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INTRODUCTION

The present Diploma Project is devoted to study of the simplest phase
transitions in the two dimensional Coulomb gas: 1) vapor-liquid phase transition
and 2) Dielectric-Conductor transition. These problems are solved on the base of
cluster representations generating by strong Coulomb interaction between positive
and negative discs.

In rare Coulomb gas such discs, colliding between themselves, form the
dipole pairs which are electro-neutral particles having dipole moments. In fact the
rare Coulomb gas can be considered as an ensemble of dipole pairs. To describe
the thermodynamic properties of such a gas we can apply to the standard virial
expansion, often using for usual electro-neutral gases. With its help we can
construct the van der Waals equation of state (vdW Eo0S). It is well known that
vdW EoS allows us to predict the coexistence curve separating the vapor phase
from liquid one, each of which is consistent from dipole pairs. They differ from
each other by essentially different densities of dipole pairs. In such a way we can
determine the binodal and spinodal for the Coulomb gas, as well as the critical
point, which is unique general point of these curves.

It is also necessary remember that the size of dipole pairs is not constant, it
increases with temperature. It leads to the increase of dipole moments and stronger
interaction between dipole pairs. This circumstance influences on the character of
the coexistence curve and the location of the critical point. Moreover, at some
temperature the average size of a dipole pair becomes equal to the average distance
between neighboring dipole pairs. In this case the thermal motion of charged discs
becomes independent from each other. As a consequence a Coulomb gas becomes
conductive and we can speak about the Dielectric-Conductor transition. This is a
new property lacking for usual molecular systems. It is clear that the Dielectric-
Conductor transition occurs at the temperature depending on density. The
characteristic temperature corresponding to negligibly small density is named by

the Kosterlitz-Thouless one. The curve outgoing from this temperature is named by



4

the Dielectric-Conductor line transition. Its description is one of the important

problems for solution of which our Diploma Project is devoted.



1. The most important properties of the 2D-Coulomb gas

1.1. Electrostatic interaction between charged discs in 2D-Coulomb gas

We will name by the Coulomb gas an electro-neutral system, consisting
from 2D-discs, the half of which is positively charged and the half — by negatively
charged. We suppose that discs have the diameter ¢ and charged by +q.

As the first step let us consider the electric field created by a charged

disc.
The potential of positively charged disc

The electrostatic potential of a charged disc depends only on the distance r

between the center of disc and the observation point: @g=¢(r). Outside a disc

potential ¢(r) of electric field satisfies the Laplace equation [1]:

Ap=0, r>cl2, (1.1)

where

is the radial part of the Laplace operator.

The solution of the equation (1) has the structure:

o(r)=C,Inr+C,.

The dependence of the potential on distance will be correct if under the

symbol In will be dimensionless variable. It can be carried out if C,=-C,Inc.

Then the potential reduces to



o(r)=C,In" .
O

The constant C, should be identified with the charge of disc. At that the

potential should decrease if the distance r between center of disc and the

observation point increases. This effect can be reached if the charge g will be

taken with the minus sign:
p(r)=—gln_. (1.2)
(o)

The interaction energy of two charges g, and q,, placed in points r, and F,,

Is equal to
Usa(5) = 8 () ==, "2, B, =6, =, (1.3)
and r, =|r,|.
Coulomb law takes the view:
=tk (1.4)

r, n,
From the dimensionless reasons ([F_,,r,]=[a,q,]) it follows that the physical
dimensionality of the charge and temperature are connected by the relation [2,3]:
o= [keT]. (15)
Thus, the dimensionless temperature is determined according to
T=TIT., T.=0/k,. (1.6)
It is necessary to note that in 3D-space the analogous behavior of the

potential is characteristic for infinity charged filament:
o(r)=—27In—, (1.7)
(o2

where y is the charge on the length unity.
The interaction energy of the infinity charged filament with the length unity

of the second one oriented parallel to the first is equal to

I,
Ulz(rlz)zlz(Pl(rlz):ZlZzInf- (18)



7

1.2. Phase diagram for the electro-neutral system of charged discs:
dielectric-conductor phase transition and the coexistence curve for

vapor-liquid transition in a system

Since 2D-Coulomb systems are absent in the nature, they can be
investigated in computer experiments. In works [4,5] the main attention is focused
on the study of the phase diagram of the Coulomb gas. At that, it is assumed in

them that the interaction energy is equal to
Uint = zUij(rij)

I<i<j<N

where

ERLINM RN r>o
Uij (r)= &y o ! ) (16)

00, . <o
and &, Iis the dielectric permittivity for two-dimensional medium in which positive
and negative discs are situated. The structure of U,, allows us to introduce the

following dimensionless density i and temperature T =T /T.:

2

n=no’, T.= , (1.7)

where n - is the density of discs. The corresponding phase diagram, constructed in

[4], has the following view (Fig.1.)

