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Abstract: We analyze the electromagnetic field near a plane interface between a conductive and
a dielectric media, under conditions supporting surface plasmon-polariton (SPP) propagation.
The conductive medium is described by the hydrodynamic electron-gas model that enables a
consistent analysis of the field-induced variations of the electron density and velocity at the
interface and its nearest vicinity. The distributions of electromagnetic dynamical characteristics:
energy, energy flow, spin and momentum are calculated analytically and illustrated numerically,
employing silver-vacuum interface as an example. A set of the “field” and material contributions
to the energy, spin and momentum are explicitly identified and classified with respect to their
physical origins and properties, and the orbital (canonical) and spin (Belinfante) momentum
constituents are separately examined. In this context, a procedure for the spin-orbital momentum
decomposition in the presence of free charges is proposed and substantiated. The microscopic
results agree with the known phenomenological data but additionally show specific nanoscale
structures in the near-interface behavior of the SPP energy and momentum, which can be
deliberately created, controlled and used in nanotechnology applications.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Localized light fields attract significant attention due to their impressive abilities within optical
nano-probing, precise optical manipulation and optical data processing. Especially, the surface
plasmon-polariton (SPP) waves emerging near the interface between dielectric and conductive
media are intensively investigated in connection with nano- and micro-optical means for light
guiding, switching and controlling, which is crucial for further microminiaturizing of optical
information devices and systems [1–6]. Many stimulating and promising applications are related
with unique geometro-dynamical properties of the SPP waves such as transverse spin and
momentum [7–11], special spin-momentum locking [11,12], nonreciprocity and unidirectional
propagation [11–14].

The exclusive properties as well as the very existence of the SPP waves are directly associated
with the dispersion (frequency dependence of the main electric and magnetic parameters) of both
contacting media. Together with the strong spatial inhomogeneity of the SPP-supporting systems,
this poses challenges in the theoretical description of the SPP field, especially its dynamical
characteristics (DCs): energy, energy flow, momentum, angular momentum and their derivatives.
The main problems relating the proper DC description in such “complex” media were recently
resolved in a series of works [15–23]. This approach is, in fact, a generalization of the known
Brillouin’s method for the energy description in lossless dispersive media, which is based on the
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special dispersive corrections of their permittivities and permeabilities [24,25]. In application to
the field momentum and angular momentum, it is closely related to the canonical (spin-orbital)
momentum decomposition [26–28]: the dispersion-caused corrections are applied not to the usual
Poynting momentum density but to its orbital (canonical) and spin (Belinfante) parts separately.

When being applied to the SPP field, this methodology offers a physically meaningful and
consistent description of its momentum and angular momentum with their dependence on the
media’s properties and the radiation frequency [20–23]. Importantly, this phenomenological
approach is justified by the microscopic analysis [20–22] based on the simplest lossless Drude
model [2,5] for the electron gas in the metal. However, the Drude model entails some contradictory
conclusions relating the SPP field spatial behavior in the near-interface region: the discontinuity of
the transverse electric field and non-zero electron velocity at the metal surface lead to non-physical
“singular” values of the SPP-induced electron density and to non-realistic data for the plasmonic
field enhancement [29].

On the other hand, the microscopic justification of the phenomenological results for the
spin and orbital SPP-momentum constituents raises a new problem in the electromagnetic DC
theory. Actually, the existing results on the spin-orbital momentum decomposition essentially
employ the dual symmetry [30] expressed by the “electric-magnetic democracy” [27] of the
Maxwell equations without free charges and currents. In the microscopic electron-gas analysis,
the presence of charges and currents destroys this symmetry, making the form and the very
existence of a consistent algorithm for the momentum canonical decomposition unclear.

As we will see, both difficulties mentioned in the above paragraphs require a more detailed
investigation of the DC spatial distributions with involvement of the electrons’ quantum properties,
and in the simplest way this can be performed on the ground of the hydrodynamic “jellium”
plasma model [29,31–33]. The hydrodynamic model has widely been used in the SPP theory; in
particular, some steps were also undertaken in connection with the SPP momentum decomposition
[22] but the systematic DC analysis was not accomplished. The solution of this problem is one
of the present paper’s aims.

In further Sections we present a comprehensive hydrodynamic microscopic description
of the SPP field with the main attention paid to its DCs. The first objective is to justify
the phenomenological results, including those for the spin-orbital (canonical) momentum
decomposition; actually, this task was partly realized [20,22] but now we seek a more reliable
record of the microscopic hydrodynamic corrections including those that are usually neglected in
the phenomenological picture but are important for the physical consistency. In this process, we
perform a second objective: a consecutive identification and classification of the meaningful
“blocks” which compose the SPP momentum. This classification includes the “field” and material
contributions, differing by their origin and physical nature, as well as their orbital (canonical)
and spin parts. Finally, the obtained analytic results are used for the study of the DC properties,
especially their spatial details associated with the hydrodynamic model and localized in the
near-interface region.

The presentation starts in Section 2 with reproducing the known solutions for the field and
material characteristics within the hydrodynamic model framework. This part is intended for
completeness and convenience; besides, the known results are presented in the forms suitable
for subsequent comments and references. In Section 3 these solutions are applied for deriving
the refined expressions of the field DCs. Especially, subsection 3.2 illustrates the calculation
of the field-induced material momentum following the general scheme of Ref. [16] and finally
presents the SPP momentum as a sum of the “field” and material contributions of different origins;
subsection 3.3 describes the general algorithm for the spin-orbital momentum decomposition
and details of its application to separate “field” and material contributions. The peculiar features
of the SPP angular momentum (which is of the spin nature and has an “extraordinary” transverse
direction [7–10]) are analyzed in subsection 3.4. In Section 3, the consideration is concentrated



Research Article Vol. 11, No. 7 / 1 July 2021 / Optical Materials Express 2167

on the DC spatial distributions whereas the radiation frequency (the SPP wavelength) is kept
constant; in contrast, Section 4 discusses the phenomena owing to the variable radiation frequency.

The meaning and peculiar features of the new hydrodynamic-based results are disclosed via
the systematic juxtaposition with the usual phenomenological expressions for the SPP field and
its DCs. To this end, the important known data, summarized and presented in the forms suitable
for comparative discussions, are collected in the Supplemental Document. General significance
of the main results, their possible manifestations, applications and ways of further development
are briefly outlined in Section 5.

2. SPP field parameters based on the microscopic hydrodynamic model

2.1. General description of the SPP-supporting system

We consider a standard system supporting the SPP propagation [3–5] (Fig. 1(a)). Two homo-
geneous media are separated by the plane interface x= 0; medium 1 (x> 0) is dielectric with
permittivity ε1 > 0, medium 2 (x< 0) is conductive (a metal) and characterized by ε2; both media
are supposed to be non-magnetic (µ1 = µ2 = 1). The electromagnetic field is monochromatic,
and instantaneous values of the electric and magnetic vectors are represented via the phasors:
E(t) = Re(Ee−iωt), H(t) = Re(He−iωt) (from now on, sans-serif symbols denote the real-valued
time-dependent quantities while the Roman symbols represent complex phasors). For the SPP
physics, the frequency-dependent permittivity ε2 = ε2(ω) is crucial; the medium 1 is supposed to
be non-dispersive. For simplicity and in compliance with the approach of [20,21], we consider a
lossless system, i.e. all the permittivities are real.

