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Long-time tails in the dynamics of polymers in dilute solutions

with hydrodynamic memory

The dynamics of polymers in dilute solutions is studied taking into account the

hydrodynamic memory, as a consequence of fluid inertia. As distinct from the Rouse-

Zimm (RZ) theory, the Boussinesq friction force acts on the monomers (beads) instead

of the Stokes force, and the motion of the solvent is governed by the nonstationary

Navier-Stokes equations. The obtained generalized RZ equation is solved in the

continuum approximation. It is shown that the time correlation functions describing

the polymer motion essentially differ from those in the RZ model. In particular, as

t → ∞, they contain long-time tails.

Most of the theoretical investigations on the dynamics of flexible polymers are

based on the Rouse-Zimm (RZ) model [1 � 4]. In this theory the polymer molecule is

modeled as a chain of beads under Brownian motion. The beads interact with the

neighbors along the chain and with the solvent. The solvent contributes a frictional

force against the motion of a monomer and a random force due to the random collisions

exerted on monomers. In the Rouse model, the solvent is considered as nonmoving.

Within the Zimm theory, the motion of each monomer also affects other monomers,

by way of the flow it induces in the ambient medium. The Zimm model predicts the

correct dynamical behavior for dilute polymer solutions in θ-conditions. The Rouse

model is applicable for good solvents, where the corrections due to the hydrodynamic

interactions and excluded volume effects cancel each other to a large extent, or in

situations when the surrounding polymers screen out the hydrodynamic interactions

[3, 4]. Both models assume Gaussian equilibrium distribution of the beads. The models

hold for polymer properties, which involve length scales large compared to monomer

sizes. Although the RZ model has been proven as a universal theory well describing

the long-time behavior of the polymer macromolecules, there is still a number of

unresolved problems in the understanding of the polymer dynamics in solution [5 �

7]. For example, the diffusion coefficient calculated from the continuous RZ model

systematically deviates from the experimental values for both the natural and synthetic

macromolecules.

In the present work we propose a generalization of the RZ theory that could give a

better understanding of the dynamical behavior of polymers in dilute solutions. We

take into account the fluid inertia during the motion of the polymer in the solvent. The

hydrodynamic interaction is considered solving the nonstationary Navier-Stokes
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equations. The resistance force on the moving bead is assumed not the Stokes one,

proportional to the velocity of the bead. We model this force by the Boussinesq friction

force [8], which, at a given time t, is determined by the state of the bead motion in all

the preceding moments of time. We thus have a possibility to obtain solutions valid

for almost arbitrary t (for incompressible fluids, however, t >> b/c, where b is the

monomer size and c the sound velocity). In other words, the effects of hydrodynamic

memory are taken into account. Such effects have been extensively studied in the

physics of simple liquids and in the theory of Brownian motion (see e.g. Ref. [9]) with

very important consequences. In particular, the memory effects reveal in the famous

long-time �tails� of the velocity autocorrelation function (VAF), first discovered by

means of computer experiments [10, 11]. The concept of the Brownian motion lies in

the basis of the RZ theory of polymer dynamics. It is thus natural to expect that the

memory effects will be important for polymers as well.

Within the RZ model the motion of the nth polymer segment (the bead) is described

by the equation

( )2

2

n fr ch

n n n

d x t
M f f f

dt
= + +

r
r r r

.  (1)

Here, x
r

 is the position vector of the bead, M is its mass, 
ch

n
f
r

 is the force from the

neighboring beads along the chain, n
f
r

 is the random force due to the motion of the

molecules of solvent, and 
fr

n
f
r

 is the friction force on the bead during its motion in the

solvent. In the RZ model the latter force was

( )fr n
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f v x

dt
ξ  = − −  
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r r r

,  (2)

with ( )n
v x
r r

 being the velocity of the solvent in the place of the nth bead, due to the

motion of other beads. The friction coefficient for a spherical particle of radius b is ξ
= 6πηb, where η is the solvent viscosity. However, this expression holds only in the

case of steady-state flow. In the general case the resistance against a body depends on

the whole history of its motion, i.e. on velocities and accelerations in the preceding

moments of time. We use, for incompressible fluids, instead of Eq. (2) the Boussinesq

force [8, 12, 13]. This means to replace, in the Fourier representation with respect to

the time, the friction coefficient ξ with a frequency dependent quantity

( )21
1

9
b bωξ ξ χ χ = + +  

,  (3)

where ρ is the solvent density and /iχ ωρ η= − , Reχ > 0. Equations (1 � 3) have

to be solved together with the hydrodynamic equations for the velocity of the solvent,
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, div 0.v =r
(4)

