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Abstract We study the effects associated with nonlinearity
of f (R) gravity and of the background perfect fluid mani-
fested in the Kaluza–Klein model with spherical compacti-
fication. The background space-time is perturbed by a mas-
sive gravitating source which is pressureless in the external
space but has an arbitrary equation of state (EoS) parameter
in the internal space. As characteristics of a nonlinear perfect
fluid, the squared speeds of sound are not equal to the back-
ground EoS parameters in the external and internal spaces. In
this setting, we find exact solutions to the linearized Einstein
equations for the perturbed metric coefficients. For nonlin-
ear models with f ′′(R0) �= 0, we show that these coefficients
acquire correction terms in the form of two summed Yukawa
potentials and that in the degenerated case, the solutions are
reduced to a single Yukawa potential with some “corrupted”
prefactor (in front of the exponential function), which, in
addition to the standard 1/r term, contains a contribution
independent of the three-dimensional distance r . In the lin-
ear f ′′(R) = 0 model, we generalize the previous studies
to the case of an arbitrary nonlinear perfect fluid. We also
investigate the particular case of the nonlinear background
perfect fluid with zero speed of sound in the external space
and demonstrate that a non-trivial solution exists only in the
case of f ′′(R0) = 0.

1 Introduction

Remaining within the framework of the standard four-
dimensional General Relativity and the Standard Model of
particle physics, it still has not been possible to satisfactorily
solve a number of fundamental problems such as the dark
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energy and the dark matter problem and neither to unify all
fundamental interactions into a single theory. A possible way
to settle these problems consists in modifying the Theory of
General Relativity and among such attempts, nonlinear f (R)

theories [1–6] and theories with extra dimensions [7–11] have
gained particular popularity.

It is indeed appealing to study models which combine
both approaches, in other words, to consider nonlinear f (R)

models in multidimensional space-time. As regards the cos-
mological aspects, such models were investigated in [12–
18], where the authors focused mainly on the problems of
internal space stabilization, early and late time accelerated
expansion of the Universe and dark matter in the form of
gravexcitons/radions. To be viable candidates, these mod-
els are required to satisfy the gravitational tests carried out
in the Solar system, viz., the deflection of light, time delay
of radar echoes and perihelion shift. Strictly speaking, the
parametrized post-Newtonian (PPN) parameter γ obtained
for these models must be in concordance with the constraints
imposed by such experimental data. For multidimensional
models, the astrophysical setting is the most appropriate to
study these effects [19–21], as it is also for the General Rel-
ativity (see, e.g., [22]). In this setting, the static background
metric defined on the product manifold M = M4 × Md

(where M4 describes external four-dimensional flat space-
time and Md corresponds to the d-dimensional internal
space) is perturbed by a compact gravitating mass and then,
the perturbed metric coefficients are investigated in the weak
field limit.

The above mentioned approach with respect to the multi-
dimensional nonlinear f (R) models was applied in [23,24],
where the extra dimensions were toroidally compactified and
hence, the internal space was not curved. One of the main fea-
tures of this model, brought about by nonlinearity, is that the
metric coefficients receive correction terms in the form of the
Yukawa potential. The corresponding Yukawa mass reads
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[23] mscal = [−(D − 1) f ′(R0)/(2Df ′′(R0)) + R0/D
]1/2,

where D denotes the number of spatial dimensions, R0

denotes the background value of the scalar curvature (R0 = 0
in the case of flat background space-time) and the prime
denotes differentiation with respect to R. Such massive scalar
degree of freedom (dubbed scalaron in [25]) is known to be
a characteristic feature of the nonlinear models (see, e.g.,
[2,26–29]). In papers [23,24], a point-like matter source is
assigned dust-like equation of state (EoS) in our external
space and some arbitrary EoS parameter Ω in the internal
space. The nonzero negative Ω (i.e., tension in the internal
space) is then found to be the necessary condition for the PPN
parameter γ to satisfy the experimental constraints. The par-
ticular value Ω = −1/2, which is the black brane/string
condition [20,21], presents an interesting case, since gravi-
tating matter sources in the form of black branes/strings do
not destroy the stabilization of the internal space [20,21,30].

As indicated previously, in multidimensional nonlinear
f (R) models considered in [23,24], both the internal and
external background spaces are flat. Namely, background
matter is absent. To make the background curved, one needs
to introduce a background perfect fluid. The linear multi-
dimensional models with spherical compactification of the
internal space were considered in [31–35]. It was shown that
the background matter responsible for the internal space cur-
vature has the vacuum-like EoS parameter ω̄0 = −1 in the
external space and some positive EoS parameter ω̄1 > 0
in the internal space. It is known [36] that (i) monopole
form fields and the Casimir effect can produce such EoS
and (ii) this form of matter stabilizes the internal space (see
also [31,34]). In linear models with spherical compactifi-
cation, corrections to the metric coefficients caused by the
gravitating mass acquire the form of the Yukawa potential
with the Yukawa mass defined by the radius a of the sphere:
mrad ∼ 1/a. This scalar degree of freedom (so-called gravex-
citons/radions [36,37]) is a result of the variations in the inter-
nal space volume. It was demonstrated in [31,34] that this
Yukawa mass and the gravexciton/radion mass are, indeed,
exactly equal to each other. For the PPN parameter γ to be in
agreement with experiments, either the Yukawa mass should
be sufficiently large, or for some arbitrary Yukawa mass, the
EoS parameter should take on the value Ω = −1/2.

What happens now if we consider nonlinear f (R) models
with spherical compactification of the internal space? How
do scalar degrees of freedom associated with the nonlinear-
ity of the model and with internal space fluctuations compete
with each other? This is the main subject of the present paper.
We also suppose that the background perfect fluid is nonlin-
ear, i.e., the background parameters ω̄0 and ω̄1 of the EoS in
the external and internal spaces are not equal to the squared
speed of sound in these spaces. The linear model f (R) = R
with spherical compactification and nonlinear background

perfect fluid was considered in [38]. Now, we generalize the
study for some arbitrary function f (R). First, we obtain the
system of linearized equations for perturbations of the met-
ric coefficients. This system has a rather complicated form,
but to our surprise, it appears to be exactly solvable for the
arbitrary f (R). In the most general case with the condition
f ′′(R0) �= 0, the correction terms to the metric coefficients
are found as a combination of two Yukawa potential terms.
The associated Yukawa characteristic masses μ1,2, however,
are neither equal to mscal and mrad, nor may be expressed
as a simple combination of them. Therefore, the relationship
between these masses and μ1,2 is investigated in the rele-
vant limiting cases. For completeness, we also generalize
the linear model f (R) = R + 2κΛ6 previously considered
in [31–33] to the case of an arbitrary nonlinear background
perfect fluid.

The paper is structured as follows. In Sect. 2, we describe
the background model which is perturbed by the massive
gravitating source. Here, we derive the system of linearized
Einstein equations for the perturbed metric coefficients. This
system of equations is solved for nonlinear models with
f ′′(R0) �= 0 in Sect. 3. Then, another particular case,
f ′′(R0) = 0 with nonlinear perfect fluid is investigated in
Sect. 4. In Sect. 5, we study the case ω0 = 0 of the nonlinear
perfect fluid, viz., zero speed of sound in the external space.
In the concluding Sect. 6 we summarize the obtained results.
In Appendix we collect the formulas for the perturbations
of the Ricci tensor which we use to construct the linearized
Einstein equations.

