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Abstract 

SENSING THE FINITE SIZE NUCLEAR EFFECT IN CALCULATION 

OF THE AUGER SPECTRA FOR ATOMS AND SOLIDS 

O. Yu. Khetselius, L. V. Nikola, A. V. Turin, D. E. Sukharev 

It is carried out the sensing finite size nuclear effect in calculations of the Auger spectra of solids. 
The energies of Auger electron transitions in (Ge,Ag, Au,Fr) are calculated. 
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This paper is devoted to the sensing and estimat-
ing the finite size nuclear and radiative effects in 
calculations of the Auger spectra of solids. As in-
troduction let us [7-9] note that the Auger electron 
spectroscopy remains an effective method to study 
the chemical composition of solid surfaces and 
near-surface layers [1-8]. Sensing the Auger spec-
tra in atomic systems and solids gives the important 
data for the whole number of scientific and tech-
nological applications. So called two-step model is 
used most widely when calculating the Auger decay 

characteristics [1-3]. Since the vacancy lifetime in 
an inner atomic shell is rather long (about 10-17 to 
10-14s), the atom ionization and the Auger emission 
are considered to be two independent processes. In 
the more correct dynamic theory of the Auger ef-
fect [3,7-9] the processes are not believed to be in-
dependent from one another. The fact is taken into 
account that the relaxation processes due to Cou-
lomb interaction between electrons and resulting in 
the electron distribution in the vacancy field have 
no time to be over prior to the transition. In fact, a 
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consistent Auger decay theory has to take into ac-
count correctly a number of correlation effects, in-
cluding the energy dependence of the vacancy mass 
operator, the continuum pressure, spreading of the 
initial state over a set of configurations etc. in last 
years it has been shown that besides the interelec-
tron correlation it is of a great importance the cor-
rect accounting for the relativistic, radiation and 
nuclear finite size effects contributions especilally 
under consideration of the atoms, molecules, sol-
ids of heavy and super heavy elements (eg.[10-14]). 
This problem is partly solved in this paper. As basic 
approach to calculating the Auger spectra of solids 
we use a new approach [7-9], basing on the S-ma-
trix formalism by Gell-Mann and Low and QED 
perturbation theory (PT) formalism [10-13]. Ear-
lier the method has been applied to calculate the 
ionization cross-sections of inner shells in various 
atoms, quasimolecules, solids [8,9]. 

Within the frame of QED PT approach the Au-
ger transition probability and the Auger line inten-
sity are defined by the square of an electron interac-
tion matrix element having the form: 
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using expansion in terms of Bessel functions: : 
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where J is the 1st order Bessel function, (3)=23+1. 

The Coulomb part 
QulQ
ë  is expressed in terms of ra-

dial integrals R3 
, angular coefficients S3 

[9]: 
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As a result, the Auger decay probability is ex-
pressed in terms of ReQ3(1243) matrix elements: 
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where f is the large component of radial part of sin-
gle electron state Dirac function; function Z and 
angular coefficient are defined in refs. [7,8]. The 
other items in (3) include small components of the 
Dirac functions; the sign “7” means that in (3) the 
large radial component f

i
 is to be changed by the 

small g
i 
one and the moment l

i
 is to be changed by 

1# ( 
i il l  for Dirac number æ

1
> 0 and l

i
+1 for æ

i
<0. 

The Breat interaction is known to change consider-
ably the Auger decay dynamics in some cases. The 
Breat part of Q is defined in [7]-9]. The Auger width 
is obtained from the adiabatic Gell-Mann and Low 
formula for the energy shift [7]. The contribution 

of the À
d
 = 

 
 diagram to the Auger level 

width with a vacancy n0l0j0m0 is [7-9]: 
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while contribution of the À
ex
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 diagram 
is [7-9]: 

 

 !
 !  !

1 2

1 2

2

1

2

.

8 2

$

9 :; ;
$< =
; ;> ?