Fig. 1. Geometrical configuration of a system supporting the SPP propagation; the arrows
show: (cyan) the energy flow (36), (37), (S8), (S10); (magenta) orbital momentum (62),
(S18), (S19); (red) spin (71), (S13), (S15); (green) volume part of the spin momentum (63),
(S21).

To start the consideration, we first outline the usual (phenomenological) approach when the
materials’ constitutive parameters ε1, ε2 = ε2(ω) are postulated prior to the analysis. Then, in
each medium, the Maxwell equations hold [24,25]

∇H = 0 , H = 1
ik
∇ × E , ∇E = 0 , E = −

1
ikε

∇ × H (1)

where k = ω/c, c is the speed of light in vacuum, and the Gaussian system of units is used. In
the system of Fig. 1, SPP waves are described by TM solutions of the Maxwell equations [2], and
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the boundary conditions require that at x= 0

Ez1 = Ez2 ; Hy1 = Hy2 ; ε1Ex1 = ε2Ex2. (2)

As a result, the electric and magnetic vectors of the SPP field are obtained in the form [2–7]

E = A
ε1

(︃
x − i

κ1
ks

z
)︃

exp(iksz − κ1x), H = yA
k
ks

exp(iksz − κ1x) (x>0) ; (3)

E = A
ε2

(︃
x + i

κ2
ks

z
)︃

exp(iksz + κ2x), H = yA
k
ks

exp(iksz + κ2x) (x<0) (4)

Here x, y and z are the unit vectors of the coordinate axes (see Fig. 1), A is the coordinate-
independent normalization constant, and

κ21,2 = k2
s − k2ε1,2 , k2

s =
ε1ε2
ε1 + ε2

k2,
κ1
κ2
= −
ε1
ε2

. (5)

First Eq. (5) expresses the general relation between the evanescent-wave decay length, the vacuum
wavenumber k and SPP wavenumber ks; the second one is the SPP dispersion relation, and the
third expresses the useful equality that follows from the first and second ones. As is seen, a
propagating SPP mode only exists when ε1 and ε2 have opposite signs, and, in view of the
supposition ε1>0, ε2 should be negative and satisfy the condition [4,5,12]

ε2< − ε1. (6)

We suppose that the medium 2 can be characterized as an ideal metal described by the lossless
Drude model [2] for which

ε2 = 1 − η , η =
ω2

p

ω2 (7)

where ωp is the volume plasmon frequency,

ω2
p =

4πn0e2

m
, (8)

e is the electron charge (e< 0), m is its mass, and the condition (6) means that ω <ωp/
√

2 and
η > 2. The known phenomenological expressions for main DCs of the SPP [2,5,23], following
from Eqs. (1)–(8), are presented in the Supplemental Document (Section S1, Eqs. (S1) – (S24)),
for the convenience of references and comparison.

Now we address the improvements and refinements to the SPP field description that can be
achieved based on the microscopic model of the electron plasma in the conductive medium.
These improvements do not affect the field in the dielectric medium 1, and for this reason, all the
results below are only applicable to the half-space x < 0 (if other is not explicitly indicated).

2.2. SPP field and the motion of charges

Following to Refs. [29,31–33] we consider the metal as a combination of the stable uniform
“background” charge of ions and the movable electron gas treated within the Bloch hydrodynamic
jellium model. In this model, the electrons’ motion is characterized by the time-dependent
velocity v(t), and their number density is presented as n0 + n(t) where the equilibrium uniform
density n0 neutralizes the positive charge of ions, and n(t)<< n0; again, all the relevant quantities
can be presented via the complex phasors: v(t) = Re(ve−iωt), n(t) = Re(ne−iωt). In this case, the
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first pair of the Maxwell equations (1) remains unchanged but the second pair is modified by the
presumption ε = 1 and by explicit presence of the electrons’ charge and current:

∇E = 4πne , E = i
k
∇ × H − i

4πn0e
ω

v. (9)

The electrons’ velocity v and density n obey the hydrodynamic equation [31]

−iωn0mv = n0eE − mβ2∇n (10)

where the quantum statistical effects are included via the coefficient β2 = (3/5)v2
F , involving the

Fermi velocity vF. Due to the lossless approximation accepted everywhere in this paper, the
electron gas “viscosity” [29] responsible for the damping effects is here omitted (some possible
consequences of the SPP energy dissipation are briefly discussed in Section 5). Boundary
conditions are also modified and now they include the electron velocity: instead of (2), at x= 0
we require [29,31]

Ez1 = Ez2 ; Hy1 = Hy2 ; ε1Ex1 = Ex2 ; vx = 0. (11)

The solution of Eqs. (1), (9), (10) and (11) gives a revised expression for the electric field in
the metal, instead of the first Eq. (4):

E = A
ε2

[︃
(−ηeγx + eκ2x)x + i

(︃
−η

ks

γ
eγx +

κ2
ks

eκ2x
)︃

z
]︃

exp(iksz) (12)

the other results of (3), (4) are still valid. In Eq. (12), ε2 denotes the expression (7); however, now
it is not postulated phenomenologically but derived from Eqs. (1) and (9)–(11). An additional
parameter γ is introduced that obeys the equation

γ2 = k2
s −
ω2ε2

β2 (13)

(note that according to Eq. (6), ε2 < 0); this form is very similar to the standard evanescent-wave
relations expressed by the 1st Eq. (5) (only the replacement c → β differentiates it from κ2).
Together with the additional relationship [31,33]

η
k2

s
γ
= κ2 + κ1

ε2
ε1

(14)

(“refinement” of the 3rd Eq. (5)), there are four equations for ks, κ1, κ2, and γ, which, in particular,
“contain” the dispersion relation uniting ks and k. Generally, in the hydrodynamic model, the
dispersion relation has no explicit form (like 2nd Eq. (5)) but can be calculated numerically, and
the result is presented in Fig. 2 (blue curve).

Further results of the model (9), (10) concern the electron gas characteristics:

v = A
ε2

e
mω

[︃
i(−eγx + eκ2x)x +

(︃
ks

γ
eγx −

κ2
ks

eκ2x
)︃

z
]︃

exp(iksz), (15)

n = −
A

4πe
η

ε2

(︃
γ −

k2
s
γ

)︃
eγx exp(iksz). (16)

Equations (12), (15) and (16) constitute the ground for further studies which will include
analytical formulas and numerical calculations. For illustrations, we suppose the medium 1 to be
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Fig. 2. Frequency dependence of the SPP field characteristics calculated via (13), (14) and
(5) for the parameter values (17): (blue) dependence k(ks)=ω(ks)/c (dispersion curve, left
vertical scale); (green) κ1(ks); (red) κ2(ks); (cyan) γ(ks) (13) (right vertical scale). Asterisks
denote the points on the dispersion curve for which the field and DCs are analyzed in
more detail: conditions of point A are applied in Figs. 3–8, points B and C are taken for
comparison in Fig. 9.