Here p is the pressure. The quantity ϕr  is an external force per unit volume [4],

( ) ( ) ( )fr

n n n

n

x f x x xϕ δ= − −∑
rr r r r r

.  (5)

The solution of Eqs. (4) can be, for any of the Cartesian component α (x, y, or z),

written in the form

( ) ( ) ( )v r dr H r r rω ω ω
α αβ β

β

ϕ′ ′ ′= −∑∫
r r r r r

,  (6)

with the Fourier transformation (FT) of the Oseen tensor [15]

( )
2

r r
H r A B

r

α βω
αβ αβδ= +

r
,  (7)

( ) ( )1 18 1y yA r e y e yπη − − − −
″  = − −   

,

( ) ( )1 1
8 3 1

y y
B r e y e yπη − − − − ″  = + −   

.  (8)

Here y = rχ (3) and the prime � denotes the differentiation with respect to y.

Substituting 
ω
βϕ  from the FT of Eq. (5) to vω

α  from (6), and the result into the FT of

equation of motion (1), we obtain a generalization of the RZ equation, which in the

continuum approximation reads
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∫ .  (9)

Here a is the mean square distance between neighboring beads along the chain. We

have used that the force between the beads can be obtained from the effective potential

( ) ( )22

12
3 2

N

B n nn
u k T a x x −=

= −∑ r r
, which follows from the equilibrium distribution

of the beads [4], ( ) ( ) 3/ 2
2

2 3nmP r a n mπ
−

= − ( )2 2exp 3 2nmr a n m − −  . Due to

the dependence of the Oseen tensor on the difference nm n mr x x≡ −
r r r

, Eq. (9) is nonlinear
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and thus hardly solvable analytically. We use the common approach, preaveraging the

Oseen tensor over ( )nm
P r  that gives:

( )
0

nm
H h n mω ω

αβ αβδ= − , (10)

( ) ( ) ( ) ( ) ( )1/ 2 13 26 1 exp erfch n m n m a z z zω π η π
− −  − = − −  ,

with ( )1/ 2

6z a n mχ≡ − . In the case without memory [4] the function h at large

n � m behaves as ~n � m-1/2; now the effective interaction between the beads disappears

more rapidly, ~n � m-3/2. Since Eq. (9) contains only the diagonal terms, it can be

solved using the FT in the variable n, ( ) ( )0 1
2 cospp

x n y y np Nω ω ω π
≥

= + ∑r r r
, where

the boundary conditions at the ends of the chain have been taken into account [4],

( ), 0x t n n∂ ∂ =
r

 at n = 0, N. The inverse FT then yields the following equation for

the Fourier components pyωr
:

1
2

p p p py f i M K
ω ω ωω ω

−
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rr
, (11)

where ( ) 1

01 2p p pp
Nhω ω ωξ δ

−
 Ξ = + −  , and K

p
 = 3π2p2k

B
T/(Na)2, p = 0, 1, 2, � The

matrix pp
hω

 is defined by the expression
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1
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N N

pq
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N NN

ω ω π π
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In obtaining Eq. (11) it has been taken into account that the nondiagonal elements

of the matrix are small in comparison with the diagonal ones and can be in the first

approximation neglected; the substantiation of this is the same as in Ref. [3, 4]. Equation

(11) can be investigated as it is usually done in the theory of Brownian motion using

the fluctuation-dissipation theorem (FDT) [14] or the properties of the forces pf ω
r

 [9].