2 Basic equations

It is well known (see, e.g., [12,13]) that in the case of f (R)

gravity, the Einstein equations take on the form

f ′(R)Rik − 1

2
f (R)gik − [ f ′(R)];i;k + gik[ f ′(R)];m;ngmn

= κTik, (1)

which is valid for an arbitrary number of space-time dimen-
sions.1 In six-dimensional space-time, κ ≡ 2S5G̃6/c4 with
the total solid angle S5 = 2π5/2/Γ (5/2) = 8π2/3 and the
six-dimensional gravitational constant G̃6. The trace of this
equation reads

f ′(R)R − 3 f (R) + 5[ f ′(R)];m;ngmn = κT, (2)

1 It is well known that f (R) theories are equivalent to scalar-tensor
gravity (see, e.g., [1–3]). Thus, the dynamical equations (e.g., Eq. (1))
can also be reformulated accordingly. In the present paper, however,
we do not make use of this equivalence and to compare our findings
with the previous results obtained in papers [23,24], proceed within the
framework of the original f (R) theory instead.

123



Eur. Phys. J. C (2020) 80 :379 Page 3 of 14 379

where T = gmnTmn stands for the trace of the energy-mo-
mentum tensor (EMT). From this point on, we fix the number
of space-time dimensions to six.

In the background, we consider a factorized six-dimensio-
nal metric

ds2 = c2dt2 − dx2 − dy2 − dz2 − a2(dξ2 + sin2 ξdη2),

(3)

defined on the product manifold M = M4 × M2 where
M4 is the external/our four-dimensional flat space-time and
M2 describes the internal two-dimensional space, which is
a sphere of radius a = const . For the metric (3), the only
nonzero components of the Ricci tensor are R(0)

44 = 1,

R(0)
55 = sin2 ξ and the scalar curvature R0 = −2/a2. It is

worth mentioning that the minus sign in the latter formula
follows from the metric adopted here as well as the sign con-
vention for curvature (as in the book [22]).

We suppose that the metric (3) corresponds to the back-
ground matter with the EMT
(
T i
k

)(0) = diag(ε̄,− p̄0,− p̄0,− p̄0,− p̄1,− p̄1) , (4)

where ε̄ is the background energy density and p̄0( p̄1) is the
background pressure in the external (internal) space. It is thus
this matter that curves the background geometry. Again, at
the background level, Eqs. (1) and (2) take on the form

f ′(R0)R
(0)
ik − 1

2
f (R0)g

(0)
ik = κT (0)

ik , (5)

and

f ′(R0)R0 − 3 f (R0) = κT (0), (6)

respectively. From Eq. (5), we obtain the set

− 1

2
f (R0) = κε̄, (7)

1

2
f (R0) = κ p̄0, (8)

f ′(R0) + a2

2
f (R0) = κ p̄1a

2, (9)

which implies the following definition for the background
EMT:

T (0)
ik =

{
g(0)
ik ε̄ for i, k = 0, .., 3;

−g(0)
ik p̄1 for i, k = 4, 5.

(10)

These equations demonstrate that the background EoS
parameter in the external space ω̄0 ≡ p̄0/ε̄ = −1. In order
to get the expression for the background EoS parameter
ω̄1 ≡ p̄1/ε̄ in the internal space, the form of f (R) should
be specified. Plugging in (7)–(10), one may also verify that
Eq. (6) is immediately satisfied.

Now, we perturb the background model by a static point-
like massive source smeared over the internal space with
mass density ρ̂(r) = mδ(r)/Vint, where r = |r| =√
x2 + y2 + z2 and the internal space volume Vint = 4πa2.

Since we suppose that this gravitating mass simulates an ordi-
nary astrophysical object, e.g., our Sun, with pressure much
less than the energy density, it has the dust-like EoS in the
external space. Pressure in the internal space, however, is
arbitrary with the EoS parameter Ω . The only nonzero com-
ponents of the EMT are, then, T̂ 0

0 ≈ ρ̂c2 and T̂ i
k ≈ −δikΩρ̂c2

for i, k = 4, 5. Such type of perturbation preserves the block-
diagonal form of the perturbed metric [31,35]:

ds2 =
[
1 + A1(x, y, z)

]
c2dt2

−
[
1 − B1(x, y, z)

]
(dx2 + dy2 + dz2)

−
[
a2 − G1(x, y, z)

]
(dξ2 + sin2 ξdη2), (11)

where A1, B1 and G1 denote the first-order corrections to
the metric coefficients. In what follows, we consider the per-
turbed values Rik , gik and Tik in the form Aik = A(0)

ik +
A(1)
ik with consecutive terms denoting the background val-

ues and first-order perturbations, respectively. By the same
reasoning, the perturbed scalar curvature is decomposed as
R = R0 + R1. As for the function f (R), we get

f (R) = f (R0) + f ′(R0)R1 + O(R2
1), (12)

f ′(R) = f ′(R0) + f ′′(R0)R1 + O(R2
1), (13)

and Eqs. (1) and (2) accordingly yield

f ′(R0)

(
R(1)
ik − 1

2
g(0)
ik R1

)

−1

2
f (R0)g

(1)
ik + f ′′(R0)R

(0)
ik R1

+
[
g(0)
ik (R1);m;ng(0)mn − (R1);i;k

]
f ′′(R0) = κT (1)

ik ,

(14)

−2 f ′(R0)R1 + f ′′(R0)
[
R0R1 + 5(R1);m;ng(0)mn

]

= κT (1). (15)

Here, T (1)
ik and T (1) denote the first-order perturbations of the

total EMT and its trace, respectively. Again, up to the first
order, the EMT of the perturbed background matter reads

T̃ i
k ≈

⎧
⎨

⎩

(ε̄ + δε)δik for i, k = 0;
−( p̄0 + δp0)δ

i
k for i, k = 1, 2, 3;

−( p̄1 + δp1)δ
i
k for i, k = 4, 5

≡
(
T i
k

)(0) + δT i
k , (16)

indicating
(
T i
k

)(1) = δT i
k + T̂ i

k . (17)

Let us also assume that

δp0 = ω0δε, δp1 = ω1δε, (18)
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where ω0 and ω1 are constant parameters, which are, gener-
ally speaking, not connected with the background quantities:
ω0 �= ω̄0 and ω1 �= ω̄1. Background matter is thus consid-
ered to be some nonlinear perfect fluid and the ratio δp/δε,
referred to as the squared speed of sound [39], is not equal to
the background EoS parameters in the internal and external
spaces.