Fig. 3. Amplitudes of (blue, green) electric (3), (12) and (red) magnetic (3), (4) field
components, (brown) normalized electron density (16) and (cyan, magenta, right vertical
scale) normalized electron velocity components (15) calculated for the conditions (17), (18)
(the SPP frequency ω= 4.09·1015 s–1). The interface plane is marked by the vertical dashed
line, the panel (b) shows the NS region of (a) in a magnified horizontal scale.



Research Article Vol. 11, No. 7 / 1 July 2021 / Optical Materials Express 2171

Fig. 4. Energy and energy flow density distributions calculated for the conditions (17),
(18): (blue) “field” contribution (32) and, for x > 0, (S4); (green) material contribution (33);
(red) “complete” energy density (34); (magenta) energy flow density (37) and (S8). Dashed
lines show the phenomenological results (without the NS terms in (34) and (37)). D and A:
surface values of the phenomenological distributions (S4), (S8) for x < 0; C and B: surface
values of distributions (S4) and (S8) for x > 0. The interface plane is marked by the vertical
dashed line, the panel (b) shows the NS region of (a) in a magnified horizontal scale.

vacuum, while the medium 2 parameters are chosen from the electron gas model in silver [35],
which gives the main input numerical data:

ε1 = 1 , ωp = 7.73 · 1015 s−1, vF = 1.39 · 108 cm/s , β2 = 1.18 · 1016 cm2/s2 (17)

(here ωp is determined via the Drude-model approximation for Ag [23,34]). In this case, the SPP
cutoff frequency equals to ωp /

√
1 + ε1 = 5.46·1015 s–1, and the frequency-dependent behavior

of the SPP-field parameters is illustrated by Fig. 2.
The main tasks of this study are the analysis of the solutions (12), (15), (16) and their

consequences for the SPP DCs, with special attention to their spatial distributions. For the
detailed numerical illustrations, we select the conditions of point A of the dispersion curve in
Fig. 2 which corresponds to the radiation frequency ω= 4.09·1015 s–1 and the vacuum wavelength
λ= 2π/k= 0.4609 µm. Under these conditions, the metal “effective permeability” ε2 = 1 – η,
SPP wavelength λs = 2π/ks and the parameter γ become

ε2 = −2.57, λs = 0.3663 µm, γ = 6.04 · 107 cm−1. (18)

In all numerical calculations we suppose that A= 1 (g/cm)1/2s–1 = 1 statV/cm= 3·104 V/m in
Eqs. (3), (4) and (12), (15), (16). Accordingly, Fig. 3 shows the relative dimensionless amplitudes
of the electric and magnetic fields, electrons’ velocity and density, normalized with respect to
A=Ex(0).
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Fig. 5. SPP momentum constituents calculated for the conditions (17), (18): “field”
and material contributions. (Blue) “field” contribution (40) (at x > 0 coincides with the
complete momentum (S23)); (yellow) material Poynting momentum (43); (cyan) material
“electric” contribution (44); (orange) approximation (45); (magenta) “material rotational
spin momentum” (48); (green) complete material momentum (49). Dashed lines show the
phenomenological results (without the NS terms in (43), (45) and (48)); D, C and A show
the phenomenological distributions for x < 0 extrapolated to the interface x= 0 (S4), (S8); B:
surface value of pF (40) coinciding with the surface value of p at x > 0 (S23). The interface
plane is marked by the vertical dashed line, the panel (b) shows the NS region of (a) in a
magnified horizontal scale.

All curves in Fig. 3(a) (except the brown one for en/κ2) contain large segments of smooth
exponential off-interface decay determined by factors exp(κ2x) (x < 0) and exp(–κ1x) (x > 0),
which in Fig. 3(a) look as straight lines. These smooth segments characterize spatial distributions
dictated by the phenomenological equations (3), (4); from now on, such contributions and
the corresponding terms in the equations will be referred to as the “volume” ones. In the
phenomenological description, the “volume” behavior is “in charge” up to the interface (see the
blue dashed line for Ex as an illustration). But due to the microscopic refinements, just near the
interface, the curves’ shapes change rapidly, which is caused by the near-surface (NS) terms of
Eqs. (12)–(15) proportional to exp(γx). The corresponding decay length 1/γ is impressively
smaller than the “volume” counterparts:

1/γ = 0.165 nm , 1/κ2 = 36 nm , 1/κ1 = 96 nm. (19)

Note that all the field components are continuous at x= 0 in agreement with the conditions (11)
and the 1st Eq. (17).

The NS contributions are absent in curves for Hy and negligible for Ez and vz (due to γ in the
denominators of corresponding terms in (12) and (15)), but the rapid NS variations explicitly
enable the continuity of Ex and zero value of vx at the metal surface required by the boundary
conditions (11). An especially important fact is that the transverse electric field Ex vanishes at a
certain point xe near the interface (see Fig. 3(b); under the conditions (17), (18), xe = –0.21 nm).
This fact induces additional peculiar features in the spatial behavior of various field characteristics,
as will be shown below (see Figs. 4, 6, 7).
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Fig. 6. SPP momentum constituents calculated for the conditions (17), (18): Spin-orbital
decomposition of the “field” (40) and material (43) momentum. (Blue) complete “field”
momentum (40) and (S23) (for x > 0); (green) orbital “field” momentum (57) and (S18)
(for x > 0); (red) spin “field” momentum (56) and (S21) (for x > 0); (cyan) orbital material
contribution (58); (magenta) spin material contribution (59); (yellow) material Poynting
contribution (43). Blue and yellow curves are the same as in Fig. 5. The interface plane is
marked by the vertical dashed line, the panel (b) shows the NS region of (a) in a magnified
horizontal scale.

In agreement with (16), the curve for the SPP-induced charge density en consists completely
of the NS segment (the “volume” value of the non-equilibrium electron concentration is zero).
Approaching the interface, the concentration amplitude grows so rapidly that the brown curve
goes beyond the scale of Fig. 3(a) and cannot be seen in Fig. 3(b); nevertheless, the condition
n << n0 accepted in the model of (9), (10) is normally not broken: the relative amplitude of the
charge-density oscillations at x= 0 is

n(0)
n0
= −

A
4πen0

η

ε2

(︃
γ −

k2
s
γ

)︃
=

e
m

A
β2γ

. (20)

This equals to 0.739 · 10−6A if A is measured in statV/cm, or 2.22·10–4 A if A is expressed in
V/cm; that is, even in rather high fields, n(0)/n0 ≪ 1 (further discussion see in the concluding
Section 5).

