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ATOM OF HYDROGEN AND WANNIER-MOTT EXCITON IN
CROSSED ELECTRIC AND MAGNETIC FIELDS

Spectroscopy of atoms in the crossed external electric and magnetic fields is investigated
on the basis of the operator perturbation theory. The data for ground state energies of the
hydrogen atom in sufficiently weak crossed external electric and magnetic fields are
calculated. Generalization of the method on a case of the Wannier-Mott excitons in the bulk
semiconductors in a case of the crossed fields is given.

1. This work goes on our investigations of the
multi-electron atomic systems and excitons in
semiconductrs in an external electric field (the Stark
effect) [1-17]. The remarkable Stark effect has a long
history and until recently it was believed that the Stark
effect is fully understood and fundamental problems
remained (look [1-16]). However, an observation of the
Stark effect in a constant (DC) electric field near
threshold in hydrogen and alkali atoms led to the
discovery of resonances extending into the ionization
continuum by Glab et al and Freeman et al (c.f.[I]). Cal-
culation of the characteristics of these resonances as
well as the Stark resonances in the strong electrie field
and crossed electric and magnetic fields remains very
important problem of as modern atomic physics as
physics of semiconductors (speech is about excitons in
bulk semiconductors, quantum dots , wires etc.).

It should be noted that the same class of problems
has been arisen in a physics of semiconductors (c.f.[14-
17]). It is well known that the availability of excitons in
semiconductors resulted experimentally in the special
form of the main absorption band edge and appearance
of discrete levels structure (f.e. hydrogen-like spectrum
in Cu,0). Beginning from known papers of
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Gross-Zaharchenya, Thomas and Hopfield et al
(c.f.[13-17]), a calculation procedure of the Stark effect
for exciton spectrum attracts a deep interest
permanently. Very interesting physics occurs in a case
of the excitons in quantum dots, wires etc, where the
other geometry and energetics in comparison with the
bulk semiconductor makes the field effect more
intrigues. The exciton states in the quantum dots have
been studied in a number of papers and have been
observed by photoluminescence experiments (c.f. [14-
17]). Naturally, the electronic states in quantum dots
(wires) depends on either the confining potential and
the interacting force between the particles. Now the
electric field effect on the electron-hole states and on
the confined excitonic states is often referred to the
quantum confined Stark effect. In this paper we are
interested by spectroscopy of atoms in the crossed
external electric and magnetic fields. Method studying
is based on the operator perturbation theory and
analysis of the level statistics in spectra. Generalization
of method on a case of the Wannier-Mott excitons in
the bulk semiconductors is given.

2. As our approach to strong field DC Stark effect
was presented in a series of papers (see, for example,
[1-6]), here we are limited only by the
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key aspects. According to [1,2], the essence of operator
perturbation theory approach is the inclusion of the well
known method of “distorted waves approximation” in
the frame of the formally exact perturbation theory.
According to [2,3], the Schrodinger equation for the
electronic eigenfunction taking into account the uniform
DC electric field (the field strength is F)and the field of
the nucleus (Coulomb units are used: a unit is h%/Ze? m
and a unit of mz?e*/ h? for energy) looks like:

J(1-NZ)/r+Fz-05A-E]Jy=0 (1)

where E is the electronic energy, Z — charge of
nucleus, N — the number of electrons in atomic core.
Our approach allow to use more adequate forms for the
core potential (c.f.[25-27]). According to standard
quantum defect theory (c.f.[3]), relation between
quantum defect value p, electron energy E and principal
quantum number n is: p=n-z*(-2E)¥2. As it is known, in
an electric field all the electron states can be classified
due to quantum numbers: n, n; n,,m (principal, parabol-
ic, azimuthal: n=n;+n,+m+l). Then the quantumdefect -
nthe pnrnbolic co-andinatesw(Ce. is connected with the
quantum defect valueaf the free (F=0) atom by the
following relation [3]
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After separation of variables, equation (1) in parabolic
co-ordinates could be transformed to the system of two
equations for the functions fand g:
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J+ [mi] S H05E+ (Bi-NIZ) | 1-
-025F(t) t]1f=0 (2)
g+ u g’ +[05E+S [t +
+0,25 F(f) t]g=0 3)
coupled through the constraint on the separation

constants: P,+P,=1.