The forces acting on different beads n and m are uncorrelated, so that their correlator

is ~ δ
nm

. In going to the continuum approximation the Kronneker symbol δ
nm

 has to be

replaced by the δ-function, δ(n-m). Thus, in the Fourier representation we have

( ) ( )
0

Re
2

B

p q p pq

p

k T
f f

N

ω ω ω
α α αβδ δ δ ω ω

δ π
′= Ξ +

− .  (13)

Equation (11) then yields the following expression for the time correlation function

( ) ( ) ( )0p p pt y y tα αψ = :
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in agreement with the FDT [13, 14]. The generalized susceptibility is

( ) ( ) 1

02p p
Nα ω δ

−
 = − 

1
2

p pi M K
ωω ω

−
 × − Ξ − +  , and the forces corresponding

to the coordinates p
yω

α  are p
Nf ω

α . Using the Kramers-Kronig dispersion relation [13],

the same initial value of the function ψ
p
 at t = 0 as in the RZ theory is immediately

obtained: ( ) ( )0 0p B pk Tψ α= ( ) 1

2B pk T NK
−

= , p > 0. Equation (14) gives the

solution of the model, for the Fourier amplitudes of the correlation functions of the

positions of beads. Knowing ψ
p
(t), other correlation functions of interest can be found,

e.g. the VAF ( ) ( ) ( )0p pt v v tα αφ = ( )2 2

p
d t dtψ= − , or the mean square

displacement (MSD), ( ) ( ) ( )2 2 0p p py t tψ ψ ∆ = −  . The previous RZ results are

obtained putting ω = 0 in p

ωΞ , Eq. (11), and neglecting the inertial term in the equation

of motion of the bead, so that M = 0. The mode y
0
 describes the motion of the center of

inertia of the coil [4]. In the RZ case one obtains ψ
0
(0) � ψ

0
(t) = D

C
t. The diffusion

coefficient ( )0

00 1/C BD k T h Nξ= +  contains the Zimm ( 0

00C BD k Th= =

( ) 1
38 3 6Bk T N aπ η

−

= ) and Rouse ( C BD k T Nξ= ) limits. The internal modes (p

≠ 0) relaxed exponentially, ψ
p
(t) = (k

B
T/2NK

p
)exp(-t/τ

p
), with the relaxation times τ

p
,

( )01 2p p pp
K Nhτ ξ ξ = +  , where ( ) ( )1/ 2 10 3

12pph Np aπ η
− −= .

For the solution of the Rouse case with memory (when the hydrodynamic interaction

contribution in Eq. (11) is negligible for all ω) we refer to our recent work [16]. In the

Zimm model, when the hydrodynamic interaction is strong for all frequencies that

significantly contribute to the studied correlation functions, we have in Eq. (11)

( ) 1

02p p pp
Nhω ωδ

−
 Ξ ≈ −  . The Oseen matrix (12) can be calculated with arbitrary

degree of precision, e.g. for p = 0 we have the exact result

( )2
0

00 00

3 2 1
1 erfc 1

4

zh h e z
z zz

ω π
π

 
= − − − 

 
%

%
% %%

,  (15)

where ( )1/ 2
6z N aχ≡% . Then the correlation functions can be in the t-representation

calculated using the standard methods of the theory of Brownian motion [9]. Here we

show the main terms of the asymptotic expansion of the time correlation functions that
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can be obtained also using the expansion of the susceptibility α
p
(ω) in small (-iω)1/2. In

the case of the diffusion of the coil as a whole we obtain the expression

( ) ( ) ( )1/ 2

0 0

2
0 ...C Rt D t tψ ψ τ

π
 

− = − + 
 

, (16)

where D
C
 is the Zimm diffusion coefficient. The characteristic time τ

R
 = R2ρ/η is

expressed through the hydrodynamic radius of the coil [3, 4]. Consider now the internal

modes of the polymer, p ≥ 1. The components of the matrix (12) are calculated as in

Ref. [4], and can be expressed through special functions, so that their expansion is

known to any desired power of (-iω)1/2. The first correction to the results of the model

without memory is determined by the coefficient at the term ~ (-iω). The first

nonvanishing correction to the susceptibility α
p
(ω) is given by the term ~ (-iω)5/2. The

coefficient at this term is determined by the expansion coefficients of the terms

proportional to (-iω) and (-iω)3/2 in the expansion of pp
hω

. Using Eq. (15), we thus find

for the correlation function ψ
p
(t)

( )
( )

5/29
p pR R

3 2 3

p p R

t 2 2 16 1
1

0 t45 3 p p

ττ τ
π τ τπ π

 Ψ  ≈ − +    Ψ   
,  (17)

where p ≥ 1, t >> τ
R
, and τ

p
 = (N1/2a)3(η/k

B
T)/(3πp3)1/2 is the Zimm relaxation time.