For the SPP-induced charge density (16), it is important to know its total (or integral) value
obtained by the integration over the whole x-range. Such integral values (per unit y-width and
unit z-length) make sense for many characteristics, and the unified notation,

⟨. . .⟩ =

∞∫
−∞

(. . .) dx, (21)

will be used for such quantities throughout the paper (if necessary, the data for x > 0 can be taken
from Eqs. (3) and from the Section S1 of the Supplemental Document). In application to Eq. (16),
n(x > 0)= 0 by the definition, and the operation (21) means

⟨en⟩ = −
A
4π
η

ε2
exp(iksz).



Research Article Vol. 11, No. 7 / 1 July 2021 / Optical Materials Express 2174

Fig. 7. SPP momentum constituents calculated for the conditions (17), (18): Complete spin
and orbital contributions and their material ingredients. (Blue) complete “field” momentum
(S23) (for x > 0); (green) orbital “field” momentum (S18) (for x > 0); (red) spin “field”
momentum (S21) (for x > 0); (brown) complete orbital momentum (62); (black) complete
spin momentum (63); (cyan) orbital material momenum (60); (light-green) spin material
momentum (61); (magenta) spin material contribution (59) (the same as in Fig. 6); (yellow)
“residual” spin momentum (65); (grey) energy density (34) multiplied by (ks/ω) according
to (S17). The interface plane is marked by the vertical dashed line, the panel (b) shows the
NS region of (a) in a magnified horizontal scale.

Now we are in a position to classify the NS terms with respect to their influence on the SPP
field characteristics. Equations (19) and the curves of Fig. 3(a) show that, as a rule, the terms
of Eqs. (12), (15), (16) with γ in denominators (γ−1-terms) make a minor influence and can be
safely discarded when compared with the other summands (in the graphs, their contributions are
almost undistinguishable). This is not an exclusive consequence of our choice of the medium 2
and of the “working” frequency (point A in Fig. 2) – the Fermi-velocity data for other metals
[35] confirm that, in the wide frequency range, the conditions

β2 → 0, γ → ∞, (22)

are normally valid. Importantly, upon conditions (22), Eq. (14) reduces to the last equality (5),
and κ1, κ2 and ks are well described by Eqs. (5); in particular, the dispersion curve of Fig. 2
practically coincides with what follows from the simplified dispersion law of the 2nd Eq. (5).

Nevertheless, the γ –1-terms may produce meaningful contributions upon differentiation with
respect to x; that is why their explicit presence in Eqs. (12)–(16) and in some equations below is
crucial for the consistent analysis. On the other hand, the role of NS terms can be “suppressed” by
the integration, and, generally, the terms proportional to exp(γx) make negligible contributions
to the integral values (21), except those containing γ as a multiplier. As far as (22) holds, such
terms can be represented via the delta function:

γ exp(γx) ≃ δ(x). (23)

For example, the electron density (16) can be expressed in the form

n ≃ −
A

4πe
η

ε2
exp(iksz)δ(x) (24)
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Fig. 8. SPP spin constituents calculated for the conditions (17), (18). (Blue) “field”
contribution (S13) (for x > 0) and (68) originating from pF

S (56); (light green) “formal”
“field” spin (69); (green) material contribution (68) originating from pM

mS (59); (red) “naïve”
Minkowski spin (70); (cyan) “rotational” material spin (47), (66); (magenta) complete spin
(71). Dashed lines show the phenomenologically expected behavior, the interface plane is
marked by the vertical dashed line, the panel (b) shows the NS region of (a) in a magnified
horizontal scale.

Fig. 9. Spatial distributions of the SPP DCs in medium 2 at different frequencies: (solid
lines) conditions of point B in Fig. 2 (ks = 3.99·105 cm–1, k= 1.73·105 cm–1), (dashed lines)
conditions of point C in Fig. 2 (ks = 0.96·105 cm–1, k= 0.895·105 cm–1); xeB = –0.16 nm
and xeC = –0.32 nm are the corresponding positions where Ex vanishes, see Fig. 3(b). (a)
Energy and energy flow density distributions (cf. Figure 4): (blue) “field” contribution
(32); (green) material contribution (33); (red) “complete” energy density (34); (magenta)
energy flow density (37). (b) SPP momentum constituents (cf. Figure 7): (brown) complete
orbital momentum (62); (black) complete spin momentum (63); (cyan) orbital material
momentum (60); (light-green) complete spin material momentum (61); (magenta) spin
material contribution (59). The morphology parameters of the curves δw1, δwF

1 , δw2, δwF
2 ,

δpO, and δpM
mS are characterized in more detail by Fig. 10.
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which is actually the limiting form of the electron density dictated by the Drude model [29].
Terms in the form (23), (24) frequently occur in the hydrodynamic description of the medium 2
characteristics when a certain quantity almost vanishes in the volume, but shows an impetuous
growth approaching the interface (beside the brown curve in Fig. 3(a), see the magenta and
green curves in Fig. 5, black and light-green curves in Fig. 7). Due to the delta-shaped behavior,
we will call such terms “singular” and use, sometimes, the simplified notation through the
delta-function; however, keeping in mind that the boundary values of such terms remain finite,
and the delta-function at any moment can be replaced by (23) with the definite peak value
δ(0) = γ.

2.3. Electric polarization of the medium 2

The results (12) – (16) supply a complete characterization of the electron plasma in medium 2
and, particularly, describe its SPP-induced polarization. In the monochromatic field each electron
performs an oscillatory motion whose velocity v is associated with the displacement (i/ω)v from
its “neutral” position. This displacement produces an effective dipole with a dipole moment per
unit volume

d = n0(ie/ω)v, (25)
and Eqs. (12), (15) determine the linear dependence

d = α̂E. (26)

Here α̂ is, generally, a diagonal spatially-inhomogeneous tensor with the elements

αxx(x) = α
eκ2x − eγx

eκ2x − ηeγx , αzz(x) = α
κ2eκ2x − (k2

s /γ)eγx

κ2eκ2x − η(k2
s /γ)eγx

, (27)

where
α = −

η

4π
=
ε2 − 1

4π
(28)

is merely the phenomenological polarizability of the medium 2 [2,24,25]. The quantities αxx
and αzz describe its microscopic refinements and spatial variability: from the “volume” value
αxx(−∞) = αzz(−∞) = α to the surface values αxx(0) = 0, αzz(0) = α

κ2−(k2
s /γ)

κ2−η(k2
s /γ)

. Under conditions
(22), the spatial dependence of αzz(x) can usually be neglected, but the variations of αxx(x) are
crucial for the NS behavior of the SPP characteristics. For example, Eqs. (15) and (27) reflect
the non-zero electron velocity at a point xe where Ex = 0: formally, in this point denominator of
αxx(x) (27) vanishes, and αxx(x) is singular. As we will see, this singularity is important for the
spatial dependence of the field characteristics but it does not complicate their formal analysis
because in subsequent equations αxx occurs only in the form of products like αxxEx where the
singularity of αxx is cancelled by the zero of Ex.