In this setting, we now turn to the Einstein equations
(14) and (15), taking into account the expressions for the
perturbed Ricci tensor components presented in Appendix.
Starting with Eq. (14), from the 00-component we obtain

f ′(R0)

2

(
Δ3A

1 − R1

)
− (Δ3R1) f ′′(R0) = κ

(
δε + ρ̂c2

)
,

(19)

where we have also used Eq. (7). The 11-, 22- and 33-com-
ponents yield

f ′(R0)

2

[
Δ3B

1 + ∂2

(∂xi )2

(
−A1 + B1 + 2

G1

a2

)
+ R1

]

−1

2
f (R0)B

1 +
[
Δ3R1 − ∂2R1

(∂xi )2

]
f ′′(R0)

= κ
(
− p̄0B

1 + δp0

)
, i = 1, 2, 3, (20)

and using Eq. (9), the components 44 and 55 take on the form

f ′(R0)

2

(
Δ3

2G1

a2 + 2R1

)
+ f ′′(R0)

2R1

a2

+2 (Δ3R1) f ′′(R0)

= − f ′(R0)
2G1

a4 + 2κ
(
δp1 + Ωρ̂c2

)
. (21)

The mixed 12-, 13- and 23-components read

1

2
f ′(R0)

(
−A1 + B1 + 2

G1

a2

)

xy
− f ′′(R0)

∂2R1

∂x∂y
= 0, (22)

1

2
f ′(R0)

(
−A1 + B1 + 2

G1

a2

)

xz
− f ′′(R0)

∂2R1

∂x∂z
= 0, (23)

1

2
f ′(R0)

(
−A1 + B1 + 2

G1

a2

)

yz
− f ′′(R0)

∂2R1

∂y∂z
= 0, (24)

and in fact, translate into the relation

1

2
f ′(R0)

(
−A1 + B1 + 2

G1

a2

)
− f ′′(R0)R1 = 0, (25)

once we employ the boundary condition that the metric coef-
ficients A1, B1 and G1, as well as the scalar curvature R1,
should tend to zero in the limit r → ∞. We note here that
in the linear model with f ′′(R0) = 0, (25) is reduced to its
counterpart obtained in papers [31,32].

Using this relation and Eq. (8), we re-express (20) as

f ′(R0)

2

(
Δ3B

1 + R1

)
+ (Δ3R1) f ′′(R0) = κδp0. (26)

Combining Eqs. (19), (21), (26) and again, employing the
relation (25), we obtain

5 f ′′(R0)(Δ3R1) + 2 f ′(R0)R1 + 2

a2 f ′′(R0)R1

= − f ′(R0)
2G1

a4 + κ
[
−δε + δp0 + 2δp1 − ρ̂c2(1 − 2Ω)

]
.

(27)

On the other hand, the trace equation (15) reads

−2 f ′(R0)R1 + f ′′(R0) (R0R1 − 5Δ3R1)

= κ
[
δε − 3δp0 − 2δp1 + ρ̂c2(1 − 2Ω)

]
, (28)

and added to (27), reveals the relation between G1 and δp0:

δp0 = − f ′(R0)

κa4 G1. (29)

Before going further, we make two remarks. First, in the
case f ′′(R0) = 0, f ′(R0) = 1 (corresponding also to the lin-
ear model f (R) = R+2κΛ6) and for linear background per-
fect fluid characterized byω0 = ω̄0,ω1 = ω̄1, Eqs. (19), (21),
(26) and (28) are reduced to the system of equations (22)–
(24) investigated earlier in [32]. Therefore, in what follows,
we demand f ′′(R0) �= 0 except for the two particular cases
considered in Sects. 4 and 5.2. Second, given the form of the
above equations, we should also demand that f ′(R0) �= 0.
In fact, even the tighter constraint of f ′(R0) > 0 must be
imposed so that the graviton is not a ghost [2,40].

Now, we have a system of Eqs. (19), (21) and (26) as well
as relations (25) and (29). From Eq. (29) and definitions (18),
we get

δε = − f ′(R0)

κa4

1

ω0
G1, δp1 = − f ′(R0)

κa4

ω1

ω0
G1, ω0 �= 0,

(30)

which, when substituted into (19), (21) and (26) together with
the expression for δp0 from (29), yield

f ′(R0)

2
Δ3B

1 + f ′(R0)

2
R1 + f ′′(R0)Δ3R1 + f ′(R0)

a4 G1 = 0,

(31)
f ′(R0)

2
Δ3A

1 − f ′(R0)

2
R1 − f ′′(R0)Δ3R1 + f ′(R0)

a4

1

ω0
G1

= κρ̂c2, (32)
f ′(R0)

2a2 Δ3G
1 + f ′(R0)

2
R1 + f ′′(R0)

a2 R1 + f ′′(R0)Δ3R1

+ f ′(R0)

a4

(
1 + ω1

ω0

)
G1 = κΩρ̂c2. (33)

In the next steps, we proceed to solve the system (31)–(33)
together with the relation (25) for the functions A1, B1, G1

and R1.
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3 Generic model: f ′′(R0) �= 0, ω0 �= 0

Throughout this section, we study the case of f ′′(R0) �= 0
(where the linear model with respect to the function f (R)

is excluded) for arbitrary values of the EoS parameters ω0

and ω1. In general, these parameters are not equal to the
background values ω̄0 and ω̄1, hence, we assume a nonlinear
perfect fluid. Additionally, in agreement with Eq. (30), the
equations to be solved are valid only for ω0 �= 0.

In attempt to solve the set (31)–(33) and (25) for the func-
tions A1, B1, G1 and R1, we make use of the Fourier trans-
form

f (x, y, z) = (2π)−3/2
∫

R3
dkeikr f̃ (k). (34)

Provided also that the previously introduced delta-shaped
matter source is smeared over the internal space, i.e., ρ̂ =
mδ(r)/Vint, the resulting equations read

− f ′(R0)

2
k2 B̃1 + f ′(R0)

2
R̃1 − f ′′(R0)k

2 R̃1 + f ′(R0)

a4 G̃1 = 0,

− f ′(R0)

2
k2 Ã1 − f ′(R0)

2
R̃1 + f ′′(R0)k

2 R̃1 + f ′(R0)

a4

1

ω0
G̃1

= κ
mδ̃(k)

Vint
c2,

− f ′(R0)

2a2 k2G̃1 + f ′(R0)

2
R̃1 + f ′′(R0)

a2 R̃1 − f ′′(R0)k
2 R̃1

+ f ′(R0)

a4

(
1 + ω1

ω0

)
G̃1 = κΩ

mδ̃(k)

Vint
c2 ,

1

2
f ′(R0)

(

− Ã1 + B̃1 + 2
G̃1

a2

)

− f ′′(R0)R̃1 = 0. (35)

Given the relation δ̃(k) = (2π)−3/2, the solutions Ã1(k)
and B̃1(k) in the Fourier space are

Ã1(k) = (α1A/α4)k4 + (α2A/α4)k2 + (α3/α4)

k2
[
k4 + (α5/α4)k2 + (α6/α4)

] ,

B̃1(k) = (α1B/α4)k4 + (α2B/α4)k2 + (α3/α4)

k2
[
k4 + (α5/α4)k2 + (α6/α4)

] , (36)

where we have introduced the set of coefficients

α1A ≡ κ ′ [4 f ′′(R0)a
4ω0(2 + Ω)

]
,

α1B ≡ κ ′ [2 f ′′(R0)a
4ω0(1 − 2Ω)

]
,

α2A ≡ κ ′ {4 f ′′(R0)a
2 [Ω(2 + ω0) − 2ω1 − 2ω0]

− f ′(R0)a
4ω0(3 + 2Ω)

}
,

α2B ≡ κ ′ {4 f ′′(R0)a
2 [Ω(1 + 2ω0) − ω1]

− f ′(R0)a
4ω0(1 − 2Ω)

}
,

α3 ≡ −κ ′ {2 f ′(R0)a
2 [Ω(1 + ω0) − ω1] + 4 f ′′(R0)ω0

}
,

(37)

and

α4 ≡ −5 f ′′(R0) f
′(R0)a

4ω0,

α5 ≡ 2a2 f ′(R0)
[
a2 f ′(R0)ω0 + f ′′(R0) (1 + 3ω0 + 3ω1)