Let us note the most important elements of the phase diagram:

1) the vapor-liquid coexistence curve presented by open circles;

2) dielectric-conductor transition line presented by squares;

3) the vapor-liquid critical point;

4) KT (Kosterlitz-Thowless) point [7] giving the beginning of the dielectric-
conductor transition line;

5) the conjugation point of the coexistence curve and dielectric-conductor

transition line.
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Fig.1.1. Phase diagram of 2D-Coulomb gas according [4]. Open circles

designate the coexistence curve, dark circle —the position of the critical point, light
and dark squares — dielectric-conductor transition line (squares of different
coloring correspond to different number of particles in computer experiments),

dark triangle notes the critical point location in the computer experiments [6].

According to [4] the following coordinates for the critical point were
established:
T, =0.056, 0, =0.21. (1.8)
The critical temperature and density, determined in [6], are noticeably
different from (3):
T, =0.085, f,=0.16. (1.9)
The conjugation point of the coexistence curve and dielectric-conductor
transition line is close to the critical point;
The characteristic temperature Tyt practically coincides with the value

obtained in [7].
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The very important value for the correct description of physical properties of
Coulomb gas has the screenshot for the spatial distribution of discs presented in
Fig.2.

44

&8

5@,‘*
P S

Fig.1.2. Space distribution of positively and negatively charged discs in
some moment of time in the computer experiment [4]. Circles of different color

correspond to charges of opposite sign.

As we can see from Fig.2, the most characteristic peculiarity in the spatial
discs distribution is their clusterization and formation of electro-neutral clusters.
Among clusters the following dominate:

a)  dipole pairs;

b)  quadrupole clusters;

c)  hexamers and higher order.

As it should be all clusters are electro-neutral, but their shapes are not
regular. It means that they transform to excited states. The excitation of clusters is

caused by collisions between them and electrostatic multipole interactions. The
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most essential role belongs to quadrupole clusters as playing the dominating role in
the screenshot (Fig.2).

Thus, our approach to the creation of theoretical basis for the Coulomb gas
should start from the mixture of particles reflecting properties of clusters
enumerated above. It will be very important also the taking into account rotations

and excitations of clusters.

1.3. Clusterization processes in 2D-Coulomb gas: properties of dipole

and quadrupole clusters

Due to electrostatic interaction positively and negatively charged discs tend
to form the dipole pairs:
q, +q.<d, (1.10)

where d denotes a dipole pair having the dipole moment:
a=q+(r+_'_:—)’ (1'11)
r.,r are the radius vectors of these charges. It as also possible the opposite

process: the disintegration of a dipole pair on charges. The minimal energy of a

dipole pair corresponds to contacting discs |, -7 |=o (Fig.3.1), which rotates and

can be considered as an effective disc with the diameter: r, = 2o,

e

Fig.1.3. The transformation of rotating dipole pair to a effective disc, having

the diameter 2o and the dipole moment such as a initial dipole pair.
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The averaged potentials of interaction between dipole pairs ant the effective
discs are the same therefore the EoS for them will be equivalent.

If the dipole pair is excited the distance between charged discs becomes
more than for contacting discs: r, =o +r'.

Due to collisions between dipole pairs their can form a quadrupole cluster Q
(see [8,9]):

d+d <Q. (1.12)

It is supposed that this process can be also going in the opposite direction: a

quadrupole cluster dissociates on two dipole pairs. The simplest quadrupoles

having the minimal energies are presented in Fig.3.2

a b
Fig.1.4. The simplest configurations of quadrupole clusters. Different colors

correspond to charges of opposite sign.

The presented configurations have values of energy:

E® =-q’In2, E® =g’In2. (1.13)

Since contacting dipole pairs have energy: E{” =0, we conclude that the
formation of symmetrical quadrupole configuration a is the most advantageous.

Considering the reaction (3.3) we get the following values of the
stoichiometric coefficients;

Vg =Vy =-vq =1,
and increments of quadrupoles and dipole pairs are connected by the equation:

AN, :—%ANd. (1.14)
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In the equilibrium state the thermodynamic potential of the system
®(N,,N,) takes the minimal value (see [2]):

ob  od ONg
+ =0
N, ONg ONy

(1.15)

Since %: u, and g have meaning of the chemical potentials for components of

the reaction, i =d,Q, then (3.5) and (3.6) lead to the equation:
g~ 241, =0, (1.16)
connecting the chemical potentials of components. As a result, it plays the key role

for determination of concentration for different component.

1.4. Methods of chemical kinetics

The free energy for ideal gas of spherical particles is determined by the

general expression [2]:

Fo =—NT '”{QULZ?TJ cj} , (1.17)

where N, T are the number of particles and temperature in the system, v =V /N is
the specific volume per particle, m is its mass, h is the Planck constant, ¢ is the
statistical sum of its internal states (here and in the following we use the rule: (
keT —T). Taking into account that v =1/n, and h*/mT = A% is the square for the

de Broglie thermal wave length, we can rewrite (4.1) in the view:
= :—NT{1+Inu—_|£_f(T)] (1.18)

where
f(T)=TIn(A%(T)/¢)). (1.19)
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oF

The thermodynamic potential (D:F—z)a—, in accordance with (1.18) i
L
(1.19), is equal to:
@iy = Npgq, (120)
where
[~TIno+£(T) ]
“‘“{Tlnmfcr) =TInP+ x(T) (1.21)

is the chemical potential in the ideal gas approximation and

7(M)==TInT + f(T).
In order to take into account the interaction between particles let us apply to

the van der Waals equation of state:

p=_1 2
vV-y;, U
The free energy, leading to this equation according to P ——%Z—F takes the
1%
structure:
F=F —N{Tln(l) %) , a} (1.22)
L L

As we can see, additionally to F,, we take into account 1) the proper
volume v, of molecules (v — v, v,), Ta 2) the interaction between particles (-a/v).