“Transverse” and “longitudinal” polarizabilities αxx, αzz depend on frequency ω. This
dependence will be used below, and a useful expression for the derivative can be inferred from
(27):

α′xx =
dαxx

dω
= α′

e2κ2x − e(κ2+γ)x

(eκ2x − ηeγx)2
+ αxε2

(κ′2 − γ
′)e(κ2+γ)x

(eκ2x − ηeγx)2
. (29)

Here primes denote derivatives with respect to ω, and the relations dictated by Eq. (28),

α′ =
dα
dω
=
η

2πω
=

1 − ε2
2πω

=
1

4π
ε′2, α′η = αη′ , (30)

are used. In Eq. (29), the second summand vanishes at x= 0 and rapidly decays at x < 0 due to the
exponential multiplier, so it merely supplies a minor correction that can safely be omitted in most
cases compatible with the condition (22). As for the “longitudinal” polarization αzz(x), as far as
its spatial dependence is negligible, the “volume” approximations αzz = α, α′zz = α′ are relevant.
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3. Dynamical characteristics of the SPP field

Now we proceed to calculations of the DCs for the SPP field in the metal layer. In what to come,
we distinguish the “field” contributions marked by superscript “F”, and the material contributions
denoted by superscript “M”. The results for medium 1, obtained phenomenologically (see
Section S1), will naturally be treated as “field contributions”. Also, we will keep the following
classification scheme for the spatially-dependent terms:

• “volume” terms proportional to exp(2κ2x) and describing the “smooth” exponential decay
in the depth of medium 2;

• NS terms proportional to exp(γx) describing the rapid off-surface decay and giving
negligible contributions upon spatial integration;

• “singular” terms proportional to γ exp(γx) describing the strictly-localized near-surface
contributions reducible to the delta-function, see (23);

• γ–1-terms proportional to negative degrees of γ. These terms are normally negligible and
omitted but sometimes kept in intermediate transformations.

3.1. Energy and energy flow density

In the model of Eqs. (9), (10), the energy density in metal is determined by formula [31,33]:

w = wF + wM =
1

16π
(|E|2 + |H|2) +

1
4

mn0 |v|2 +
1
4

mβ2

n0
|n|2 (31)

the field contribution is expressed by the first summand, the second and third ones describe the
material part. By using Eqs. (12)–(16) and neglecting the γ−1-terms, we obtain

wF =
g

2ε2
2

[︄(︄
1 + ε2 +

ε2
2
ε1

−
ε2
ε1

)︄
e2κ2x − 2ηe(κ2+γ)x + η2e2γx

]︄
, (32)

wM =
gη
2ε2

2

[︃(︃
1 −
ε2
ε1

)︃
e2κ2x − 2e(κ2+γ)x + ηe2γx

]︃
, (33)

w =
g
ε2

2

[︄
ε1 − ε2 + ε

2
2

ε1
e2κ2x − 2ηe(κ2+γ)x + η2e2γx

]︄
, w(0) = g

ε2 + ε1ε2 − 1
ε1ε2

, (34)

where g = |A|2/(8π), see Section S1 of the Supplemental Document.
First, compare these results to the phenomenological expression (S4). The “field” and material

parts are not resolved in (S4) but the (first) “volume” term of (34) expectedly coincides with the
phenomenological data. The NS terms contribute to sharp variations near the interface x= 0, well
seen in Fig. 4. In contrast to Fig. 3, the NS terms produce not only rapid growth or decrease but
also an additional “kink” near the point xe related to the vanishing amplitude Ex (see Fig. 3(b)).
The NS terms make no effect on the integral values determined by the “volume” first terms of
(32) – (34) but affect the boundary relations. In particular, the energy density “step” predicted by
the phenomenological formula (S5) is illustrated by the vertical segment CD in Figs. 4(a), (b);
the “microscopically corrected” step following from (34),

∆w = g
1 − ε1ε2
ε1ε2

, (35)

characterized by the segment CE, is higher. Interestingly, the “field” part of the energy density
(blue curve) is distributed continuously (due to the continuity of the electric and magnetic fields,
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see (11) and (17)), so the complete energy discontinuity (35) follows from the 2nd and 3rd material
terms of Eq. (31), which exist only in the medium 2.

Now consider the energy flow density. In the microscopic approach and in application to the
TM SPP field, it is given by equation [33]

S =
c

8π
E∗

xHy +
1
2

mβ2n∗vz. (36)

It contains the material part additional to the field contribution (S7) and expressed by the second
summand of (36). According to (13) – (16), this material part can be presented as

g
ε2

ω

γ
ηeγx

(︃
ks

γ
eγx −

κ2
ks

eκ2x
)︃

which fully consists of γ−1-terms (see the classification of the 1st paragraph of Section 3), and,
due to our convention, can be discarded, whereas the first summand of (36) via the immediate
application of second Eq. (4) and Eq. (12) leads to the expression

S =
g
ε2

ω

ks
[e2κ2x − ηe(κ2+γ)x]. (37)

The first term of the right-hand side coincides with the phenomenological result (S8) but due
to the NS summand of (37), the energy flow step at the interface differs from (S9):

∆S = g
ω

ks

(︃
1
ε1

− 1
)︃

. (38)

In the example of Fig. 4, the “phenomenological” step AB is reduced to ∆S = 0 because the
electric and magnetic fields are continuous (ε1 = 1, see (17) and (38)). Besides, Eq. (37) shows
that the energy flow inversion occurs inside the medium 2 rather than exactly at the interface.
The “inversion point” is the same point xe where Ex changes its sign (cf. Figures 3(b) and 4(b)) –
quite expectedly in view of the definition (S7), (36). So the general behavior of the microscopic
energy flow in the NS region looks rather similar to that of the transverse electric field component.
The integral energy flow is still determined by (S10).

3.2. Momentum density

Our next step is the microscopic calculation of the momentum in medium 2. In contrast to
the phenomenological analysis (S16) – (S24) [23], which was based on the standard formal
procedures, the microscopic approach resembles the process of “building” the “complete”
momentum from certain “blocks” of different physical origins.

The first momentum constituent is evidently the “pure-field” contribution expressed by the
Poynting vector

pF = zpF =
g
c

Re(E∗×H), pF =
1

8πc
E∗

xHy. (39)

In view of (S7), this quantity is closely related to the energy flow density (37), pF = c−2S, and

pF =
g
c

k
ε2ks

[e2κ2x − ηe(κ2+γ)x]. (40)

In principle, its behavior can be understood from the above discussion of S (Fig. 4) but in the
“momentum context” it is again illustrated by the blue curves in Fig. 5. Remarkably, the “volume”
part of (40) perfectly coincides with the volume part of the phenomenological momentum (S23).

