705 ) = G -
2 oW\  9*Z
0*Z
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02, y.0.0) + (1= 1) D W (. 0,6) =~ Lo(a — 1)6() P(1)

0z 4Ga
VaeyW(z,y,0,t) + E?ZZ(x,y, 0,t) =0 )
9 -
&Z(x,y,o,t) =0
u(0,y, z,t) = v(0,y,2,t) = w(0,y,2,t) =0
52 92

where Vg, = 55 + 7
The original initial boundary value problem takes the form (5)-(7) under

the initial conditions

~ 0
W,Z,ZH - [WZZ” ) 8
[ t=0 ot t=0 ®)
After finding the unknown functions W, Z, Z the Poisson equations should be
solved in order to determine the displacements u and v
0 0 ~ 0 0 ~
=—7Z—-—7 =7+ -7 9
Vaytt = 5.2 = 5,2 Vv = 5 2+ 5. )
2.2. REDUCING THE PROBLEM TO A VECTOR ONE-DIMENSIONAL

PROBLEM

The Fourier transform with respect to the variable y, sin - transform with
respect to the variable z and the Laplace transform with respect to the variable

t, with parameters 8, a and p respectively are applied successively to (5), (6).

sl LI

The following conditions are assumed to be additionally satisfied [1]

(x,y,2,t

] e sin aur e 7P dy da dt (10)
Z(x,y, z,t

Z5(0,2) =0, Z5(0,2) =0 (11)
The function Zaﬁp(z) satisfies the homogeneous problem

Zl50(2) — (N? + p?) Zogp(2) = 0, 0 < 2 < 00, Zg,(0) =0 (12)

and therefore Z(z,y, z,t) = 0. The system of equations (5) and the boundary
conditions (7) take the form

2 k—1 -1
" ! 2 2 _
aﬁp(z) + P aﬁp(z) -N ot 1—‘2/34[31;(2) R 1 Wagp =0 (13)
K
opp(2) — j]\ﬂwl (2) — N2 1Za6p(2) — p*Zagp(z) =0
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—N*Wasp(0) + Zpg, =0

(3~ K Zagp0) + (1= @) Wi, (0) = ~" . -sina- B, "

[ee]
P, = /P(t)e_ptdt; N% =a? + %
0

To rewrite the system (13) in vector form, the unknown vector of the displace-

ment’s transformant is introduced

as well matrices

1 0 0 1 k=1 0 r=l
I= , — Kk+1 ,P: +1 7r]:\: K+1
(0 1) ° (2512 0) (0 ﬁ) (0 1)

So, the system (13) takes form

=

Loy(2) =0, 0 < z < o0 (15)
where the differential operator Ly has a form
Loy (2) = 15" (2) + 2Q¥'(2) = N*Py(z) — p"T¥(2)

The solution of the vector equation (15) is constructed on the basis of the
matrix equation’s solution Ly [Y(2)] = 0. The substitution Y(z) = ¢™V*I is
made to form the characteristic matrix M(s) = Is? + 2Qs — NP — p?T.

Inverse matrix has a form

2 mtla2 2 2

“1(q) — 1 §°— N —p R4l
M™(s) 1 , 25 N2 2 _ N2A=l _ 2n—1
Hi:l(s_sz) K—1 s = prony Rl (e

/ —1
§1 = — N2+K+1p27 52:_\/N2+p27
K
—1
83:\/N2+K+1p2, s4 =/ N?+p?.
K

Here s; (i = 1,4) are roots of the characteristic equation det[M(s)] = 0. The
solution of the matrix equation is constructed by the formula [13]

Y_(z2)= = ?{eszM_l(s)ds

21
C
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where C'is a closed contour encompassing all zeros of the matrix’s determinant
M(s). The residues at the poles s3 and s4 give a growing solution at infinity
and are therefore discarded. The residues at the poles s; and so give a solution

decreasing at infinity. After calculation a decreasing solution takes a form

2
1 A (r+1)NZ 4 1 _ (N+1)A 1
— —A1z (k—1)Aq S AYY (k—1)
Y_(2) =53¢ ((H)NQ + e iy 2 (16)

2p (k—1) —A1 2p (k—1) Ag

where Ay = /N2 +p2, Ay = /N2 + p(’({il;)
The solution of the vector equation (15) is constructed in the form