Thus, the expression:

4@ T 8 (1.23)

1y 1%
has meaning that part of the chemical potential, which is caused by the interaction

between particles.
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1.5. Formulation of the diploma problems

The following problems are planned to study in the Diploma Project:

o to discuss the formation of dipole pairs and to calculate the
temperature dependence of their spatial size;

o to describe the distribution of the dipole pairs and quadrupole clusters
in the plane temperature-density;

o to construct the curve separating the Dielectric and Conductive states
of the rare Coulomb gas;

o using the virial expansion for the free energy to construct the van der
Waals equation of state for the Coulomb gas considering as an ensemble of dipole
pairs and quadrupole clusters;

o to determine the positions of binodal and spinodal for the system
described in the previous task as well as the location of the critical point in which
the vapor and liquid branches diverges;

o to discuss the agreement between the results obtained on the base of

theoretical model, developed in our work, and with the help of computer methods.
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2. THE MOST IMPORTANT CONSTRUCTIVE ELEMENTS IN THE
DIPLOMA PROJECT

2.1. Mean square value of the dipole moment for a dipole pair as

function of temperature and density

The configurational integral Q for the 2D-Coulomb gas is determined by the

expression (see [2,3]):

Qu = [d5,..05, exp[— Mj | 2.1)

where ds; is the volume element for i-th particle in the plane, U,,is the interaction

energy:
Ui = ZUij(rij)

I<i<j<N

and

Cag (h)
Uij(r): &y In[a} i > (22)

00, r. <o
and ¢, is the dielectric permittivity of medium. The structure of U,, allows us to

introduce the following dimensionless density i and temperature T :

, (2.3)

where n - is the total density of discs.

In two-particle approximation we only have positive and negative discs and

Q,= jd§ld§2 exp(— wJ : (2.4)
S B

From the homogeneity reasons the expression (4) is written in the view:
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Q, =s]ds, p[ MJ

kgT

which passes to the following expression:

- -uT -UT
exp Y —E) = exp —q—zlnrl—2 :exp(lnij :{rl—zj
kgT ek T o o o ’

due to identical transformations. Here T =T/T., and also g=1/T .

The pair distribution function takes view:

q2 r r -UT
p(f)=C exp(— In—J = C(—j .
skgT o o

The normalization constant is determined by the equation:

C =1/ [drp(F)

Since
® o 25" 2 _
Jd?p(?) = Zﬂazjxl_ﬁdx = 270" Xz-E = 27T—6= , =TT
o 1 1 2_18
then
C:2—€_
2no

The applicability region of these expressions is determined by the
convergence of integral taking place at
2-B<0 or 2<B or T<l/2.

The mean square value of the dipole moment is determined by the integral:

<d?>=g’<r’>= qZJ‘de(F)r2 = (qa)z%. (2.5)
) _
In another view
32 2 o1 2 2 2 = 1—2:|: =
<d?>=dZ¢(T), dZ=q°c?, g(r):m, T <1/4. (2.6)

In order to guarantee <d®(T)> > 0 we should take: T =1/4-5. Then
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<62(I')>:d020'%;25+..., 5>0. (2.7)

As it should be at T >T =1/4-5 we get <d*(T)>—> i.e. the temperature

T =1/4-¢ coincides with the Kosterlitz-Thowless one at 5 =0 [7, 10-12].

2.2.The distribution of the dipole pairs and quadrupole clusters on the

density-temperature phase diagram;

If the Coulomb gas is not too dense it consists from dipole pairs and
quadrupole clusters. The collision of dipole pair is accompanied by the formation
of the quadrupole cluster:

d+d <Q.

The process can go from the left to right and vice versa. The concentrations
of dipole pairs and quadrupole clusters can be determined with the help of method
of chemical equilibrium in a system of reacting components. At that the

concentration of dipole pairs

c=— M _ n,/n
ny +Ng
Is determined by the equation:
_ 27, —
1 2C = Pexp(Mj (28)
c T

o 244 — :
The combination K(T) = exp(— @J Is accepted to name by the constant

of chemical equilibrium.
Indeed, we start from the equation (3.7):
Mg =214
and the expressions (4.5) for the chemical potentials:
ui=TInP +y, 1=d,Q,

and (1.23) for
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xi=—TInT + f,(T).
Here P, are the partial pressures P, and P, of dipole pairs and quadrupole
clusters. In ideal gas approximation we have
Py=cP, P,=(@1-c)P,

and

A2 A
2. =TIh—2, 7,=TIn ,
‘ cT e &oT

where A, and A, are the lengths for de Broglie waves [13] corresponding to

dipole pairs and quadrupole clusters, ¢, i=d,Q, are the statistical sums of their
internal states (see the Section 4 in Chapter 1).
Since the mass of quadrupole cluster is twice more than that for dipole pair,
we get:
Ay TN, =2.
Additionally we assume that the classical character of thermal motion is

observed at T >T,, where the quantum degeneracy temperature T, is estimated as:

N, (T,)/ % =0.1. Then,

Ny (M) o? =0.1-(T,/T)2. (2.9)
As consequence, the equation (2.2.1) transforms to
1/2
-9e-9 _ o.1ﬁ(T—°j fo. (2.10)
C T
d

where i =n,o?, and the equation
n, =2(2-c)(ny +ny)
establishes the interconnection between numbers of clusters and positive and
negative discs.
If T<<T. the internal degrees of freedom of dipole pairs and quadrupole
clusters can be considered as unexcited, therefore ¢, i=d,Q, will be determined
by the energy E of their ground states: ¢, =exp(-E” /T). Since,

EP® =0, EY =-¢*In2=-T.In2,
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then
T* T T
¢, =1, o =exp(ln2-?j:2 : (2.11)
Using these expressions we get:
2
(1—02:(22 —C) _oTIT ﬁ% _ (2.12)

For temperatures T >T,, corresponding to classical effects, we can use (2.9)

and the concentration of dipole pair is described by the equation:

1/2
% ~0.1.2"" H(TT—OJ . (2.13)

In limit case, corresponding to 2" —0, the concentration of dipole pairs
changes according to:
c=1-0.1-2""A+0.032" i) +..., (2.14)
i.e. dipole pairs dominate in a system. In opposite case, when 2™ >>1, the
concentration tends to zero:
c~3.16-27V* Ntz 50, (2.15)
I.e. a system is consisting from quadrupole clusters.
Let us use the formula (2.2.6) for the estimate c at the Kosterlits-Thowless
temperature (t,, =0.25 [7]). Accepting that T,/T. =0.1, we get:

A-9@-9) ;g 5
C
For a rarefied Coulombic gas, for which i <<1, the concentration of dipole
pairs changes according to:
ct=t)~1-N+30%+.. (2.16)
Let us describe the distribution of dipole pairs and quadruopole clusters with
the help of iso-concentration curves, determined by the equations: c(i,t) =c,. The

iso-concentration curves at different values of c, are presented in Fig.2.1.
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n.

0.3
12 3 4
0.25
5
0.2
0.15
0.1
0.05
0.05 0.1 0.15 0.2 0.25 0

Fig.2.1. The family of iso-concentration curves c(i,t) =c,, corresponding to

3t

the formula (2.2.6) at T,=0.1T.. The curves 1,...5 are constructed for

¢, =0.1,0.3,0.5,0.7,0.9.

In particular, we can use the Fig.2.3. to get the temperature dependence of
the concentration of dipole pairs on some isochore. In this case the corresponding

values c(n,t) are determined by the iso-concentration curves in points of their

intersections with straight lines coming from n. on the ordinate axis.

2.3. Dielectric-conductor transition line

We had been established that at low temperatures the electro-neutral rarefied
system, consisting from positively and negatively charged discs, tends to be
dimerized. The discs with opposite charges form dipole pairs, having dipole
moments. Such a system has no free charges and cannot to conduct electric
current.

If temperature increases the averaged distance between discs, forming dipole
pairs, also increases and for some temperature it becomes exceeding the averaged
distance n*? between any discs (where n is the numerical density). In this case

dipole pairs become instable and the system can be considered as consisting from
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free charge discs. Thus, the temperature T,., corresponding the transition

dielectric-conductor, is determined by the equation:

r2(Toe)>1/n.

Substituting here the expression r?(T) from (2.1.5) we obtain the following

equation for T, .

i‘f}; 1/ (2.17)
From here we find
ST
or
Toe = %(bﬁ) (2.18)

If density of a system n —0 the temperature of the dielectric-conductor
tends to the Kosterlits-Thouless value [7]:
Toe = Tr =1/4.
The first asymptotic terms:

Toe =1/40-F/2-72/4+...) (2.19)
allows us to compare this theoretical result with experimental dependence on
density.

If n —1, i.e. for dense system we get:
T, (A=1)=0, (2.20)
that is quite understood. The last estimate for T,. is not agreed with computer
calculations (see Fig.1.2.1). In order to improve this agreement let us consider the

influence of quadrupole clusters.
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Influence of the quadrupole clusters on the conductivity of 2D - Coulomb gas
As it had been shown in the previous Section the rarefied Coulomb gas is the
mixture of dipole pairs and quadrupole clusters. Here it is necessary to note that the
sizes of quadrupole clusters remain practically invariable. Indeed, the bounding
energy of a quadrupole clusters in its ground state is equal to
Eo =—0°In2,
or in temperature units
Eq =—kKsTy, To=T.In2.
The value of the dimensionless quadrupole temperature
'FQ =1In2 >'FKT
is higher then the Kosterlits-Thouless temperature. Therefore, until T <T,, we can
use the quadrupole clusters in their ground states.