]
,

α6 ≡ f ′(R0)

×
[
2 f ′′(R0)(ω0 − 1) − a2 f ′(R0)(1 + ω0 + 2ω1)

]
,

(38)

together with κ ′ ≡ (2π)−3/2V−1
int κmc2. For G̃1(k) and

R̃1(k), the solutions have the form

G̃1(k) = (α1G/α4)k2 + (α2G/α4)

k4 + (α5/α4)k2 + (α6/α4)
,

R̃1(k) = (α1R/α4)k2 + (α2R/α4)

k4 + (α5/α4)k2 + (α6/α4)
. (39)

The coefficients α1G and α1R may be expressed in terms of
α1A and α1B as

α1G ≡
(α1A

2
− α1B

)
a2, α1R ≡ − f ′(R0)

f ′′(R0)

(α1B

2

)
, (40)

and the remaining two coefficients in (39) read

α2G ≡ −κ ′ [2 f ′′(R0)a
4ω0 + f ′(R0)a

6ω0(1 + 2Ω)
]
,

α2R ≡ κ ′ {2 f ′(R0)a
2 [Ω(ω0 − 1) + ω0 + ω1]

}
. (41)

It is worth noting that the conditions f ′(R0) �= 0,
f ′′(R0) �= 0, and ω0 �= 0 herein require α4 �= 0.

3.1 Different roots: μ1, μ2 > 0, μ1 �= μ2

In this subsection we consider the case when the polynomial

k4 + (α5/α4)k
2 + (α6/α4) =

(
k2 + μ2

1

) (
k2 + μ2

2

)
, (42)

has two distinct negative roots k2 = −μ2
1 and k2 = −μ2

2.
Given the quadratic form of these roots, without loss of gen-
erality, we may choose to proceed with the positive values:
μ1, μ2 > 0 .

After some algebra, the functions (36) and (39) can be cast
into the form

Ã1(k) = β1A

k2 + μ2
1

+ β2A

k2 + μ2
2

+ β3

k2 ,

B̃1(k) = β1B

k2 + μ2
1

+ β2B

k2 + μ2
2

+ β3

k2 , (43)

and

G̃1(k) = β1G

k2 + μ2
1

+ β2G

k2 + μ2
2

,

R̃1(k) = β1R

k2 + μ2
1

+ β2R

k2 + μ2
2

, (44)

with the coefficients

β1A(B) ≡ (α1A(B)/α4)μ
2
1 − α2A(B)/α4 + (α3/α4)μ

−2
1

μ2
1 − μ2

2

,
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β2A(B) ≡ − (α1A(B)/α4)μ
2
2 − α2A(B)/α4 + (α3/α4)μ

−2
2

μ2
1 − μ2

2

,

β3 ≡ (α3/α4)μ
−2
1 μ−2

2 ,

β1G(R) ≡ (α1G(R)/α4)μ
2
1 − α2G(R)/α4

μ2
1 − μ2

2

,

β2G(R) ≡ − (α1G(R)/α4)μ
2
2 − α2G(R)/α4

μ2
1 − μ2

2

. (45)

The terms of the form of 1/k2 and 1/(k2 + μ2) in (43)
and (44) correspond to the Newtonian and Yukawa potentials,
respectively. Therefore, in the position space we obtain

A1(r) =
√

π

2

1

r

[
β3 + β1A exp (−μ1r) + β2A exp (−μ2r)

]
, (46)

B1(r) =
√

π

2

1

r

[
β3 + β1B exp (−μ1r) + β2B exp (−μ2r)

]
, (47)

G1(r) =
√

π

2

1

r

[
β1G exp (−μ1r) + β2G exp (−μ2r)

]
, (48)

R1(r) =
√

π

2

1

r

[
β1R exp (−μ1r) + β2R exp (−μ2r)

]
, (49)

consistent with the zero boundary condition for |r| →
∞. Parameters μ−1

1,2 define the characteristic ranges of the
Yukawa interaction. For the polynomial (42), we get

μ2
1,2 = 1

2

⎛

⎝α5

α4
±
√

α2
5 − 4α4α6

α4

⎞

⎠ , (50)

which, upon substitution of the explicit expressions in (38),
reads

μ1,2 = 1√
5

1

a

[
−a2 f ′(R0)

f ′′(R0)
− (1 + 3ω0 + 3ω1)

ω0

∓ 1

f ′′(R0)ω0

×
[
a4 f ′2(R0)ω

2
0 + a2 f ′(R0) f

′′(R0)(−3 + ω0 − 4ω1)ω0

+ f ′′2(R0)

×
(

19ω2
0 + 2ω0(−2 + 9ω1) + (1 + 3ω1)

2
)]1/2

]1/2

.

(51)

In the limiting case r → ∞, A1 and B1 take on the same
value

A1(r → ∞) = B1(r → ∞) =
√

π

2

1

r
β3

=
√

π

2

1

r

α3

α6
≡ −

√
π

2

1

r
κ ′ν = − 2

c2

1

4π

SDG̃D
Vint

m

r
ν, (52)

where

ν ≡ 2 f ′(R0)a2 [Ω(1 + ω0) − ω1] + 4 f ′′(R0)ω0

f ′(R0)
[
2 f ′′(R0)(ω0 − 1) − a2 f ′(R0)(1 + ω0 + 2ω1)

] .

(53)

It is well known (see, e.g., [22]) that the metric coeffi-
cient A1 defines the gravitational potential and from Eq. (52),
we see that it tends to the Newtonian potential in the cor-
responding limit r → ∞. With this regard, demanding
A1(r → ∞) = 2ϕN/c2 for ϕN = −GNm/r , we deduce
the relation between the multidimensional gravitational con-
stant G̃D and the Newtonian gravitational constant GN in
the form

SDG̃D
Vint

ν = 4πGN . (54)

For ω0 = ω̄0 = −1, the expression (53) for ν is significantly
simplified to yield

SDG̃D
Vint

1

f ′(R0)
= 4πGN , (55)

which clearly demands the positiveness of f ′(R0).

Example: f (R) = R + ξ R2

In order to obtain specific estimates, it is necessary to deter-
mine the form of the function f (R) and to this end, we con-
sider the popular quadratic model f (R) = R + ξ R2. Herein,
imposing the condition f ′′(R0) �= 0 immediately results in
ξ �= 0. Requiring f ′(R0) > 0 as well, we obtain the inequal-
ity a2 > 4ξ , which is satisfied for all negative values of ξ .

For such choice, the Yukawa parameters μ1,2 (51) read

μ1,2 = 1√
10

1

a

[
−a2

ξ
− 2(1 + ω0 + 3ω1)

ω0

∓ 1

ξω0

[
a4ω2

0 − 2a2ξ(3 + 3ω0 + 4ω1)ω0

+ 4ξ2
(

21ω2
0 + ω0(2 + 26ω1) + (1 + 3ω1)

2
)]1/2

]1/2

,

(56)

and for ν (53), we get

ν = −2a2
{
4ξ [ω0 + ω1 − Ω(1 + ω0)] + a2[−ω1 + Ω(1 + ω0)]

}

(a2 − 4ξ)
[
a2(1 + ω0 + 2ω1) − 8ξ(ω0 + ω1)

] .