F(2) = Y () @)

where constants Cj, ¢ = 0,1 are found by satisfying the boundary conditions

(14). Thus, a system of linear algebraic equations is obtained

LJHAL [A1A2 - N? — *} Co+p*C1 =0
2Co+2 A

[A AQ—NQ——}C’ *—K—H%sma-Pp

n+1
after solving it the expressions for the transformants were found

sin «v A

Waﬁp(z) = a . pr [—2N2€_A1Z + (2N2 +p2>6_A22]

sin o N2 A 2 2 A (17)
Zopp(2) = Ca P,—~ X [—2A1Age™ 217 4 (2N? 4 p*)e™227]

A = AN* + AN?p? + p* — AN?A 1A, (18)

Based on formulas (9), (12), the transformants of the remaining displace-

ments are found

Uoiplz) = g Zoip(2), Vip(z) = o L) (19)

Thus, an exact solution to the posed vector problem (13) (14) in the transform

space was obtained.
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2.3. CONSTRUCTION OF THE ORIGINAL SOLUTIONS

After applying the inverse integral transformations to the solution (17), the

original vertical displacement was obtained

W(x,y,z,t) = 27r2 Ca 27”/ // 2N267A1Z+

—oo 0

+(2N2 +p )e*AQZ] sin o €'Y sin ax ePtdp d dov

[ = (\—io0o, A+ i00)
Using the parity of the integrand and applying Euler’s formula, displace-

ment is rewritten in the form

1 A Avey
W(z,y,2,t) = 7TQGCL%Z/ // 2 [_aNZe~ A1

—00 —O0

—|—(2N2 +p )e—Az.z] ezﬁy [e—z(x—l)a _ e—z(x-i—l)oe eptdp dB da

In order to get rid of the double integral over the parameters of the Fourier
transforms, the relation connecting the Fourier and Hankel transforms [14] was

used

// < a2+52+xz> —ier=iBY dodB = /SF\/SQ"FX@)

x Jo(sv/x? 4+ y?)ds

where Jo(s) is the Bessel function, x1 = p, x2 = /155 5=Llp  After simplifications,

formula for displacement takes a form

7TGa27rz/ /A(S Jo (x—1)2+42)—

—Jo(sv/(z+1)2+ yZ)} ePds dp

W(x,y,z,t)

-1 /
F(s)=4/s2+ 'L€7+11172 . [—45 eV L (252 + pPle S+ ]
K

-1
Ay = 45t + 4% + pt — 452\/s2 + p24 [ 52 + 719
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Using the parity of the Bessel function Jy(s), continue the integrand in an odd

way to the interval (—oo, 0)

1 1 OOFS
W(zx,y,z,t) = 7rGa2m'/Pp/ A( ) ] [Jo(s (x —1)2 4+ y2)—
l —00

—Jo(sv/(x +1)2+ yQ} ePlds dp

According to the obtained solution, the displacement from the distributed over

a rectangular area load can be found

ﬂéa;mjj/Pp7FA(i)'5 [JO(S\/(xfa)ZjL(yfb)Q),
0 -B I —00

B

WAB(:'U’ y? Z? t) =

—Jo(s\/(x + a2+ (y — b)?} ePdsdpdadb  (20)

Formula was written in the initial coordinate system.

2.4. STEADY-STATE OSCILLATION CASE

Suppose that the load applied across the area 0 < z < A; —B < y <
B over the plane X0Y changes according to the harmonic law P(t) = e™?
and p(z,y) = P, where P — constant intensity of the load, w — is a natural
frequency of vibrations. In this case, substituting into the constructed solution

(20) p = iw, the displacement is written in the form

a

A B o0
WAB(z,y, z;w) = ﬂ_g / / / FXS’:}) -8 [JQ(S\/(.T —a)?+ (y—b)?)—
0 —B—o

—Jo(sv/ (@ + @)+ (y — b)2)} dsdadb (21)

F(s;w) =9y [—2526_612 + (25% — wz)e_‘;?ﬂ
Ay, = 4s* — 45%0% + w? — 4526109 = (252 — w2)2 — 45%6105. (22)

01 = /82 — w2, 52:\/52—%(#2 (23)

Since the expression (23) includes the multivalued functions [3], they have to

be fixed. And after making cuts, using the contour integration methods, the



15

displacement is calculated. It is necessary that from the loaded rectangle on
the quarter space’s face where the load is applied, the energy is carried away to
infinity by each of the two types of possible waves. These requirements make
it possible to fix multivalued functions v/s2 —w? u y/s2 — :—j&oﬂ [3; 8]