- - -
f k f

k

Q k Q k
j

j j

j j

ë ë

ë ë âãá

á ã

â

á ãâ âã á

ë

ë
  (6) 

The partial items of the --
kâã

 sum answer to 

contributions of 0-1@(AB)-1K channels resulting in 
formation of two new vacancies AB and one free 
electron k: /

k
=/0+/A–/0. The final expression 

for the width in the representation of jj-coupling 
scheme of single-electron moments has the form: 

  2
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Here the summation is made over all possible 
decay channels. The basis of electron state func-
tions was defined by the solution of Dirac equa-
tion (integrated numerically using the Runge-Cutt 
method) [10]. To account for the finite size of a 
nucleus we introduced the corresponding electric 
potential with the nuclear charge distribution in the 
Gaussian form [11] to the Dirac equation: 
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Here 
24# Rã ð ; R is an effective nucleus radius, 

for which the standard Z-dependence is accepted 
[11]. The contribution of the lower order QED PT 
(radiative) corrections to the energies of the auger 
transitions is carried out according to the method-
ology [11,12,14]. The calculation of radial integrals 
ReR3(1243) is reduced to the solution of a system of 
differential equations [13]: 
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In addition, ó
3
(F)=ReR3(1243), ó

1
(F)=X3(13). 

The formulas for the Auger decay probability in-
clude the radial integrals R0(0kBA), where one of 
the functions describes electron in the continuum 
state. The energy of an electron formed due to a 
transition jkl is defined by the difference between 
energies of atom with a hole at j level and double-
ionized atom at kl levels in final state: 
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To single out the above-mentioned correlation 
effects, the equation (12) can be presented as: 
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where the item G takes into account the dynamic 
correlation effects (relaxation due to hole screen-
ing with electrons etc.) To take these effects into ac-
count, the set of procedures elaborated in the atom-
ic theory [2,3] is used. For solid phase, the more 
precise form of equation (11) is [9]: 
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where GEs is a correction for the binding energy 
change in the solid; R

rel
, the same for out-of-atom re-

laxation; eH takes into account the work of output.. 
In table 1 we present the data on Auger electron 

energy for some solids calculated using the gauge-
invariant QED PT method with accounting for the 
QED and nuclear finite size effects (our work; col-
umn D), the semi-empirical method under Larkins’ 
equivalent core approximation [2] (column A), the 
non-gauge-invariant relativistic PT [8], the gauge-
invariant relativistic PT [9] as well as experimental 
data [2]. 

Table 1 
Experimental and theoretical data for Auger electron energy: E — experiment; 

À, semi-empirical method — [2]; B- [8]; C — [15]; D- present paper; 

Solid Auger line E Theory: A Theory: B Theory: C Theory: D
Ge L

3
M

4,5
M

4,5
 1G

4
 1146,2 1147,2 1146,6 1146,2 1146,2 

Ag M
5
N

4,5
N

4,5
 1G

4
353,4 358,8 354,1 353,5 353,4

The calculation accuracy using the Larkins’ 
method is within about 2 eV as an average. The 
QED PT approach provides more accurate results 
that is due to a considerable extent to more correct 
accounting for complex electron interaction as well 
as the QED effects. The data in the columns C and 
D are more correct in comparison with data in the 
column B because of the more correct gauge-invar-
iant procedure of generating the relativistic orbital 
basises. It is well known that for heavy systems, an 
account of these effects becomes very important in 
the quantitative relation and besides it is taken place 
very complicated compensation of the different 
QED radiative and nuclear (self-energy contribu-
tion, Lamb shift, nuclear finite size effect etc.) con-
tributions. In this light it is interesting to consider 
the values of the nuclear finite size (nfz) contribu-

tions to the corresponding Auger electron energies 
for Ge (Z=32) and Ag (Z=47): dE

nfz
 (Ge)=0,03 

eV and dE
nfz

 (Ag)=0,35eV. For comparison let us 
also present our estimates for more heavy elements 
(the Auger line M

5
N

4,5
N

4,5
 1G

4
): Au (Z=79) and Fr 

(Z=87): dE
nfz

 (Au)=8,05eV and dE
nfz

 (Fr)=27,92eV. 
One can see that the account of the nuclear finite 
size effect becomes principally important for heavy 
elements. 
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