The concentrations of clusters are determined by the expressions:

Ny Ny
=n,/ny, Cou= =n,/ny, (2.21)
Ng +Ng Ng +Ng

Cy =
where n, and n, are the densities of dipole pairs and quadrupole clusters, n, is the

density of clusters independent on their type. In accordance with definition, these
concentrations satisfy the normalization condition:
Cq +Co =1. (2.22)
From here it follows ¢, =1-c,.
Let us establish the interconnection between the density of clusters and the
discs density 2n. The last satisfies the equation:

2n, +4n, =2n. (2.23)

Combining (2.3.7) with n, +n, =n, we get:

n
- 2.24
ncI 2 _ Cd ( )

and
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Ca p, n,=i=Cay (2.5)

% 2-¢,

The averaged distance between dipole pairs equals to RZ, =n;".
Equaling it to the size of a dipole pair: r? =5*£(T), we get the equation:

1-2T,. 12-c,

1-4T,. 0 ¢,
determining the dimensionless temperature T,. of the dielectric-conductor
transition for mixture of dipole pairs and quadrupole clusters. Since c, is the

function of density n =no?* according to Fig.2.3, we find:

n+1
T (ﬁ)—ll_ngcd(n) (2.6)
DC - =y 2 _ ' '
f1-1 @
At small dipole pair concentrations
~ o 1( 1
TDC(n)zz(l—chd(n)+...j. (2.7)

2.4. Dielectric permittivity for rarefied 2D-Coulomb gas

In general the induction D of the electric field in medium is connected with
the Maxwell strength E of it by the relation [14]:
D =,
where ¢ is the dielectric permittivity. There is also the equation [14-16]:
D=E+24P,
connecting D and E with the polarization vector P. Combining both these

expressions we get:

5—50=27rg. (2.8)

Here we take into account that in homogeneous and isotropic system the

vectors P and E are codirectional. Thus, in order to calculate the dielectric
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permittivity it is necessary to find the polarization vector as a function of Maxwell

strength.
In the case of 3D-space the dielectric permittivity is determined by the

similar equation, differing by the value of the coefficient [14-16]:
P (2.29)

E—&, 247TE.

In both cases the situation is simplified if 1) the system takes the sphere-like

shape and 2) it is placed to the external field of the strength E,. The values of E

and E, satisfy to the boundary conditions which lead to the relation:

2% g (2.30)

E+¢&,

E=
The polarization vector is also some function of E,. Therefore the equation

(4.2) can be rewritten in the view:
(2.31)

In 3D-space the corresponding formula for the dielectric permittivity takes

the similar structure:
4

M)

P(E,)
- (2.32)

_1_
+2

M

Let us consider the polarization vector for a system consisting from dipole

pairs. In this case
<D, > (2.33)

S 1

where D,, is the dipole moment of N —dipole pairs and the angular brackets denote

B

the average procedure according to Gibbs distribution:
= _[IjN exp[_IBHN}jQN
<Dy >=
jexp[_ ﬁH N }jQN

B =1k, T =1/T is the inverse temperature, dQ, =dr,dr,...dl, is the element
of phase volume for a system, dr, =singdéde, is the area element on the unit

sphere (angles 6, and ¢, describe the spatial orientation of i-th dipole pair). Here it
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Is taken into account that the Hamiltonian of a system is reduced to the interaction

of dipole pairs with external field [14]:

H, =-D, -E,.
The dipole moment of a system, consisting from N dipole pairs, is

determined by the sum: T =T/T.
_ N

D, =>.d(T

i=1

where the unit vector k is directed along the strength of external electric field E,,

(k cos@, +1isind, cose, + jsiné, smgo,)

Mz

i=1

d(T) is the average value of the dipole moment corresponding to the

dimensionless temperature T .

In linear with respect to E, approximation:
<D, >=pf< I3N(I3N -EO)>0 +
where <>, denotes the averaging with isotropic distribution function. In this case
< (f)N )a(f)N )ﬁ >0= %Qﬂ < (f)N )2 >0 o, =12,
therefore
<D, >:%ﬂ<(f)N )2 >, -E,. (2.34)
Taking into account only autocorrelation effects, we get

< ([3N )2 >o= Nd2(T) +..

In accordance with (2.4.6) the polarization vector takes the value:
IS:%,de(F)n-EO+..., (2.35)

where n=N/S is the density of dipole pairs.

_1__ 241 (T)n (2.36)

In the Section 1 it had been shown that the dipole moment of a dipole pair

takes the view:
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dzﬁ)zdji_ig;, T <1/(4e), d, =qo,
—4¢&

where

T-T/T., T.=1,
kB

Combining these expressions with (2.4.9) we get:

_1 . ni-2d (2.37)
2 T1-4¢gT

[

™

|

+

9

where 1 =ng”.

It is necessary to stress that the dielectric permittivity, described by the
formula (2.4.10), is only caused by dipole pairs. The contributions, similar to
electronic polarizability, are absent, since we suppose that positive and negative

discs are structureless.