S22 5. — Je2  E—l 2

_Hw 01 = V8% —w?; 0y =4/s W
. k=1, . 2 2. 2 2
when [s| < w; 8] < FHw: 61 = —iVw? —s 62——\/ﬂ+1w —s

Damping into the environment was introduced. The energy flow must be di-

when [s| > w; |s| >
(24)

rected away from the place where the load is applied. The root of the equation
(22), [3], is the number s = +kr — the wavenumber related to the propagation
velocity of the Rayleigh wave. The denominator has no other roots for such
a fixation of §; and d2. Going around the branch points in the corresponding
loops, choosing 61 and d on the corresponding sections of the loop, so that
the requirements (24) are satisfied. Also taking into account the residue in the

Rayleigh root, the solution for plane z = 0 is obtained

e 2iw?y [k% — o lw?
FWAB(m,y,O;w) ==

A B
ere gj—az AP I
Where J4; O/é[ ( 2+ (y b)>

—Jo <5\/(x +a)’+ (y — b)2>} dadb (26)

45352 — w? 12s% — 8sw

2 _ K=l )2 V82 —w?

k+1

F'(s) =8s(2s* —w?) —

kr = méf__ﬁw, where the approximate formula from [3] was used.
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If the formula (25) is being rewritten in terms of wavenumbers

w k—1
=, — W= =
Co K+ 1 c1

c1 is longitudinal wave velocity; ¢y is shear wave velocity. The value of the
integrand in (21) F(gi:;)s coincides with that one in Lamb’s problem [3]. The
difference with the work [8] is in the form of the function J;}iB(:L‘, y). Thus,
under the assumption (11) that the functions Z(0, z) and Z5(0, z) are equal
to zero, the solution turned out to be practically identical to the solution of

the Lamb problem.

2.5. DISPLACEMENT FOR LARGE VALUES VIBRATION FREQUENCY

For large values of frequency w, using the expansion

. 1
l—2)f=1— -
(1-z)2 27 78" T 16" T 128"
21)

and based on formulas ( (23), a calculation formula for the displacement

was obtained in the form

G [o.¢]
FWAB(x, y,0;w) = — /F(S;W)J;iB(I, y)ds, (27)
0

where F(s;w) =

5 7 9
s brows’ = bk — s et
454 (,//@ — ﬁ) + w /R + 45%w? (,/Fao — 1) — 42 Z—A;m + Z—img + i—iﬁg}
k1 1o, 1 Lo 1 Lo 1
Ko = ——, K1 = =Kt + —Ko, K2 = —Ki + —Ko, K3 = —Ki + —K
07 w1 TRt T g0 T e T T g0 T 3270

2.6. TRANSFORMATION OF THE INTEGRAL JSAl’B(x,y) FROM (26)

According to the scheme [8|, consider the integral J:} iB(x,y). Using the

integral representation for the Bessel function [15]

s

Jo(sv/(z Fa)2+ (y —b)2) = i/cos [s(z F a)cost)] - cos [s(y — b) sinvp] dyp

0
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which should be substituted into formula (26). After changing the order of in-
tegration and calculating the integrals as repeated, the procedure was detailed

in [2], formula (26) was rewritten in the form

8AB
J:}iB z,y / SA B (1)) sin [sz cos ] - cos [sy sin 1] dip, (28)
0

sin [sBsint] 1 — cos[sA cos ]
sBsiny sAcosy

where S4B (1) =

the function S§4’B (1) is infinitely differentiable with respect to ) and also even,
therefore, the integration path can be taken equal to [—7/2, m/2]. Subsequent

change of variables sin) = 7 allows to rewrite (28) as

1
dr

4AB
V1—72’

A7
TP (@) = FA&P (x,y) (29)

-1

sin [sB7] 1 —cos [SA\/ 1— 7'2}
sBT sAV1 — 72

where FS‘?T’B (z,y) =

-sin [sx\/ 1-— 7‘2] -cos [syT]

The quadrature formula of the highest degree of accuracy [16] was applied to
the integral (29)

_ 44B
T4 (, Z FAB (g (30)

S,T;

where 7; = cos 25 N17r, i = 1, N are the zeros of the Chebyshev polynomial of

the 1st kind.