(57)

From Eq. (56), we see that the Yukawa parameters μ1,2 are
not related to the gravexciton/radion mass

mrad ∼ 1/a, (58)

and to the scalaron mass [23]

mscal = 1√
5

(
−2 f ′(R0)

f ′′(R0)
+ R0

)1/2

= 1√
5|ξ |

(
2|ξ |
a2 − |ξ |

ξ

)1/2

(59)
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by simple expressions. Nevertheless, if |ξ | ∼ a2, all masses
are of the order of 1/a:mscal ∼ mrad ∼ μ1,2 ∼ 1/a (up to the
natural assumption ω0, ω1 ∼ O(1)), so it appears interesting
to consider a number of limiting cases to further explore such
possible connections.

First, we study the case |ξ | � a2. It can easily be seen
that in this limit, the scalaron mass mscal ∼ 1/a (for any
sign of ξ ) is similar to the radion mass mrad. Moreover, the
parameters μ1,2 read

μ1,2 ≈ 1√
5

1

a

[
− (1 + ω0 + 3ω1)

ω0

∓|ξ |
ξ

1

ω0

[
21ω2

0 + (2 + 26ω1)ω0 + (1 + 3ω1)
2
]1/2

]1/2

.

(60)

As we adopt the natural assumption ω0, ω1 ∼ O(1), it is pos-
sible to see that both parameters μ1,2 as well as the scalaron
and radion masses are defined by the radius a of the sphere:

μ1,2 ∼ mscal ∼ mrad ∼ 1

a
. (61)

Obviously, for r � a, the exponential terms in (46) and (47)
can be dropped and for the parameter ν (57), we find

ν = a2 [Ω(1 + ω0) − ω0 − ω1]

4ξ(ω0 + ω1)
. (62)

Choosing ω0 = ω̄0 = −1, the above expression implies

− SDG̃D
Vint

a2

4ξ
= 4πGN , ξ < 0, (63)

which indeed corresponds to (55) since R0 = −2/a2 and
again, |ξ | � a2. Keeping in mind that Vint = 4πa2, we real-
ize that in this limit and for the particular case of ω0 = −1,
the relation between gravitational constants becomes inde-
pendent of the internal space radius a (up to some O(a2)

correction term).
Now, we consider the reverse limiting case |ξ | � a2. For

the scalaron mass, we have mscal ∼ (−1/ξ)1/2, which is
valid for negative values of ξ . For the parameters μ1,2 we
obtain

μ1,2 ≈ 1√
10

1

a

×
[
−a2

ξ
∓ |ω0|

ω0

a2

ξ

(
1 − ξ

a2

3 + 3ω0 + 4ω1

ω0

)]1/2

,

(64)

which, for ω0 < 0, are reduced to the following:

μ1 ≈ 1√
10

1

a

(
−3 + 3ω0 + 4ω1

ω0

)1/2

∼ 1

a
∼ mrad, (65)

μ2 ≈ 1√
5

1

a

(
−a2

ξ

)1/2

= 1√
5|ξ | ≈ mscal. (66)

As for the important particular value ω0 = −1, the inequality
3+3ω0+4ω1 > 0 following from (65) leads to the condition
ω1 > 0, similar to what has been obtained in [31,32,34]. On
the other hand, Eq. (66) requires ξ < 0. Since a � √|ξ |,
μ1 � μ2 and in Eqs. (46)–(49) we may drop the exponential
functions with μ2. Consequently, given the solutions with
a single Yukawa potential, we can apply the results of the
inverse square law experiments [41] to get restrictions on the
parameters of the model, similar to the ones we obtain at the
very end of Sect. 4. For example, if β1A/κ ′, ω1 ∼ O(1), then
a � 10−3 cm [41] and μ1 � 10−2 eV. This is, of course, a
very rough estimate since the value of β1A strongly depends
on ξ and a.

Let us now turn to the limit a → ∞. The limiting values
of the Yukawa parameters are found to be

μ1 = 0, μ2 =
√

−1

5ξ
= mscal, (67)

and accordingly, the metric coefficients A1(r) and B1(r)have
the forms

A1(r) =
√

π

2

1

r
κ ′
[
−2Ω + 3

2
+ (2Ω − 1)

10
exp (−μ2r)

]
,

(68)

B1(r) =
√

π

2

1

r
κ ′
[

2Ω − 1

2
+ (1 − 2Ω)

10
exp (−μ2r)

]
.

(69)

As for the remaining corrections, we first renormalize G1(r)
in the perturbed metric (11) and replace it by the term
a2G1(r). Then, the newly defined function in the limit
a → ∞ reads

G1(r) =
√

π

2

1

r
κ ′
[
−1 + 2Ω

2
+ 1 − 2Ω

10
exp (−μ2r)

]
.

(70)

Finally, the perturbed scalar curvature follows as

R1(r) =
√

π

2

1

r
κ ′
[
(1 − 2Ω)

10ξ
exp (−μ2r)

]
. (71)

Expressions (68)–(71) exactly coincide with the formulas in
paper [24] (for D = 5 and up to the evident substitution
Ω → 2Ω) devoted to nonlinear models with toroidal com-
pactification of the internal space.

From (68) and (69), the condition A1(r → ∞) =
B1(r → ∞) requires Ω = −1/2, which is the EoS for
black strings, and one consequently obtains

ν = 1,
SDG̃D
Vint

= 4πGN . (72)
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3.2 Equal roots: μ1 = μ2 ≡ μ > 0

In the case μ1 = μ2 ≡ μ, Eqs. (43) and (44) can be rewritten
as

Ã1(k) = γ1A

k2 + μ2 + γ2A

(k2 + μ2)2 + γ3

k2 ,

B̃1(k) = γ1B

k2 + μ2 + γ2B

(k2 + μ2)2 + γ3

k2 , (73)

and

G̃1(k) = γ1G

k2 + μ2 + γ2G

(k2 + μ2)2 ,

R̃1(k) = γ1R

k2 + μ2 + γ2R

(k2 + μ2)2 , (74)

where we have introduced the coefficients

γ1A(B) ≡ α1A(B)μ
4 − α3

α4μ4 ,

γ2A(B) ≡ α2A(B)μ
2 − α1A(B)μ

4 − α3

α4μ2 ,

γ3 ≡ α3

α4μ4 ,

γ1G(R) ≡ α1G(R)

α4
,

γ2G(R) ≡ α2G(R) − α1G(R)μ
2

α4
. (75)

The explicit expression for the root now reads

μ =
√

α5

2α4
=
√

−1

5

(
f ′(R0)

f ′′(R0)
+ (1 + 3ω0 + 3ω1)

a2ω0

)
. (76)

In contrast with Eqs. (43) and (44), where the Newtonian and
Yukawa potentials are the only contributions to the metric
coefficients, the term 1/(k2 +μ2)2 in (73) and (74) provides
new contribution in the form of a pure exponential potential.
Therefore, in position space we get

A1(r) =
√

π

2

1

r

[
γ3 +

(
γ1A + r

2μ
γ2A

)
exp (−μr)

]
, (77)

B1(r) =
√

π

2

1

r

[
γ3 +

(
γ1B + r

2μ
γ2B

)
exp (−μr)

]
, (78)

G1(r) =
√

π

2

1

r

(
γ1G + r

2μ
γ2G

)
exp (−μr) , (79)

R1(r) =
√

π

2

1

r

(
γ1R + r

2μ
γ2R

)
exp (−μr) . (80)

Taking into account (76), we can easily see that γ3 =
α3/(α4μ

4) = α3/α6 = β3. Thus, for the limiting case
r → ∞, we drop the exponential terms in the above set and
reproduce Eqs. (52)–(55) to conclude that the corresponding
physical interpretations therein hold valid also for the model
with equal roots. For finite r , the Yukawa potential receives a
“corrupted” prefactor presented as a combination of the 1/r

term and a second term independent of the three-dimensional
distance r .