Other “blocks” of the electromagnetic momentum in medium 2 include the material contribu-
tions associated with the motion of electrons. To find these contributions, we must consider the
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force exerted by the field on the medium particles, which is performed in the Supplementary
Section S2 and dictates that the material contribution consists of two parts. The first one is
determined by Eq. (S29) and can be presented as

pM
m = −

η

8πc
Re(E∗ × H) +

1
2c

(︃
eβ2

ω2 ∇n × H
)︃
= zpM

m , (41)

where, in view of Eqs. (13), (16) and (4),

pM
m = −ηpF +

g
c
η

k
ks

e(κ2+γ)x, (42)

and pF is determined by (39), (40) so that finally

pM
m = −

g
c
η

ε2

k
ks
[e2κ2x − e(κ2+γ)x], pM

m (0) = 0. (43)

Its spatial behavior is visualized by the yellow curves in Fig. 5. Note that the NS term causes
it to vanish at the boundary. “Block” (41) – (43) represents the material part of the Poynting
momentum proportional to η = 1 – ε2 [16].

The second material “block” of the SPP momentum, which can be called “electric” due to
direct connection to the electric field components, follows from (S30) in the form

pM
e = zpM

e , pM
e =

1
4

Im
(︃
α′xxE

∗
x
∂Ex

∂z
+ α′zzE

∗
z
∂Ez

∂z

)︃
=

ks

4

(︂
α′xx |Ex |

2 + α′zz |Ez |
2
)︂

. (44)

For the SPP field of Eqs. (4), (12) and employing only the 1st term in the right-hand side of
Eq. (29), this can be expressed as

pM
e =

g
c
η

ε2
2

ks

k

[︃(︃
1 −
ε2
ε1

)︃
e2κ2x − e(κ2+γ)x

]︃
, pM

e (0) = −
g
c

ks

k
η

ε1ε2
. (45)

This approximation is shown by the orange curves in Fig. 5. For comparison, the results of a
direct application of Eq. (44) with numerical differentiation for α′xx and α′zz are presented by the
cyan curves: the difference may reach ∼10% but it is localized in the very narrow NS region and
practically does not affect the general character of the spatial dependence (45).

Yet another material contribution appears due to the rotational motion of electrons. Its
calculation starts from the “material rotational spin” [20–22,31]:

sM
R =

mn0
2ω

Im(v∗ × v) = ysM
R (46)

which, via Eq. (15), entails

sM
R = −

2g
ω

η

ε2
2

κ2
ks

[︃
e2κ2x −

(︃
1 +

k2
s
γκ2

)︃
e(κ2+γ)x −

k2
s
γκ2

e2γx
]︃

. (47)

Hence, the “material rotational spin momentum” follows from the spin momentum definition
(S20) in the form pM

SR = zpM
SR with

pM
SR =

1
2

dsM
R

dx = −
g
ω

η

ε2
2

κ2
ks

[︂
2κ2e2κ2x −

(︂
κ2

ε2−ε1
ε2
+ γ

)︂
e(κ2+γ)x − 2κ2 ε1

ε2
e2γx

]︂
≃

g
c

ks
k

1−ε2
ε1ε2

[︂
2e2κ2x − ε2−ε1

ε2
e(κ2+γ)x − 2 ε1

ε2
e2γx − 1

κ2
eκ2xδ(x)

]︂ (48)

where the relation (23) has been used; note that the γ−1-terms are held in (47) because these
make meaningful contributions in (48). The expected boundary value of the “volume” part of
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pM
SR (given by the first summand in brackets of (48)) is

(pM
SR)Vol(0) =

2g
c

ks

k
1 − ε2
ε1ε2

(see point A in Fig. 5(a)). The “regular” NS contributions (2nd and 3rd terms in brackets of (48))
are practically unperceivable on the background of the “singular” delta-term; the latter appears
due to the fast decay of the spin (47) from its volume behavior (1st summand in parentheses (47))
to zero, caused by the second (NS) summand (see Fig. 8, cyan curve).

Interestingly, the complete material contribution pM = pM
e + pM

m + pM
SR reduces to the “singular”

and NS terms (i.e., “volume” material momentum vanishes):

pM ≃
g
ω

ks

ε2
2
η

[︃
e(κ2+γ)x − 2e2γx +

1
κ1

eκ2xδ(x)
]︃

(49)

which is well illustrated by the green curve in Fig. 5(a). As a result, the overall electromagnetic
momentum p in the medium 2 (not shown in Fig. 5) appears as a sum of the pure-field contribution
(40) (blue curve in Fig. 5) and the “singular” momentum (49) with a near-vertical ramp of the
green curve in the interface vicinity:

p = pF + pM =
g
c

k
ε2ks

[︃
e2κ2x − η

ε2
ε1 + ε2

e(κ2+γ)x − 2η
ε1
ε1 + ε2

e2γx + η
κ2

ε2k2 eκ2xδ(x)
]︃

. (50)

Noteworthy, both the “volume” and “singular” terms perfectly agree with the phenomenological
expression (S23), and only the NS terms allow for refinements inspired by the boundary conditions
for Ex and vx (11) in the microscopic theory. This agreement confirms that all “blocks” (40), (43),
(45), and (48), which form the SPP momentum in medium 2, are identified correctly, and the
microscopic theory complies with the phenomenological approach presented in Supplemental
Document.

Additionally, the microscopic analysis discloses the nature of the “singular” spin momentum
density psurf of (S21) and shows that its “true” boundary value is finite:

p(0) ≃ pM(0) ≃ pM
SR(0) ≃ −

g
c

ks

k
γ

κ2

1 − ε2
ε1ε2

(51)

[which equals to 5.05·10–10 g/(cm2·s) with conditions (17), (18)]. In this expression, non-
“singular” terms of (48) – (50) are neglected because, due to (19), the right-hand side of Eq. (51)
exceeds the other momentum constituents by two orders of magnitude. Because of the high
absolute values, only the initial stages of the exponential “ramp” of the green and magenta curves,
approaching the interface, are shown in Fig. 5(a).