: 1 — cos |:$A1/1—7'-2:|
BTt:
F;‘TB( Y) = sin [sB7i} | "1 sin | szy/1— 72| - cos [syT;]
' sBri sA\/1— 12

7

(31)
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Substituting the expression into the displacement formula (25) and (27) the

final expression was constructed

/ 2 _ k=12 N
FW (-ﬁU,y,(LOJ) = Z

N | F'(kR)

+2iw2 Z / RT1 AB(y Vst
[L—— 9 (252 — w?) +452/W2 — §2 5 iwz—s o
+&w2§: /” o ) A (2, y)ds
- L (252 — w?)? + 1654 <32 :;icﬂ) (w2 —s2)
HJrlw
(32)

where F'(s) is defined in (26) and Fg?;?(a:,y) —in (31). For large values of

frequency w the formula takes the form

N oo
G AB . 4ABZ A B
FW (z,y,0;w) = Z/F s;w)Fea” (v, y)ds, (33)

1o

where the function F'(s;w) is defined in (27)
Thus, the formula has been simplified to the calculation of single integrals
of continuous functions, which is not difficult if oscillations in the near zone

are of interest.

2.7. EXPRESSIONS FOR FAR FIELD DISPLACEMENTS

The calculation of integrals in (32), (33) for large values of x and y is
difficult due to the presence of an oscillating function in the integrand. To
eliminate this difficulty for large values of r = \/W, the asymptotic ex-
pressions for analyzing the far field is advisable to obtained. In the integral

(28) the change of variables x = rcos ¢, y = rsin¢, A = tr was done

4A

2
B o
J;}iB(T cos ¢, r sin gf)) = T Im /S?,B(w)ez/\cos(qﬁ—w)dd)_i_
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bo| 3

%
+/Sé4,3(¢)€imos(¢+¢)d¢ 0<p<— (34)
0

The stationary phase method was used for the analysis of asymptotics [8; 17],
where the role of the function for the analysis of asymptotics, f(v) is played
by cos(¢ F ), and the role function ¢(1)) is an infinitely differentiable function
Sf’B(w). The first integral has a stationary point and the second has not,
therefore, its contribution to the asymptotics of (34) can be neglected. The

first integral in (34) can be represented as the sum

¢ 3
4 .
J;}iB(’r‘ cos ¢, r sin QS) = ﬁ Im /+/ Sf,B(w)el)\COS((ﬁ—w)dw'
0 ¢

™

where in the first integral the stationary point is at the end of the integration
path f/(¢) = %Cos(lp —¢) =0 for ¢p = ¢ and f"(¢p) = —1 < 0, a in the
second integral — at the beginning of the integration path. After application

of theorems 2 and 3 [17], formula (34) was rewritten

A,B . 2AB . A.B 1 iy

: _ _ . G4, Slo<op< =
Jii” (rcos ¢, rsin ) N [sin sr — cos sr] - S27(p) + O . 0<¢p< 5
(35)

SAB(g5) = sin [sBsiny] 1 — cos[sAcosy]
s sBsin sAcos

Substitution of (35) into formulas (25) and (27) makes it possible to determine

the displacement W (z, y, 0; w) in the far field  — oco. As in the work [3; 8] only

the Rayleigh term makes the main contribution to the asymptotic behavior of
the displacement in the far field, the highest values are achieved with the angles
¢=0and ¢ = 5

JAP , 1 si ‘ =.,/— (sinkgpr — k
kR,l(TCOS¢ 7 8in @) s ’/2]@ (sin krr — cos krr) x
A i B 1
" [ coskrA sinkpr ] O( > (36)

kRA ’ kRB T

2.8. DISCUSSION AND NUMERICAL RESULTS

For numerical implementation, the displacement should be multiplied by

e™* and the real or imaginary part should be separated. The graphs are given
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for the function %Im WAB(2,y,0;w) from (32) for values of Poisson’s ratio
w= % and p = i for frequencies w = 0.3; 1; 3. For large values of frequencies
formula (33) was used. Three forms of the load distribution section across the

face z = 0 were considered
1. B = A/2 - the load is distributed over a square;

2. B = A - the load is distributed over a rectangle extended along the Oy

axis;

3. B = A/4 - the load is distributed over a rectangle extended along the

Ox axis.