Example: f (R) = R + ξ R2

Substituting f (R) = R + ξ R2 in (76), we obtain

μ = 1√|ξ |
(

−|ξ |
a2

1 + ω0 + 3ω1

5ω0
− 1

10

|ξ |
ξ

)1/2

. (81)

Following the reasoning in the previous subsection, we again
consider two limiting cases |ξ | � a2 and |ξ | � a2, respec-
tively. As we have already seen, for |ξ | � a2, the scalaron
mass becomes inversely proportional to the internal space
radius: mscal ∼ 1/a. In this limit, the parameter μ reads

μ ≈ 1

a

(
1 + ω0 + 3ω1

−5ω0

)1/2

∼ mscal ∼ mrad ∼ 1

a
, (82)

and all characteristic masses appear to be defined by the
radius of the sphere. Clearly, the argument of the square
root must be positive. For example, in the important case
ω0 = ω̄0 = −1, the EoS parameter ω1 should be positive
analogous to the conclusion following from equation (65).

In the limit |ξ | � a2 the scalaron massmscal ∼ 1/
√|ξ |, ξ <

0. For the parameter μ, we obtain

μ ≈
√

1

10|ξ | ∼ mscal, (83)

and deduce that it is proportional to the scalaron mass.

4 The case f ′′(R0) = 0, ω0 �= 0

In this section, we consider the case of a zero value of the
second derivative f ′′(R0) = 0. Nevertheless, we demand
that the first derivative is still non-vanishing: f ′(R0) �= 0.
A particular example of such case is the linear model where
f (R) = R + 2κΛ6. In what follows, the EoS parameters
ω0 and ω1 are not equal to the background values ω̄0 and
ω̄1 in general and we assume the additional inequality ω0 �=
0. Then, as it follows from Eqs. (37), (38), (40), and (41),
coefficients α1A = α1B = α4 = α1G = 0. For the metric
coefficients (36) and (39), we get

Ã1(k) = (α2A/α5)k2 + (α3/α5)

k2
[
k2 + (α6/α5)

] ,

B̃1(k) = (α2B/α5)k2 + (α3/α5)

k2
[
k2 + (α6/α5)

] , (84)

and

G̃1(k) = (α2G/α5)

k2 + (α6/α5)
,

R̃1(k) = (α1R/α5)k2 + (α2R/α5)

k2 + (α6/α5)
. (85)
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It is also possible to re-express the above solutions in the
form of (43) and (44). For example,

Ã1(k) = (α2A/α5) − (α3/α5)μ
−2

k2 + μ2 + (α3/α5)μ
−2

k2 , (86)

R̃1(k) = α1R

α5
+ (α2R/α5) − μ2(α1R/α5)

k2 + μ2 , (87)

where μ2 ≡ α6/α5. Choosing μ > 0, the solutions in the
position space read

A1(r) =
√

π

2

1

r

[
α3

α6
+
(

α2A

α5
− α3

α6

)
exp (−μr)

]
, (88)

B1(r) =
√

π

2

1

r

[
α3

α6
+
(

α2B

α5
− α3

α6

)
exp (−μr)

]
, (89)

G1(r) =
√

π

2

1

r

[(
α2G

α5

)
exp (−μr)

]
, (90)

R1(r) = (2π)3/2δ(r)
α1R

α5

+
√

π

2

1

r

[(
α2R

α5
− α1R

α5
· α6

α5

)
exp (−μr)

]
.

(91)

The first term on the right-hand side (RHS) of (91) follows
from the constant α1R/α5 in (87).

To analyze these expressions, we need to define the first
derivative f ′(R0). For this purpose, we consider the signifi-
cant case of f ′(R0) = 1, which yields

A1(r) =
√

π

2

1

r
κ ′
{

2 [Ω(1 + ω0) − ω1]

(1 + ω0 + 2ω1)

−
[

3 + 2Ω

2
+ 2 [Ω(1 + ω0) − ω1]

(1 + ω0 + 2ω1)

]

× exp

(

−
√

−1

2

(1 + ω0 + 2ω1)

ω0

r

a

)}

, (92)

B1(r) =
√

π

2

1

r
κ ′
{

2 [Ω(1 + ω0) − ω1]

(1 + ω0 + 2ω1)

−
[

1 − 2Ω

2
+ 2 [Ω(1 + ω0) − ω1]

(1 + ω0 + 2ω1)

]

× exp

(

−
√

−1

2

(1 + ω0 + 2ω1)

ω0

r

a

)}

, (93)

G1(r) = −
√

π

2

1

r
κ ′a2

(
1

2
+ Ω

)

× exp

(

−
√

−1

2

(1 + ω0 + 2ω1)

ω0

r

a

)

, (94)

R1(r) = −κ ′(2π)3/2δ(r)
(

1

2
− Ω

)

+
√

π

2

1

r
κ ′
[
(2ω1 + 3ω0 − 1)(1 + 2Ω)

4a2ω0

× exp

(

−
√

−1

2

(1 + ω0 + 2ω1)

ω0

r

a

)]

. (95)

It can be verified that these metric coefficients satisfy
Eqs. (25) and (31)–(33).

For the specific linear model f (R) = R+ 2κΛ6 with lin-
ear background perfect fluid ω0 = ω̄0 = −1 and ω1 = ω̄1 =
Λ6/[1/(κa2) − Λ6] (see Eqs. (7)–(9)), the metric coeffi-
cients (92)–(95) exactly coincide with the solutions obtained
in paper [31] (for Ω = 0) and in papers [32,33] (for arbi-
trary Ω). Therefore, solutions (92)–(95) indeed generalize
the conclusions of these papers to the case of nonlinear back-
ground perfect fluid with arbitrary ω0 �= 0 and ω1. Now, let
us investigate this general case in more detail.

As it follows from Eqs. (92) and (93), in the limiting
case r → ∞, both A1 and B1 go to the Newtonian potential:
A1(r → ∞) = B1(r → ∞) = 2ϕN/c2 = −2GNm/(c2r).
The Newtonian gravitational constant GN is again connected
with the multidimensional gravitational constant G̃D by the
formula (54), but this time for

ν = −2 [Ω(1 + ω0) − ω1]

(1 + ω0 + 2ω1)
. (96)

It can be easily seen that the relation ν = 1 is satisfied either
for arbitrary Ω together with ω0 = −1, or for Ω = −1/2 and
some arbitrary ω0. In the former case, our model reproduces
asymptotic black branes presented in [32]. Equations (94)
and (95) demonstrate that in the limit r → ∞ the metric
coefficient G1(r) vanishes asymptotically to imply δε → 0
and the scalar curvature correction R1(r) becomes

R1(r) → (2Ω − 1)

c2 Δ3ϕN . (97)

On the other hand, for the black brane value Ω = −1/2 and
arbitrary ω0 �= 0, owing to the identically vanishing Yukawa
corrections, our solutions immediately read

A1(r) = B1(r) = 2
ϕN

c2 , (98)

R1(r) = − 2

c2 Δ3ϕN , (99)

with G1(r) = 0.
It is worth noting that since the square root argument in

Eqs. (92)–(95) must be nonnegative, we need to impose the
condition

(1 + ω0 + 2ω1)

ω0
< 0, (100)

which may be satisfied either for ω0 < 0 with 1 + ω0

+2ω1 > 0, or for ω0 > 0 with 1 + ω0 + 2ω1 < 0. The
former combination agrees with the above discussed case
where we have set ω0 = −1 and additionally, introduces the
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constraint ω1 > 0 which is the necessary condition for the
internal space stabilization [31,32,34].