Finally, we give the result for the intermediate scattering function ( ),G k t
r

 that is

used in the description of the dynamic light or neutron scattering from a polymer coil

[3] ( k
r

 is the change of the wave vector at the scattering). Acting in a similar way as in

Ref. [3] but taking into account that our solutions are obtained for large t, it can be

approximated by the expression

( ) ( ) ( ){ }2

0 0, exp 0G k t N k tψ ψ≈ − − ×  

( )
( )

2 2 2 4 4

6 6
2,4,...

8 1
exp 1

36 03

p

p p

tNa k N a k

p

ψ
ψπ

∞

=

  
× − −      

∑  (18)

valid for kR << 1 (in the opposite case the function G(k,t) becomes very small at large

times). One can see from this equation that the contribution of the internal modes is

small and thus hardly detectable against the diffusion term given by the first exponent.

However, our predictions concerning the diffusion of the coil as a whole could be

directly measured in the scattering experiments. The diffusion contribution dominates

at the times t >> τ
D
, where the characteristic time for the diffusion is τ

D
 = R2/D

C
.

We conclude that in the generalized RZ model, when the memory of the viscous

solvent is taken into account, the relaxation of the correlation functions describing the

polymer motion essentially differs from the original theory. The MSD at small times
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is ~ t2 (instead of ~ t). At long times it contains additional (to the Einstein term)

contributions, the leading of which is ~ t1/2. The internal modes of the polymer motion

now do not relax exponentially. The longest-lived contribution to the correlation

function of the bead displacement is ~ t-3/2 in the Rouse case [16], and ~ t-5/2, when the

hydrodynamic interaction is strong. The found peculiarities can be investigated

experimentally, e.g. by the dynamic light or neutron scattering. Due to the long-range

character of the hydrodynamic field, the characteristic time of the Zimm model, τ
R
 =

R2ρ/η is connected with the size of the whole polymer coil and sufficiently large from

the point of view of the experiments. The differences from the original model thus

seem to be experimentally accessible. As seen from Eq. (17) and (18), the tails in the

MSD lead to a slower decay of the scattering function. This corresponds to diffusion

with an effectively smaller diffusion coefficient than predicted by the previous theory.

This was one of the unresolved �puzzles� between the theory and experiments. We

believe that the presented theory could help to solve this and other existing problems

in the interpretation of the dynamic scattering experiments on polymers [5 � 7] and

thus to contribute to a deeper understanding of the dynamical properties of polymers.
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Â. Ëèñû, É. Òîòîâà, À. Â. Çàòîâñêèé