To analyze the far-field r — oo, the asymptotic equalities (35), (36) were used,
substituted into the expressions for the displacement (25), (27)

Comparing the graphs of vertical displacements for the same frequency
w = 0.3 and Poisson’s ratio p = 1/3 under different sections of the load
distribution (Fig. 1, Fig. 2, Fig. 3), it can be seen that the maximum absolute
values equal to 2.5 achieved with the shape of the section B = A, which
corresponds to a rectangle elongated along the y-axis. At the same time, the
displacement has a maximum amplitude which is approximately 2 units. In the
case when the load is distributed over a rectangle elongated along the x-axis,
the displacement has a minimum amplitude 0.6 and its maximum displacement
is about 0.7 units.

In the case when the load is distributed over the square B = A/2, with
an increase in the vibration frequency (Fig. 1, Fig. 4, Fig. 7), the amplitude
of displacement grows. In addition, in the case when the oscillation frequency
is equal to 3, negative displacements are observed, which means the lifting of
the face of the quarter space. Also growing of the amplitude with increasing
frequency can be seen from Fig. 2 and Fig. 5, which corresponds to the case
B = A, where the amplitude increased from 2 units (w = 0.3) to 4 units
(w = 1). There is also the effect of raising the edge of a quarter space due to
the presence of negative amplitudes’ zones (Fig. 5).

Comparing the value of vertical displacements for different values of Pois-
son’s ratio (Fig. 5, 6), it can be seen that the behavior of the graphs is similar,

but for values of y = 1/3 the amplitude of oscillations is greater.
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1/3 1/3

Figure 3: B=A/4, w =03, p = Figure 4: B = A/2, w =1, p =
1/3 1/3

The vertical displacements’ graphs in the remote zone of the load applica-
tion area, depending on the vibration frequency with Poisson’s ratio equal to
1/3 and load section B = A, represented in the Figure 8. As the distance from
the load distribution section increases, the oscillations decay. Similar to the
results for the near load zone, the maximum displacements occur in the case
of the load section’ shape B = A. The amplitude is greater for large values
of vibration frequencies. With a decrease in the frequency of oscillations, the

amplitudes are practically equal to zero.
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Figure 5: B=A, w=1, u=1/3 Figure 6: B=A, w=1, p=1/4

—0.05

—0.10

T T T T T T T T
150 175 200 225 250 275 300 325 350
r

Figure 7: B = A/2, w =3, u = Figure 8: B=A, p=1/3.
1/3

3. CONCLUSION

The dynamical problem’s solution of the elasticity for the quarter space was
derived, when one the faces is rigidly fixed and another is under the influence
of the normal dynamic compressive load, applied at the initial moment of time
and distributed across a rectangular section. Application of the integral trans-
form method directly to the movement equations reduced the initial problem

to the one-dimensional vector problem. The last one was solved exactly using
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the matrix differential calculus. The proposed approach makes it possible to
obtain an exact solution of the problem in the transform’s space. The case of
steady state oscillations was investigated and vertical amplitude was analyzed
in near loading and remote zone, for which asymptotic formulas were derived.

At the same time, it is also possible to construct and study the normal
stress arising in a quarter space and compare the amplitudes of all three dis-
placements. Using the proposed approach, the similar dynamical problem for
the elastic semi-infinite layer, when different boundary conditions are set on

the bottom face is under consideration.