Equation (92) shows that in the case of arbitrary Ω �=
−1/2, the gravitational potential acquires a Yukawa correc-
tion term. As the inverse square law experiments [41] put
restrictions on the parameters of such corrections, follow-
ing the reasoning in [32], we may actually obtain an upper
limit on the size of the extra dimensions here. For example, if
ω0 = −1 and for the natural assumption |Ω|, ω1 ∼ O(1), the
maximal value of the internal space radius amax ∼ 10−3 cm
[41]. Given that the radius of the Sun r
 ∼ 7 × 1010 cm, we
can drop the Yukawa correction terms in such models while
studying the gravitational effects (the deflection of light and
time delay of radar echoes) with very high accuracy.

5 The case ω0 = 0

We are now interested in the case ω0 = 0. Since ω0 �= ω̄0 =
−1, the background perfect fluid is nonlinear. According to
Eq. (18), a zero value of ω0 results in δp0 = 0. The steps
through (19)–(28) for this special case show that

0 = − f ′(R0)
G1

a4 , (101)

which, for f ′(R0) �= 0, implies

G1 = 0. (102)

Therefore, Eqs. (25), (26), (19), (21), and (28) read

1

2
f ′(R0)

(−A1 + B1)− f ′′(R0)R1 = 0, (103)

f ′(R0)

2

(
Δ3B

1 + R1
)+ (Δ3R1) f ′′(R0) = 0, (104)

f ′(R0)

2

(
Δ3A

1 − R1
)− (Δ3R1) f ′′(R0) = κ

(
δε + ρ̂c2) ,

(105)

f ′(R0)R1 + f ′′(R0)
2R1

a2 + 2 (Δ3R1) f ′′(R0)

= 2κ
(
δp1 + Ωρ̂c2) , (106)

−2 f ′(R0)R1 + f ′′(R0)

(
− 2

a2 R1 − 5Δ3R1

)

= κ
[
δε − 2δp1 + ρ̂c2(1 − 2Ω)

]
, (107)

respectively.

5.1 f ′′(R0) �= 0

We now demand that f ′′(R0) �= 0 and hence, exclude the
linear model f (R) = R + 2κΛ6. Combining Eqs. (106) and
(107), it is possible to obtain an expression for R1, that is

R1 = 2κa2
[
δε(1 + 3ω1) + ρ̂c2(1 + 3Ω)

6 f ′′(R0) + a2 f ′(R0)

]
. (108)

Similarly, for Δ3R1, the same set yields

Δ3R1

κ
= − 2 f ′′(R0)(δε + ρ̂c2)

f ′′(R0)[6 f ′′(R0) + a2 f ′(R0)]
−a2 f ′(R0)

[
δε(1 + 2ω1) + ρ̂c2(1 + 2Ω)

]

f ′′(R0)[6 f ′′(R0) + a2 f ′(R0)] .

(109)

For further calculations, we assume a relation between δε

and ρ̂c2 in the form

δε = ζ ρ̂c2, (110)

which is the fine tuning condition. The parameter ζ here is to
be specified in the later steps. Substituting (108) and (109)
into Eqs. (104) and (105), we obtain

Δ3A
1(r) = 2κρ̂c2

×
[

4 f ′′(R0)(1 + ζ ) + a2 f ′(R0) [1 + Ω + ζ(1 + ω1)]

f ′(R0)
[
6 f ′′(R0) + a2 f ′(R0)

]

]

,

(111)

and

Δ3B
1(r) = 2κρ̂c2

×
[

2 f ′′(R0)(1 + ζ ) − a2 f ′(R0)(Ω + ζω1)

f ′(R0)[6 f ′′(R0) + a2 f ′(R0)]
]

.

(112)

The overall factor 2κρ̂c2 on the RHS of the above equations
entails a delta-shaped function, therefore, one may imme-
diately deduce that solutions A1(r) and B1(r) will both be
proportional to 1/r . Since we will eventually demand that
A1(r → ∞) = B1(r → ∞), it turns out useful to set (111)
and (112) equal to each other from the very beginning. This
requires

ζ = − 2 f ′′(R0) + a2 f ′(R0)(1 + 2Ω)

2 f ′′(R0) + a2 f ′(R0)(1 + 2ω1)
, (113)

hence, R1 in (108) reads

R1 = 2κa2
[

ρ̂c2(Ω − ω1)

2 f ′′(R0) + a2 f ′(R0)(1 + 2ω1)

]
. (114)

In order to get the PPN parameter γ = B1/A1 = 1 as in
General Relativity (which is in very good agreement with
the gravitational tests in the Solar system), from Eq. (103),
we need to impose R1 = 0. For vanishing R1, Eqs. (113) and
(114) imply

Ω = ω1, ζ = −1. (115)

123
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In return, (111) and (112) take on the form

Δ3A
1(r) = Δ3B

1(r) = 0, (116)

with the trivial solution

A1 = B1 = 0, (117)

taking into account the boundary condition A1(r → ∞) =
B1(r → ∞) = 0. The physical reason for this trivial solu-
tion is that the matter sources δε and ρ̂c2 on the RHS of
Eqs. (105)–(107) mutually cancel: δε + ρ̂c2 = 0.

5.2 f ′′(R0) = 0

The linear model f (R) = R + 2κΛ6 is a particular example
of the case where f ′′(R0) = 0. Combined with the fine tuning
condition (110), from (106) and (113), we get

R1 = 2κρ̂c2
(

Ω + ζω1

f ′(R0)

)
, (118)

and

ζ = − 1 + 2Ω

1 + 2ω1
. (119)

For this value of ζ , Eq. (107) is reduced to Eq. (106). In the
case Ω = 0, we obtain the relation ζ = −1/(1+2ω1), which
exactly reproduces the corresponding results in paper [38].
On the other hand, for black branes, i.e., for Ω = −1/2, we
find ζ = 0 that leads to δε = 0. For arbitrary Ω , Eq. (103)
demonstrates that the relation A1 = B1 is satisfied automat-
ically. As it follows from Eqs. (104) and (105), both of these
corrections satisfy the equations

Δ3A
1(r) = Δ3B

1(r) = κρ̂c2ν, (120)

with solutions

A1(r) = B1(r) = − 2

c2

1

4π

SDG̃D
Vint

m

r
ν, (121)

where

ν ≡ 2(ω1 − Ω)

f ′(R0)(1 + 2ω1)
. (122)

The condition A1 = B1 = 2ϕN/c2 = −2GNm/(c2r) now
imposes

SDG̃D
Vint

ν = 4πGN . (123)

For f ′(R0) = 1, we see that black branes EoS Ω = −1/2
restores the conventional relation SDG̃D/Vint = 4πGN .
Obviously, the relation A1(r) = B1(r) in (121) guarantees
that the PPN parameter γ = B1(r)/A1(r) = 1 and exactly
coincides with the value for γ in General Relativity.