3.3. Spin-orbital momentum decomposition

In the phenomenological approach of Section S1 (see Supplemental Document), the spin-orbital
(canonical) momentum decomposition is basic for the momentum calculation. In the course
of the microscopic approach it is more natural to rely on another meaningful subdivision of
the momentum constituents – namely, separation of the material and “field” contributions,
which was made in the previous subsection. Now we consider the spin-orbital decomposition
in the microscopic framework. To this end, we separately inspect each constituent of the field
momentum calculated in subsection 3.2,

p = pM
e + pM

SR + pF + pM
m . (52)

We begin with the first terms whose attribution is quite evident. One can easily see that
expression (44), upon discarding the NS terms of (29) and taking (30) into account, can be
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represented as

zpM
e =

1
4

z Im
(︃
α′xxE

∗
x
∂Ex

∂z
+ α′zz=E∗

z
∂Ez

∂z

)︃
=

g
2

dε2
dω

Im [E∗ · (∇)E]

that is, pM
e implies the dispersion correction of the orbital momentum (S16) and is therefore its

part. On the other hand, pM
SR, originating from the spin (46), belongs to the spin momentum “by

the definition”.
Other terms need a more careful investigation. Regarding the pure-field momentum pF, its

decomposition immediately follows from the formal decomposition of the Poynting vector (39),
which in view of the Maxwell equations (9) reads [20,22]

pF = pF
S + pF

O (53)

where
pF

S =
1

32πω
Im[∇ × (E∗ × E) + ∇ × (H∗ × H)] −

e
4ω

Im(E∗n), (54)

pF
O =

1
16πω

Im[E∗ · (∇)E +H∗ · (∇)H] −
n0e
4ωc

Im(H∗ × v). (55)

This form differs from the usual spin-orbital decomposition [27,28,30] valid only for fields
without free charges and currents. The presence of charges in Eqs. (9) destroys the “electric
– magnetic democracy” [27] and produces additional charge-dependent terms (last summands
of (54) and (55)) whose attribution is not dictated by general principles and can be ambiguous.
The form (54), (55) is heuristic and apparently contradicts to some natural expectations: e.g.,
the expression (54) leads to a non-zero integral value and thus violates the spin-momentum
property (S22). Such controversies emerge because in presence of free charges the Poynting
momentum (39) is only a part of the entire electromagnetic momentum. As we will see, they are
removed after involvement of other momentum contributions, and the decomposition (53) – (55)
is justified, at least for the SPP field of Eqs. (3), (4), (12)–(16).

Now we proceed to further transformations keeping in mind the specific SPP field properties
(in particular, that H∗ × H = 0 for the TM modes); as usual, the NS terms proportional to γ−1

can be omitted. Then the summands of expression (54) obtain the forms

1
32πω

Im[∇ × (E∗×E)] = −z g
2ω

κ22

ε2
2ks

[︃
2e2κ2x − η

ε2 − ε1
ε2

e(γ+κ2)x − 2η2 ε1
ε2

e2γx − η
γ

κ2
e(γ+κ2)x

]︃
,

−
e

4ω
Im(E∗n) = −z g

2ω
κ22

ε2
2ks

[︃
η2 ε1
ε2

e2γx + η
γ

κ2
e(κ2+γ)x

]︃
,

which show that the “singular” γ-proportional terms of both summands mutually cancel. Since
the delta-shaped (γ -proportional) “singularity” of the “field” spin momentum at x= 0 is hardly
interpretable and looks non-physical, such a cancellation testifies that the term ∼Im(E∗n) has been
reasonably attributed to the spin part of the decomposition. As a result, an explicit expression for
the spin part of the “field” momentum (54) follows in the form

pF
S = zpF

S ,

pF
S =

g
2ω
κ22

ε2
2ks

[︃
−2e2κ2x + η

ε2 − ε1
ε2

e(κ2+γ)x + η2 ε1
ε2

e2γx
]︃

, pF
S (0) =

g
2ω

ks

ε2

(︃
1 +

1
ε1

− ε2 +
ε2
ε1

)︃
.

(56)
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In (55), we modify the term with Im(H∗ × v). To this purpose we remark that for a TM mode,
the Maxwell equations (1), (9) yield

1
8πc

Re[E∗ × H] =
1

8πω
Im[H∗ · (∇)H] −

n0e
2ωc

Im(H∗ × v);

besides, Eqs. (12), (15), (25), (26) enable us to write

1
8πc

Re[E∗ × H] = −
1

8πc
Re

[︂
−i

e
ω
α̂−1v∗ × H

]︂
= −

mω
8πec

Im[H∗ × v] + zg
c

k
ks

e(κ2+γ)x.

Therefore,

−
n0e
4ωc

Im(H∗ × v) = 1
16πω

η

ε2
Im[H∗ · (∇)H] − z g

2ω
k2

ks

η

ε2
e(κ2+γ)x.

Note that the “orbital-like” form of this term (cf. Eq. (S16)) confirms its attribution to the
orbital part (55) of the decomposition (53). As a result, the “field” orbital momentum (55)
acquires the form

pF
O =

1
16πω

Im
[︃
E∗ · (∇)E + 1

ε2
H∗ · (∇)H

]︃
− z g

2ω
k2

ks

η

ε2
e(κ2+γ)x = zpF

O;

pF
O =

g
2ω

ks

ε2
2

(︃
2e2κ2x − η

3ε1 + ε2
ε1

e(κ2+γ)x + η2e2γx
)︃

, pF
O(0) =

g
2ω

ks

ε2

(︃
1 −

1
ε1
+ ε2 +

ε2
ε1

)︃
.

(57)
By using Eqs. (5), one can easily verify that the sum of (56) and (57) coincides with (40), and
that the “volume” terms coincide with the phenomenological results (S18), (S21).

At last, the decomposition of pM
m can be performed quite similarly due to relation (42)

connecting it to the “field” momentum pF . The only problem that remains is to separate properly
the spin and orbital parts of the additional NS summand in (42), which is solved by the natural
requirement for both parts to vanish at the interface. Accordingly, pM

m = pM
mO + pM

mS where

pM
mO = −

g
2ω

ks

ε2
2
η[2e2κ2x − (2 + η2)e(κ2+γ)x + η2e2γx], (58)

pM
mS = −

g
2ω

ks

ε2
2
η

[︃
2
ε2
ε1

e2κ2x −

(︃
2
ε2
ε1

− η2
)︃

e(κ2+γ)x − η2e2γx
]︃

. (59)

Interrelations between the elements of the spin-orbital decomposition and their spatial
distributions are illustrated in Fig. 6 where they are confronted with the corresponding momentum
constituents in medium 1 determined by (S18), (S21). One can see that the “volume” orbital
and spin constituents are directed oppositely, so the complete momentum appears as a result of
their “competition”. Notably, in medium 1 the orbital momentum pF

O is “stronger”; its direction
coincides with the complete momentum direction but the absolute value is higher, |pF

O |> |p
F | (in

particular, this makes the mechanical action of an evanescent wave stronger than that of a plane
wave with the same energy [7,8], see the note below Eq. (S24)). In contrast, in the conductive
medium 2 the directions of the complete momenta pF, pM

m agree with the directions of their
spin constituents pS

F, pM
mS, and the orbital parts are generally weaker: |pF

O |< |p
F |, |pM

mO |< |p
M
m |.

Also, while the directions of the “field” constituents are constant everywhere at x < 0 (e.g.,
pF

O>0, pF
S<0), the material contributions pM

mS and pM
mO have sign reversals in the NS region;

besides, there exist a narrow segment enclosing xe (zero point of Ex, see Fig. 3 and Fig. 6(b)),
where pM

mS and pM
mO are both positive. The zero-line crossings as well as the sharp “kinks” of the

red, cyan and magenta curves in the NS region (well resolved in Fig. 6(b)) are associated with the
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sign inversion of Ex and occur near xe. Remarkably, the point, where pM
mS = pM

mO, coincides with
xe (this can be immediately inferred from Eqs. (12) and (58), (59) if ε1 = 1).