2.5. The averaged interaction potential between dipole pairs

The interaction potential U(r) between dipole pairs, forming in two-

dimensional Coulomb gas, with satisfactory accuracy can be approximated by sum

of two contributions U, (r) and U,(r), which describe the repulsion and attraction

between discs correspondingly:

U(r) =Ur(r)+Uq(r). (2.38)
The first of them is usually modeled by the potential of hard disks:
o, <o,
Ur(r):{o, o (2.39)

Dipole-dipole interaction energy
The potential of the first dipole pair, created by he first and second close

charges at the point r, equals to

P(F) = a(zy (T —F) — 24 (F - T)).
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A function takes values:

1/r, d=3,

Zd(r):{lnr, d=2.

Rewriting it in the view:

(1) =q(rs(F-T)— 7y (F-F+T,—T,))=

OX4 () = =
= gl -T,), +
q ara rllr—rll( 1 2)a
qo Ox4(r) iy
L

where d, =q(F, - ) is the dipole moment for the first dipole pair.

The interaction energy between the field of first dipole pair and charges 3
x4 (r)
ar r=[f, -]

a

_ x4 (r)
or,

and 4 is equal to: ¢(%5)q—e(,)q = dc(f)Q{

r=|r;—n|
Since

0]

oE)a-p(r)a =dfa( —r), S

P=fy iy

we finally obtain the energy of dipole-dipole interaction:

; , A0,
— —d®q3
Wd“laz =p(6)d—o(r,)q = dal dﬁz 8radarﬂ

r=li—|
Here d, = q(F, - F,) is the dipole moment of the second dipole paior.
The attractive potential U,(r) can be described as an averaged expression
for corresponding interaction of dipole pairs:
U, (r) =<W, (f, 1) >, (2.40)
and symbol < ... > designates the averaging on their directions of dipole moments.
In two-dimensional case for the interaction of dipole moments we get:

@ 02Inr

de(Fl,FZ,Q):—dS)dﬂ or or,
a”’'p

(2.41)

where r=|f -5 |, and Q is the totality of angular coordinates describing

directions of their dipole moments (here we changed f, on r,).
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The pair correlation function g(r,r,,Q), where ¥, and r, are the radius-

vectors of dipole pairs, one can be approximated by the expression:

0(F, T, Q) = Cexp(— W, (7., F,, Q) x ——— (1— AW, (F..F,. ).
(4x)

In zeroth on the dipole-dipole interaction <w, >,=0. In the first

approximation:

o%Inr &%Inr

UM =-p<W; >=-<dPd® > <d?@d? > , 2.42
a ( ) IB dd 0 IB a Ty 0 B US 0 araarﬁ 8I’78I’5 ( )
Taking into account that
d? d?
<dPd® >0:?5by, <dPd? >O:?5ﬂ5, (2.43)
and also
. o’Inr Inr:Alnr:O, (2.44)
112 arllarlz

9 2
we find: U@ (r)=—1 ggef SN0
4 or,or,

In accordance with our calculations in the Section 2.1 the dipole moment of

a dipole pair is

@) =(@o Ve, ¢hH=1x.
After simple calculations we get:
Jonyo L) L oF
G0 =-5[2) 360, (2.45)

where U8 (r) =U“(r)/(¢,k,T.) is the dimensionless energy.

As we can see, the interaction between two dipole pairs is determined by the

attractive potential (the minus sign before the final expression).
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2.6. The estimate of the critical point in dipole pair approximation

In this Section we will focus our attention on the equation of state (EoS) for
a system consisting from dipole pairs. In more details we consider the positions a)
the spinodal or the curve, separating the stable and absolutely unstable states of a
system; b) the binodal, or the coexistence curve, describing the equilibrium
between liquid and vapor phases in our system. Moreover, we study the position of
the critical point, which is only joint point for the spinodal and bimodal.

For this aim we apply to the van der Waals EoS [2,3]:

_2 (2.46)
19

Here P is pressure, v is the specific volume per particle, i.e. on dipole pair,

v=1/n, v, Is its own volume [2]. For the following we determine sequentially the

position of the spinodal, critical point and binodal.

Binodal, spinodal and the vapor-liquid critical point

The spinodal is determined by the equation [2,3]:

P o, (2.47)
ov|,

and for the van der Waals equation it reduces to:
T =2an(l-nv,)>.
The position of the critical point is determined by the equations [2,3]:

o Op
t’éuz

P

o =0. (2.48)

t

Together with the van der Waals equation (2.6.1) it leads to values of critical

temperature, volume and pressure:

12823 -3, por? (2.49)
U

The vapor-liquid coexistence curve or binodal is determined by the Maxwell

rule of equal areas [2,3]:
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Vg

[v(p)dp=0, (2.50)

where v, and o, are the specific volumes for liquid and vapor correspondingly.

In dimensionless variables

t=T/T,, v=vlv, p=p/p,. (2.51)

the van der Waals equation takes the view:.