6 Conclusion

In the present paper we have studied multidimensional non-
linear f (R) models with spherical compactification of the
internal space. The background space-time is endowed with
perfect fluid which makes the internal space compact and
curved in the form of a two-dimensional sphere of radius a.
Similar to the linear case [31–35], this fluid has the vacuum-
like EoS parameter ω̄0 = −1 in the external space. In the
internal space, the EoS parameter ω̄1 depends on the form of
f (R). Then, we have perturbed this background by a mas-
sive gravitating source which is pressureless in the external
space but has an arbitrary EoS parameter Ω in the internal
space. We have considered a nonlinear perfect fluid, i.e., we
have assumed that the parameters ω0 = δp0/δε �= ω̄0 and
ω1 = δp1/δε �= ω̄1, where δp0 (δp1) denotes the fluctu-
ation of the perfect fluid pressure in the external (internal)
space and δε is the fluctuation in the corresponding energy
density.

Then we have obtained the linearized Einstein equations
for the perturbed metric coefficients. We have shown that all
Einstein equations are reduced to the system of four mas-
ter equations (25) and (31)–(33). Despite the rather complex
form of these equations, we have found the exact solutions in
the general case f ′′(R0) �= 0, where R0 is the scalar curva-
ture of the background space-time and prime denotes differ-
entiation with respect to the scalar curvature R. It was then
revealed that the solutions are valid only for the case ω0 �= 0.
As is well known, a characteristic feature of nonlinear f (R)

models is the presence of the scalar degree of freedom,
dubbed the scalaron. On the other hand, multidimensional
models also have a scalar degree of freedom – the gravex-
citon/radion – due to the fluctuations of the internal space
volume. Here, we have shown that the perturbed metric coef-
ficients acquire correction terms in the form of the sum of two
Yukawa potentials with Yukawa masses μ1 and μ2 (51). We
have demonstrated that masses μ1,2 have a rather complex
form which cannot be related to the mass mscal of scalaron
and mrad of gravexciton/radion by simple expressions. Nev-
ertheless, for the concrete model f (R) = R+ ξ R2, we were
able to trace the relationship in a number of limiting cases.
For example, when |ξ | ∼ a2, all masses appear to be of the
same order of magnitude: μ1, μ2,mscal,mrad ∼ 1/a. A sim-
ilar situation takes place for |ξ | � a2. For |ξ | � a2, we get
μ1 ∼ mrad and μ2 ∼ mscal. Another limiting case a → ∞
corresponds to μ1 = 0, μ2 = mscal and all the derived
expressions for the metric coefficients exactly coincide with
the formulas in paper [24], devoted to nonlinear models with
toroidal compactification of the internal space. It has been
demonstrated that the black string EoS Ω = −1/2 ensures
the fulfilment of the condition A1(r → ∞) = B1(r → ∞).

In the degenerated case with a single Yukawa mass,
μ1 = μ2 = μ, metric coefficients no longer have the previ-
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ously obtained form of combined Yukawa potentials. Instead,
we have shown that the solutions have the form of a single
Yukawa potential with a “corrupted” prefactor (in front of
the exponential function) which, in addition to the standard
1/r term, contains a contribution independent of the three-
dimensional distance r .

We have also investigated the class of models with
f ′′(R0) = 0 (to which the specific linear model f (R) =
R + 2κΛ6 belongs) with nonlinear background perfect fluid
for the condition ω0 �= 0. The linear gravity models with
spherical compactification involving linear background per-
fect fluid were investigated previously in [31–33]. In this
work, we have generalized these models to the case of an
arbitrary nonlinear background perfect fluid. In agreement
with the conclusions of previous papers, it has been shown
that there are two possible situations in which the gravita-
tional tests in the Solar system (the deflection of light, time
delay of radar echoes and perihelion shift) are satisfied and
the corresponding constraints on the PPN parameter γ are
met. First, it takes place for a sufficiently large value of the
gravexciton/radion mass mrad ∼ 1/a, for which one may
drop the Yukawa correction term in the metric coefficients.
In this case, the EoS parameter Ω (that defines the pressure of
the gravitating source in the internal space) can be arbitrary.
Second, for the case Ω = −1/2 [20,21,30], the Yukawa cor-
rection terms vanish automatically and arbitrary values of the
mass mrad are allowed.

Finally, we have considered the case of zero speed of
sound for the nonlinear perfect fluid in the external space:
ω0 = 0. In the nonlinear gravity model with f ′′(R0) �= 0,
the condition γ = 1 for the PPN parameter γ led to the
trivial solution (117) due to mutual cancellation of the mat-
ter sources on the RHS of the linearized Einstein equations
(105)–(107): δε + ρ̂c2 = 0. In the case f ′′(R0) = 0, we
have shown that the condition γ = 1 is automatically sat-
isfied for arbitrary values of the EoS parameter Ω . Yet, it
is important to stress that only for the black branes/strings
with Ω = −1/2 one may ensure the absence of fluctuations
in the background perfect fluid energy density, i.e. δε = 0,
which indeed translates into the absence of nonphysical coat
around the gravitating mass [42].

The validity of our solutions is limited at two opposite
scales. First, we consider the weak field limit in which the
gravitational field is weak and peculiar velocities of test
masses are much less than the speed of light. Consequently,
the results cease to hold in the vicinity of such relativistic
astrophysical objects as black holes and neutron stars. Sec-
ond, our approach is violated on scales where the cosmo-
logical expansion must be taken into account. The range of
validity, in this case, depends on the masses of the astrophys-
ical objects. For example, for a typical galaxy of a mass of the
Milky Way, it corresponds to an order of 1 Mpc [43,44]. In the
four-dimensional case, an approach that allows to consider

gravitational interaction on all scales (from astrophysical to
cosmological ones) was proposed in paper [45].
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Appendix: Perturbed Ricci tensor

In this appendix we present the nonzero components of the
Ricci tensor corresponding to the metric (11). Obviously, the
off-diagonal components R0i (i = 1, 2, 3, 4, 5) vanish for
static metrics. Using the results of the paper [31], we can
easily find that the R5i components for i = 1, 2, 3, 4 and R4i

components for i = 1, 2, 3 are also equal to zero. For the
diagonal components we have

R00 = 1

2
Δ3A

1 = R(1)
00 ,

Rii = 1

2
Δ3B

1 + 1

2

[
−A1 + B1 + 2

G1

a2

]

xi xi
= R(1)

i i ,

i = 1, 2, 3,

R44 = 1 + 1

2
Δ3G

1 = 1 + R(1)
44 ,

R55 =
(

1 + 1

2
Δ3G

1
)

sin2 ξ = sin2 ξ + R(1)
55 , (A.1)

where Δ3 = ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2 is the three-
dimensional Laplace operator. The remaining off-diagonal
components are

R12 = 1

2

[
−A1 + B1 + 2

G1

a2

]

xy
= R(1)

12 ,

R13 = 1

2

[
−A1 + B1 + 2

G1

a2

]

xz
= R(1)

13 ,

R23 = 1

2

[
−A1 + B1 + 2

G1

a2

]

yz
= R(1)

23 . (A.2)

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


Eur. Phys. J. C (2020) 80 :379 Page 13 of 14 379

The scalar curvature perturbation is a function of the exter-
nal coordinates only: R1 = R1(x, y, z). The only non-zero
derivatives are

(R1);i;k ≈ ∂2R1

∂xi∂xk
for i, k = 1, 2, 3. (A.3)

Then,

(R1);m;ng(0)mn = −Δ3R1. (A.4)
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