For the uniform electric field F(t) =F. In ref. [11],
the uniform electric field e¢ in (3) and (4) was
substituted by model function F(t) with parameter t (t =
1.5 t;) . Here we use similar function, which satisfies to
necessary asymptotic conditions (c.f.[l 1,12]) :
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Potential energy in equation (4) has the barrier. Two
turning points for the classical motion along the q axis,
t,and t,, at a given energy E are the solutions of the
quadratic equation (B = B; E = E, ). It is necessary to
know two zeroth order EF of the Hj: bound state
function Wg, (g, n, @) and scattering state function Wg
(e, m, @) with the same EE in order to calculate the
width G of the concrete quasi-stationary state in the
lowest PT order. Firstly, one would have to define the
EE of the expected bound state. It is the well known
problem of states quantification in the case of the
penetrable barrier. We solve the (2, 3) system here with
the total Hamiltonian H using the conditions [11]:

AN—>0ati =«
(5)
(B, FY/ k=0
with
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These two conditions quantify the bounding
energy E, with separation constant ;. The fur-
ther procedure for this two-dimensional eigen-
value problem results in solving of the system
of the ordinary differential equations (2, 3) with
probe pairs of E, B; The bound state EE, eigen-
value B; and EF for the zero order Hamiltonian Hq
coincide with those for the total Hamiltonian H at
=0, where all the states can be classified due
to quantum numbers: n,nq, 1, m (principal, para-
bolic, azimuthal) that are connected with E, B,

m by the well known expressions.. The scattering
states’ functions must be orthogonal to the above
defined bound state functions and to each other.
According to the OPT ideology [11,12], the fol-
lowing form of gE’s :is possible:
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gedty =g () - 22" (1) (6}
With fgs and gi(t) satisfying the differential equations
(2) and (3). The function g,{t) satisfies the non-
homogeneous differential equation, which differs from
(3) only by the right handterm, disappearing at t = o
3. In Ref, [7] it has been presented ap-
proach,based onsolution of the 2-dimensional
Schrodinger equation [20,21] for an atomic system in
crossed fields and operator perturbation theory [10].
For definiteness, we consider a dynamics of the
complex non-coulomb atomic systems in a static
magnetic and electric fields. The hamiltonian of the
multi-electron atom in a static magnetic and electric
fields is (in atomic units) as follows:

H = 1!2[pf, + ff,fp:) +B,/2+ (1/8)B°p* +
(7)
+(U/2)p>+F +V(r)

where the electric field F and magnetic field B are
taken along the z-axis in a cylindrical system; In atomic
units: 1 a.u.5=2.35x10°T, 1a.u.F=5,144x10° kV/cm. If
one consider only the m=0 state, thus 1=0; V(r) is a
one-electron model potential, which can be in principle
choosed in the standard form for multielectron atom;
naturally, in results in the usual Coulomb potential for
hydrogen one. For solution of the Schrodinger equation
with hamiltonian equations S7) wn constructed the
finite differences scheme which is in some aspects
similar to method [7]. An infinite region is exchanged
by a rectangular region: 0<p< L, 0<z< L, It has
sufficiently large size; inside it a rectangular uniform
grid with steps h,, h,was constructed. The external
boundary condition, as usually, is: (0¥ / on), = 0. The
knowledge of the asymptotic behaviour of wave
function in the infinity allows to get numeral estimates
for L, L. A wave function has an asymptotic of the
kind as: exp[-(-2E)“?r], where (-E) is the ionization
energy from stationary state to lowest Landau level.
Then L can be estimated as L~9(-2E)™¥?. The more exact
estimate is found empirically. The
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difference scheme is constructed as follows. The three-
point symmetric differences scheme is used for second
derivative on z. The derivatives on p are approximated
by (2rn+l)-point symmetric differences scheme with
the use of the Lagrange interpolation formula
differentiation. The eigenvalues of hamiltonian are
calculated by means of the inverse iterations method.
The corresponding system of inhomogeneous equations
is solved by the Thomas method. To calculate the
values of the width G for resonances in spectra of
atomic system in crossed electric and magnetic field
one can use the modified operator perturbation theory
method (see details in ref.[10,20]). Note that the
imaginary part of the state energy in the lowest PT
order i si defined as follows :