- 8t 3
_ %3 2.52
PT%1 5 (2:52)
or
L L (2.53)
3-n

Near the critical point the equation (2.6.8) is approximated by the expansion:

5:1+4r+6zu+3zu2+§u3+§u4+..., (2.54)
2 4

cand u=A-1=" - " The solution of the equation: Z—E =0

c c T

T-T

where r=t-1=

, equivalent to (2.6.2) , determines the positions of liquid (u,) and vaporous (u_)

spinodal branches:
u® =£2(-)¥* -7 +..., (2.55)

The rule of equal areas: j 8p‘

dn =0 together with the expansion(2.6.9)

reduces to the equation, determining the bimodal branches:

w243 a1 S 2
7-Uu +8(1+r)u 10(1+r)u +.. 0. (2.56)

Ug

From here we find the analog of the expansion (1.6.10) for the binodal:
® _ 1o(_yv2 _16
ul” =+2(-7) 452'+... (2.57)

The expressions (2.6.10) and (2.6.12) describe also the near-critical behavior
of the
spinodal and binodal for the Coulomb gas. Its specificity is manifested in

values of T, and n_.
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Vapor-liquid critical point for the 2D-Coulomb gas

Here we apply to virial expansions [2,3], connecting the parameters v, and
a, entering to the van der Waals EoS (2.6.1), with the interparticle potentials [2].

At low temperatures, when the positive and negative discs contact with each

other, v, =275° [8,9]. If temperature increases the radius of effective circle for a

dipole pair equals to: r,(T) = %a(1+ £V2(T)), that leads to the

v, (d) = 27r? :%cﬁ(u Sa0)i (2.58)

Within the limit T — 0 the quantity ¢(T) —1 and we return to initial value of
v,(d). The constant a is determined by the interparticle potential according to the

formula:

o]

a=r I\U (r)rdr. (2.59)

(1/2)a (L¢3 (T))
Let us substitute here the potential of the averaged interaction between two

dipole pairs. It had been determined in the previous Section it had been shown that

u;"d>(r)=—3—12ﬁ(d70j @) dy=ao (2.60)

Substitution (2.6.15) to (2.6.14) leads to the result:
g = o, At L M) (2.661)

Using the values of a (2.6.16) and v, (2.6.2) , as well as the first expression

from (2.6.4) we get the following equation for the critical temperature

ro8a L (2.62)
27 v, 4.27

From here we find, that the dimensionless critical temperature for the

Coulomb gas in the dipole pairs approximation equals to:

T~ ~009. (2.63)

63

The critical value of the specific volume takes view:



32
5. =30, /67 :37”(1+g1’2(ﬁ))2. (2.64)

As we can see, 1) the vapor-liquid critical temperature, calculated for the
2D-Coulomb gas modeled by the ensemble of dipole pairs, is independent on their
size; 2) the critical value of the specific volume is rather different for cases

corresponding to contacting discs: r,=c and non-contacting discs, when
f, =/ oL+ (T,)).
The ratio of the specific volumes for these cases equals to:

o, (T,) :%(1+é/1/2(-ﬁ))2 zl"'i 4 (2.65)

O,
Thus, the changes of the critical temperature and specific volume due to the

rotation effects within the dipole pairs ensemble are inessential.

2.7. The mixture of dipole pairs and quadrupole clusters

As we noted early, the dipole pairs during collisions can join to quadrupole
clusters. It leads to the ensemble consisting from the dipole pairs and quadrupole
clusters. In other words the 2D —Coulomb gas can be considered as the mixture of
two type clusters. In this case the parameters v, and a for the van der Waalse EoS
take the values (see [2], and [8,9]):

U (C) =cuy +(1—-c)u,
a(c) =c’ay +(1—c)’ay, +2c(1—C)ay, .
where

n
c=—2/1"1
Ng + Ng

is the concentration of dipole pairs (n, and n, are the densities of clusters). For

contacting dipole pairs and quadrupole clusters:

vl = 2707, Uéc) =(3/2+ \/5)72'0'2,
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SO
o 10 = (314+1/42) ~1.
It means that the mixture of clusters can be considered as a system of
particles having practically identical sizes.
Near the vapor-liquid critical point, calculated within the dipole pairs
approximation, the 2 D -Coulomb gas is the mixture of dipole pairs and quadrupole

aapproximation according to [8,9]:

a -r9401
“T16 Tt

_ 16x q40'21.
©B+V2) Tt

Their values are related to each other as:
Qg - Byg 8o =1:0.67:0.24; ,
Taking into account that ¢ =0.5 with suitable accuracy we can get:
v,(€) =0V'?, a(c)~0.645a,,.
From (2.6.17) it follows the following estimate for the critical temperature:
_8 a T2 _ 0.645

T. = - T/=—"1TT7,
27 v, 4.27
or
'FC ~ 0.803 ~0.077, v, ~6x.
63

These values, rewritten in the view:
1
T.~0.077, n,~—~0.16,
27

practically coincide with values obtained in computer experiments [4,6].
Here we take into account that each particle with probability ¢ consists from two
discs (dipole pair) and with the probability 1-c it consists from four discs

(quadrupole cluster), therefore



C

Ue

= :20+ﬁg—c)

c=0.5

_4-2c

L,

c=0.5

1

2
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CONCLUSIONS

1.  To describe the properties of the Coulomb gas in 2D -space the
approximations of dipole pairs and the mixture of dipole pairs and quadrupole
clusters are used,