Decenxo I. O., Bondapenro K. C.
JMHAMIYHA 3AAYA ITPO JIIIO 30CEPEJKEHOT'O HABAHTAYKEHHSI HA ITPY>KHUI YBEPTH
[IPOCTIP

Pesrome

ITo6ymoBano XBHIIbOBE I0JI€ MIPY?KHOI'O YBEPTDH IIPOCTOPY, KOJIU OJHY I'DAHUIIO *KOPCTKO 3a-
KpiIIeHO, a Ha IHIIINA MO NPsAMOKYTHI#M JIJIAHIN Jli€ HecTallilOHapHE HOPMAaJbHE CTUCKAIOUe
HaBaHTAXKEHHSI B MMOYATKOBUII MOMeHT dacy. lurerpanbui neperBopenns Jlammaca ta @yp’e
3aCTOCOBAHO MOCJIJOBHO JO PIBHAHB PyXy Ta JI0 I'PAHUYHHUX YMOB, Ha BIAMiHY BiJ Tpamu-
MIAHUX TiIXO/iB, KOJIM iHTErpaJjbHi MepeTBOPEHHsST 3aCTOCOBYIOThCs 0 IOJIAHHS PO3B’SI3KiB
4gepe3 rapMoHivHi GyHkIil. [le npuBoguTh 10 0OHOBUMIPHOI BEKTOPHOI OHOPIIHOT KpailoBOl
3a/Ja4i BiITHOCHO HEBIZJOMUX TPaHC(POPMAHT MEPEMIIEHDb. 3a/1a9y PO3B’sI3aHO 38 JOMOMOTOI0
MATPUIHOTO AU(DEPEHIIaIbHOr0 YucaeHus. [loe BuXigaux nepeMimnenb 3HaliIeHo micjs 3a-
CcTOCyBaHHsI OOEPHEHUX IHTerpajbHUX IepeTBOpeHb. [l BUMAIKy CTAIlOHAPHUX KOJMBAHD
BKa3aHO CHOCIO 00YMCIIeHHST y PO3B’sI3KY KBaJApaTyp B OJIFIKHIM 30HI HaBaHTaxKeHHS. s
aHaJIi3y KoJIMBaHb y BijzaJseniit 3oui nobyoBano acumuroTudsi dpopmynu. Jocmimpkeno am-
IUTITY/1y BEPTUKAJBHUX KOJIMBAHB B 3AJIEXKHOCTI Bijl (DOPMU [IIITHKY HABAHTAYKEHHST, BJITACHUX
9aCTOT KOJIMBAHb Ta MaTePiay CEPEIOBUIIA.

Karowosi caosa: mownull po3s’a30k, npystcHull 46epmunpocmip, JUHAMINHE HABAHNAHCEH-

HA, THIME2PAALHL NEPEMBOPEHHA.

Decenro A. A., Bondapenxo K. C.
JIMHAMUYECKAS 3AJIAYA O IEMCTBUM COCPEJOTOYEHHO HATPY3KHM HA YIIPYT'OE YET-
BEPTb MPOCTPAHCTBA

Pesrome

ITocTpoeHo BOSTHOBOE II0JIE YIIPYTOrO YeTBEPTH IIPOCTPAHCTBA, KOIJA OJHA I'PAHb KECTKO 3a-
KpeIjieHa, a Ha APYToi II0 IPsAMOYTOJIbHOMY YYACTKy AeHCTByeT HeCcTallmOHAPHAA HOPMaJlb-
Hasl C2KIMAIOIIAsi HArPy3Ka B HAYAJIbHBIN MOMEHT BpemeHu. VlHTerpaspabe mpeodpa3oBaHust
Jlamtaca u @ypbe NpUMEHEHBI IOCIEOBATEIBHO K YPABHEHUSM JBUKEHUS U PAHIIHBIM
YCJIOBUSM, B OTJINYHME OT TPAAUIMOHHBIX IIOJIXOIO0B, KOTJIa MHTerpaJibHble IIpeoOpa30BaHus

NPUMEHSIOTCSI K [IPEJICTABJIEHUSIM PEIeHHIl Yepe3 rapMoHudYeckne MYHKIUNA. DTO IPUBOIAT
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K OJHOMEPHOII BEKTOPHOII OJHOPOJHON KpaeBO# 3aJlade OTHOCUTEJIbHO HEU3BECTHBIX TPaHC-

dopmaHT nepemenieHuii. 3aa4a perieHa ¢ IOMOIIbI0 MATPUIHOIO JnuddepeHnajIbHOro ue-

gucsenus. [Tome HNCXOOHBIX HepeMemeHHﬁ Haﬁ,[[eHO 1I0CJI€ IIDUMEHEHU A O6paTHBIX nHTerpaJib-

HBIX peobpazoanmii. /st ciaydasi crarmoHapHBIX KOJIEOAHUN yKa3aH CIocOO BBIYUCTIEHUST

B PEIIeHIHN KBaJpaTyp B OnmKHeN 30He HarpyzkeHus. /lisa anammsa kosiebaHmili B OTIAJICH-

HOIT 30He MMOCTPOEHBI aCUMITOTHYeCKHE HPOpMYIbl. VccaemoBana aMIIUTY/ /18 BEPTUKATIBHBIX

KojIeOaHUil B 3aBUCUMOCTH OT (DOPMBI y4acTKa HArPY3KHU, COOCTBEHHBIX YACTOT KOJIEOAHUH U

MaTepuaJia CPeJIbL.

Karoueswie caosa: mowroe PEWEHUE, YNPY20€ HIMEBEPMBNPOCIMPAHCINGO, QUHAMUMECKAA Ha-

2py3Ka, uHmezpasbHovle NPeodPa306aHUA.
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