(10)

with th e total Hamiltonian of system in an electric and
magnetic field. The state functions Yg, and Ygs are
assumed to be normali zed to unity and by the 5(k -k')-
condition, accordingly. Other calculation details can be
found in ref. [7].

The above presented method can be naturally
generalized for description of the Stark effect for the
Wannier-Mott excitons in the bulk semiconductors [4].
Really, the Schrodinger equati on for the Wannier-Mott
exciton looks as follows:

[-1°V2[2m, — 1V [2m, —e | er, +

ImE=G/2=n<\¥, |H|¥, >

+eFr. —oFr, ¥ = E¥ (11)

where m" ( n", ) are the effective-mass for the
electron (hole), & is the background dielectric
constant. Introducing the relative coordinates:

r=rp.-rp and the momentum p with reduced
mass p=m’"_m’" /M (the momenta P with the total-
mass M= m"_+ m’", ,) and center-of-mass coor-
dinate p=(m.r, +m,r,){ m. +m,) , one could
rewrite (15) as:
[-#*V? [ 2u—e* ler—h/2-(1/m, —1/m))K - p—
—eFr|WE = [E-h’K® /8u|¥
(12)
This equation then could be solved by the method,

described above. The other details can be found in Refs.
[1,4]. A problem of the combined Stark and



Zeemane effects for quantum dots
detailed consideration.

requires more

4. As an illustration,, we make computing the
energy of the ground state of the hydrogen atom in
crossed fields and compare results with data obtained
within analytical perturbation theory by TurbinerV (see.
[8]) for the case of sufficiently weak fields. According
TurbinerV, the expansion for the energy of the
hydrogen atom in crossed fields is as follows:

E = ifx + k1) (13)

where Eg, - the total energy of the fields F and B
eparately:

B* 3555
T 14
32 96 (14)

1 . .
a EI" contains a previously unknown cross members for

B4 4 .

. 9 .2
Egr ==1—-=F* +
SZ >

mutually parallel (E ||) and perpendicular (1) directions of

fields F u B:
gl s B9 p2pa 1742099 L2 00
16 26880
{15a)
073 [o]8
Fol_ =£F282 _ 22??(]))1F284 .
4 107520 (15b)

Table 1 shows the values of the energy of the ground
state of the hydrogen atom (the following designations:
e+El - energy for the case of the electric and magnetic
fields are parallel: E+E-L corresponds to the case of the
electric and magnetic fields are perpendicular). Since
the examined fields are sufficiently weak, between the
results of both calculations there is a very good
agreement. At the same time it is clear that the
perturbation theory in the version by Turbiner V is
correct only for weak fields, while for strong fields it
can lead to substantially inaccurate data. Numerical
finite- difference method can be used to calculate the
characteristics of the atom in crossed electric and
magnetic fields of arbitrary strength.