2.  The temperature dependence of the dipole moments for the dipole
pairs is studied;

3. The distribution of dipole pairs and quadrupole clusters in the plane
density-temperature is considered in details;

4.  The positions of the spinodal, binodal and the critical point for the
Coulomb gas in the approximations of dipole pairs and the mixture of dipole pairs
and quadrupole clusters are determined;

5. The dielectric permittivity of the 2D —dimensional Coulomb gas in the
approximation of dipole pairs is investigated,;

6.  The dielectric-conductor transition line is estimated within the dipole
pairs approximation;

7. The applicability region for the dipole pairs approximation is

discussed.
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SUMMARY

Wang Bin. «Phase transitions in 2D-Coulomb gas» - Thesis to obtain a
master's degree in specialty 104 — physics and astronomy. Odesa I.I.Mechnicov
National University. - Odesa, 2024

The research of the master's thesis is devoted to the study of the simplest
phase transitions in the two dimensional Coulomb gas: 1) vapor-liquid phase
transition and 2) Dielectric-Conductor transition. These problems are solved on the
base of cluster representations generating by strong Coulomb interaction between
positive and negative discs.

Such a system can be considered as an ensemble of dipole pairs, and its
thermodynamic properties of such a gas are described in the paper using the
standard virial expansion. It can be used to construct the van der Waals equation of
state (vdW EO0S). In this way, the binodal and spinodal for the Coulomb gas can be
determined, as well as the critical point, which is the only common point of these
curves.

It is taken into account that the size of dipole pairs is not constant with
temperature, which affects the nature of the coexistence curve and as a result, the
Coulomb gas becomes conductive and we can speak of a dielectric-conductor
transition. This is a new property that is lacking in conventional molecular
systems. The dielectric-conductor transition curve is one of the important
problems, the solution of which is devoted to the qualification work.

Keywords: Coulomb gas, binodal and spinodal, dielectric-conductor

transition.



39

AHOTANLIA
Ban bins. «®da3osi nepexonu y 2D-kynoniBcekoMy raszi» - Ksamidikariiitna
HayKoBa poOOTa Ha MpaBax pykomucy. Pobora Ha 3700yTTS HayKOBOT'O CTYIICHS
Marictpa 3a cremiaibHicTio 104-bi3uka Ta actpoHoMmis. OnecbKUii HaIllOHATBHUN

yuiBepcureT imeHi | .I. MeunukoBa. Oneca, 2024.

JlociKeHHsT MaricTepchbkoi poOOTH MPUCBSIYEHO BUBUYEHHIO HAUIIPOCTIIINX
¢dazoBUX MepexodiB y ABOBHUMIPHOMY KyJIOHIBCbKOMY Tasi: 1) ¢dazoBuii mepexia
nap-piimuHa Ta 2) mepexia aieeKTpUK-TIPoBIAHUK. L1 mpoOaeMu BUPIMIYIOThCS Ha
OCHOBI TpPEJCTaBICHb KJIACTEPiB, TMOPOHKEHUX CHJIBHOIO  KYJIOHIBCHKOIO
B3a€MOJII€I0 MK TO3UTUBHUM 1 HETATUBHUM JIUCKAMHU.

Taky cucreMy MOXHa pO3IJISiIaTH SK aHcaMOllb JIUIOJIBHUX map, a il
TEPMOJIMHAMIYHI BJIACTUBOCTI TAakKOTro ra3y y poOOTI ONHCAHO 3aCTOCYBaHSIM
CTaHJIAPTHOTO BIPIaJIbHOTO PO3KIaLy. 3 HOro JOMOMOror MOKHa HOOYyIyBaTH
piBHAHHS cTaHy Ban-nep-Baansca (vdW EoS). Takum ynHOM MOXKHA BU3HAUYUTU
O01HOJIaJb 1 CMIHOJAJB ISl KYJIOHIBCHKOTO ra3dy, a TaKOXK KPUTHYHY TOUKY, SIKA €
€IMHOIO 3araJIbHOI0 TOYKOIO IIUX KPUBHUX.

BpaxoBaHo,1110 po3Mip IUNOJBHUX AP HEMOCTIMHUN 3 TeMMEpaTypolo, 110
BILJIMBAE HA XapaKTep KPUBOI CIIIBICHYBaHHS 1 B PE3yJIbTaTi KyJIOHIBCHKUI ra3 cTae
MPOBIIHMM 1 MOKHa TOBOPUTH NP0 Mepexi] MleIeKTPUK-MpoBIAHUK. lle HOBa
BJIACTHBICTH, SKOi HE BHCTAada€ 3BHUAWHUM MOJICKYJSIpHHM cucTtemam. Kpusa
nepexo1y AleISKTPUK-TIPOBITHUK € OJIHIEI0 3 BAXJIMBUX 3a/a4, PO3B'SI3aHHIO SIKOi
npuCcBsAYeHa KBamidikaiiitHa podoTa.

Knwouosi cnosa: kynowiscekuil eas, 0OiHoOans [ cniHoOAnb, nepexio

OleleKMpUK-npoBIOHUK.