Äîëãîâðåìåííûå õâîñòû â äèíàìèêå ïîëèìåðîâ â ðàçáàâëåííûõ

ðàñòâîðàõ ñ ãèäðîäèíàìè÷åñêîé ïàìÿòüþ

ÀÍÍÎÒÀÖÈß

Èçó÷àåòñÿ äèíàìèêà ïîëèìåðîâ â ðàçáàâëåííûõ ðàñòâîðàõ ñ ó÷åòîì ãèä-

ðîäèíàìè÷åñêîé ïàìÿòè êàê ñëåäñòâèÿ èíåðöèîííûõ ñâîéñòâ æèäêîñòè. Â

îòëè÷èå îò òåîðèè Ðàóçà-Çèììà, âìåñòî Ñòîêñîâîé ñèëû íà ìîíîìåðû (áó-

ñèíêè) äåéñòâóåò ñèëà òðåíèÿ Áóññèíý, à äâèæåíèå ðàñòâîðèòåëÿ îïèñûâàåò-

ñÿ íåñòàöèîíàðíûì óðàâíåíèåì Íàâüå-Ñòîêñà. Ïîëó÷åíî îáîáùåííîå óðàâ-

íåíèå Ðàóçà-Çèììà äëÿ âåêòîðîâ ïîëîæåíèé ïîëèìåðíûõ çâåíüåâ. Â êîíòè-

íóàëüíîì ïðèáëèæåíèè íàéäåíû âðåìåííûå êîððåëÿöèîííûå ôóíêöèè, îïè-

ñûâàþùèå äâèæåíèå ïîëèìåðà. Ïîêàçàíî, ÷òî èíåðöèîííûå ñâîéñòâà âÿç-

êîãî ðàñòâîðèòåëÿ ñóùåñòâåííî âëèÿþò íà ïîâåäåíèå ýòèõ ôóíêöèé. Ðåëàê-

ñàöèÿ âíóòðåííèõ ìîä ïîëèìåðà îòëè÷àåòñÿ îò òðàäèöèîííîé ýêñïîíåíöè-

àëüíîé, à äèôôóçèÿ êëóáêà êàê öåëîãî íå ýéíøòåéíîâñêàÿ. Ýòî äåìîíñòðè-

ðóåòñÿ àñèìïòîòèêîé ñðåäíåêâàäðàòè÷íîãî ñìåùåíèÿ êëóáêà, êîòîðîå ïðè

t → ∞ ñîäåðæèò äîïîëíèòåëüíûé �õâîñò� ~ t1/2. Â êîððåëÿöèîííûõ ôóíêöèÿõ

âíóòðåííèõ ìîä òàêæå ïîÿâëÿþòñÿ õâîñòû, èç êîòîðûõ íàèáîëåå äîëãî æè-

âóùèé ïðîïîðöèîíàëåí t-5/2. Â ïðåäåëå áîëüøèõ âðåìåí íàéäåí äèíàìè÷åñ-

êèé ñòðóêòóðíûé ôàêòîð ðàññåÿíèÿ Âàí Õîâà.

Â. Ë³ñè, É. Òîòîâà, Î. Â. Çàòîâñüêèé

Äîâãî÷àñîâ³ õâîñòè ó äèíàì³ö³ ïîë³ìåð³â ðàçáàâëåíèõ ðîç÷èí³â ç

ã³äðîäèíàì³÷íîþ ïàì�ÿòåþ

ÀÍÎÒÀÖ²ß

Âèâ÷àºòüñÿ äèíàì³êà ïîë³ìåð³â ó ðàçáàâëåíèõ ðîç÷èíàõ ç âðàõóâàííÿì

ã³äðîäèíàì³÷íî¿ ïàì�ÿò³ ÿê íàñë³äêà ³íåðö³éíèõ âëàñòèâîñòåé ð³äèíè. Íà

â³äì³íó â³ä òåîð³¿ Ðàóçà-Ç³ììà, çàì³ñòü ñèëè Ñòîêñà íà áóñèíêè ä³º ñèëà òåðòÿ

Áóñèíå, à ðóõ ðîç÷èííèêà ï³äêîðÿºòüñÿ íåñòàö³îíàðíèì ð³âíÿííÿì Íàâ�º-

Ñòîêñà. Îäåðæàíî óçàãàëüíåíå ð³âíÿíÿ Ðàóçà-Ç³ììà äëÿ âåêòîð³â ïîëîæåííÿ

ëàíêè ïîë³ìåðà. Ó êîíòèíóàëüíîìó íàáëèæåí³ çíàéäåí³ ÷àñîâ³ êîðåëÿö³éí³

ôóíêö³¿, ÿê³ îïèñóþòü ðóõ ïîë³ìåðà. Ïîêàçàíî, ùî ³íåðö¿éí³ âëàñòèâîñò³ â�ÿç-

êîãî ðîç÷èííèêà ñóòòºâî âïëèâàþòü íà ïîâåä³íêó öèõ ôóíêö³é. Ðåëàêñàö³ÿ

âíóòð³øí³õ ìîä ïîë³ìåðà â³äð³çíÿºòüñÿ â³ä òðàäèö³éíî¿ åêñïîíåíòè, à äèôó-

ç³ÿ êëóáêà ÿê ö³ëîãî íå åéíøòåéíîâà. Öå äåìîíñòðóºòüñÿ àñèìïòîòèêîþ ñå-

ðåäíüîêâàäðàòè÷íîãî çì³ùåííÿ êëóáêà, ÿêå ïðè t → ∞ ìàº äîäàòêîâèé �õâ³ñò�

~ t1/2. Âèâ÷åíà òàêîæ ÷àñîâà àñìïòîòèêà äèíàì³÷íîãî ñòðóêòóðíîãî ôàêòîðà

ðîçñ³þâàííÿ Âàí Õîâà.