Table 1

Energy values (Ry) of the H ground state in
electric F (1au=5.14-10°V/cm) and magnetic

B (1 au.B=2.35-10°T) fields

FB| E+E E+E* E+E E+E*
10| Turbiner [Turbiner | This work | This work

theory [8] |heory [8]

0.0 [ -1.,000000 |1,000000 [-1,000000 | -1.000000
0.11]-1,000004 {1.000004 | -1,000004 | -1.000004
0,51]-1,000099 [1,000099 | -1,000099 | -1,000099
1.0 ]-1,000402 [1,000401 |-1,000401 | -1,000401
1.5 [-1,000906 |1.000905 [-1.000905 | -1,000904
2.0]-1,001617 [1,001615|-1.001616 | -1,001614
2.51-1,002542 [1,002537|-1,002540 | -1,002535
3.0(-1,003685 |1.003674 [-1.003682 | -1.003671
3.5(-1.005054 |1,005037 [ -1.005053 | -1,005033
4.01-1,00666191,006628 | -1,006659 | -1.006626
4,51-1,008520 [1,008465 |-1,008517 | -1,008463
5.0]-1,010642 [1.010558|-1.010636 | -1.010553
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ATOM OF HYDROGEN AND WANNIER-MOTT EXCITON IN CROSSED ELECTRIC AND
MAGNETIC FIELDS

Abstract

Spectroscopy of atoms in the crossed external electric and magnetic fields is investigated on the basis of the
operator perturbation theory. The data for ground state energies of the hydrogen atom in sufficiently weak crossed
external electric and magnetic fields are calculated. Generalization of the method on a case of the Wannier-Mott
excitons in the bulk semiconductors in a case of the crossed fields is given. .
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ATOM BOJHIO | EKCITOH BAHbE€E-MOTTA B CXPEIIEHUX EJIEKTPUYHOMY | MATHITHOMY
OoJIAX

Pe3rome

BuBYaeThCSA CHEKTPOCKOINiSI aTOMIB B CXPCIICHUX 30BHIIIHIX EJICKTPUYHUX 1 MATrHITHHX MOJISIX Ha OCHOBI
omnepatopHoi Teopii 30ypeHb. HaBeneHo pe3ynbTaté pO3paxyHKY €HEPrii OCHOBHOTO CTaHy aTOMY BOJHIO B
JIOCTAaTHBO CIA0KUX CXPEIICHUX CICKTPUIHOMY Ta MarHiTHOMY HoJisix. HamaHo y3arajibHEHHS METONY Ha BHUIAJOK
eKCUTOHIB Banbe-MoTTa B HaniBNPOBIJHUKAX y BUIAJKYy HasBHOCTI CXPELICHUX 30BHIMIHIX MOJIiB.

Kuro4oBi ciioBa: aToM, €KCUTOH, CXPEIICH] eIeKTPUIHE 1 MAaTHITHE OIS

V]IK 539.185

A. Il. @eouyk, A. B. ['nywixos, A. U. Jlenux, A. B. Iecnamenxo, A. C. Keacukoea

ATOM BOJOPOJA 1 JdKCUTOH BAHBE-MOTTA B CKPEIIEHHBIX
IJEKTPUYECKOM U MATHUTHOM ITOJISIX

Pe3rome

W3yuaercs CEKTPOCKOMHS aTOMOB B CKPEIICHHBIX BHENTHUX JJIEKTPHUUECKUX M MArHUTHBIX IOJIAIX HAa OCHOBE
OTIEPaTOPHON Teopuu BO3MyIIeHHWH. [IpuBeneHBI pe3ynbTaThl pacyeTa SHEPTHH OCHOBHOTO COCTOSIHHS aToOMy
BOJIOPOJA B JOCTATOYHO CIAOBIX CKPEIICHHBIX IEKTPHUIECKOM W MarHUTHOM moiax. Jlano o6obmenne MeTona Ha
ciy4ail 5KCuTOHOB Banbe-MoTTa B MonynpoBOJAHUKAX B CIy4ae HAJUYUs CKPELICHHBIX BHEUIHUX MOJEH.

KuioueBble cj10Ba: aTOM, KCUTOH, CKPEILLEHHbIE DJIEKTPUUECKOE M MATHUTHOE MOJIS
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