Figure 6 shows that while the phenomenological results (“volume” terms) stipulate a behavior
discontinuous at the interface for all the considered quantities, the NS terms restore the continuity
of the momentum constituents. Indeed, the blue, green and red curves of the “field” contributions
pF

O, pF
S and pF are continuous with their counterparts in medium 1 (herewith, the continuity of pF

is “absolute” and follows from the definition (39) and the boundary conditions for E and H (11),
whereas pF

O and pF
S are continuous only in the considered situation ε1 = 1). The material spin and

orbital constituents vanish at x= 0, which can also be treated as a sort of continuity because the
material contributions in medium 1 are absent.

The data of Fig. 6 illustrate mainly the technical details of the spin-orbital decomposition. In
addition, Fig. 7 presents the results of its application to meaningful characteristics of the SPP
field. Such characteristics are the complete material orbital momentum

pM
O = pM

e + pM
mO =

g
ω

ks

ε2
2
η

[︃
−
ε2
ε1

e2κ2x +
η2

2
e(κ2+γ)x −

η2

2
e2γx

]︃
(60)

and the complete material spin momentum

pM
S = pM

SR + pM
mS =

g
ω

ks

ε2
2
η

[︃
ε2
ε1

e2κ2x +

(︃
1 −
η2

2

)︃
e(κ2+γ)x +

(︃
η2

2
− 2

)︃
e2γx +

1
κ1

eκ2xδ(x)
]︃

(61)

which include not only the elements of the formal spin-orbital decomposition (53) – (55) but
also the terms pM

e and pM
SR (see (52), (45), (48)) that were classified at the beginning of this

Section based on their immediate physical meaning. Then, by combining the “field” and material
contributions, we build the complete spin and orbital momenta of the field,

pO = pM
e + pF

O + pM
mO =

g
ω

ks

ε2

[︃(︃
1
ε2

−
1
ε1
+
ε2
ε1

)︃
e2κ2x +

η

2

(︃
η2 − 3
ε2

−
1
ε1

)︃
e(κ2+γ)x +

η2

2
e2γx

]︃
,

(62)
pO(0) =

g
2ω

ks

ε2

ε1 + ε2ε1 − 3η
ε1

;

pS = pM
SR + pF

S + pM
mS

=
g
ω

ks

ε2

[︃
2 − ε2
ε1

e2κ2x + η

(︃
1

2ε1
+
η2

2
+
ε1 − ε2
ε1ε2

)︃
e(κ2+γ)x + η

(︃
η2

2
−

2
ε2

)︃
e2γx +

η

ε2κ1
eκ2xδ(x)

]︃ .
(63)

It is expressions (62) and (63) that should be immediately juxtaposed with the phenomenological
results of Eqs. (S18) and (S21) but even Eqs. (60), (61) ‘per se’ permit to draw some physically
consistent conclusions. In particular, they tell that the “volume” parts of pM

O and pM
S have the

same absolute values but are directed oppositely (the “volume” parts of the light-green and cyan
curves in Fig. 7(a) are symmetric with respect to the horizontal axis). That is why in the complete
material momentum pM they exactly compensate each other, due to which Eq. (49) only contains
the NS and “singular” terms. Remarkably, despite that the “volume” contributions of pM

O and pM
S

mutually cancel, the integral material contributions to the orbital and spin momenta over the
whole medium 2 are equal: ⟨︁

pM
O
⟩︁

2 =
⟨︁
pM

S
⟩︁

2 =
g

2ω
ηks

ε2
2κ1

(64)

(⟨. . . ⟩2 means the integration like (21) but limited to the x < 0 half-space). This happens due to
the “singular” term in pM

S (61) that “acts” oppositely to the “volume” one and produces a twice
higher integral contribution.
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Further, cyan and magenta curves in Fig. 7(a) demonstrate, in full agreement with Eqs. (59) and
(60), that the “volume” parts of pM

O and pM
mS coincide, but in the NS region these quantities behave

quite differently (see Fig. 7(b)). Generally, in the NS region all the curves show characteristic
“kinks” originating from the transverse-electric-field sign inversion and whose nature was already
discussed in connection to Figs. 4–6. Exclusions are the black and light-green curves presenting
the material pM

S and the complete pS spin momenta. In these dependencies, the dominating
role belongs to the “singular” δ-shaped term (originating from the material “rotational” spin
momentum pM

SR, see the magenta curve in Fig. 5(a)) whose sharp growth masks all fine details.
To make them visible, the “residual” spin momentum

pS − pM
SR = pF

S + pM
mS =

g
ω

ks

ε2

[︃
ε2
ε1

e2κ2x +
η

2

(︃
1
ε1
+ 1 + η

)︃
e(κ2+γ)x −

η2

2
e2γx

]︃
, (65)

which is the complete spin momentum with exclusion of the “material rotational” constituent
(48), has been calculated, and the result is illustrated by the yellow curve in Fig. 7, where the
“kink” is distinctly seen.

Note that only the illustrative, artificial quantity pS − pM
SR shows a continuity with the spin

momentum in medium 1; this is an occasional property related to the continuity of pF
S and

vanishing pM
mS at x= 0 (see Fig. 6). All other momentum constituents discussed in Fig. 7, including

the complete orbital and spin momenta pO (62) and pS (63) experience “jumps” at x= 0, which
can be attributed to the fact that these are formed as combinations of the “field” and material
parts, whereas in medium 1 only the “field” contributions exist. Noteworthy, the NS terms destroy
the perfect proportionality between the orbital momentum pO (62) and energy density w (34)
distributions that are characteristic for the phenomenological approach [23] (cf. Eqs. (S17) and
(S4), (S18)): their difference in the NS region is shown by the grey and brown curves in Fig. 7(b).
However, the boundary values pO(0) and w(0) in Fig. 7(b) visually coincide (this is an artifact of
the supposition ε1 = 1 (17)).

Finally, one can see that the “volume” parts of pS and pO perfectly agree with the phenomeno-
logical expressions (S18) and (S21) as well as the “singular” term of (63) agrees with psurf

in (S21). Accordingly, all integral (in the sense of (21)) properties of the phenomenological
expressions hold for the microscopic model. In particular, the microscopically defined orbital
momentum obeys integral relation (S19), and the integral spin momentum is equal to zero (as it
is dictated by Eq. (S22) and required by the general theory [27,28]) despite that it was derived
with the use of intermediate spin-momentum constituents based on Eq. (54) which apparently
violates this requirement. As to the “surface” δ-term of (S21), the microscopic analysis reveals
its “true” finite boundary value (see (51)) which, due to (19), is two orders higher than other
momentum contributions described by Figs. 5–7 and is thus not shown in the figures. Again
discarding the relatively small non-“singular” terms as it was made in (51), we find that the result
(51) is also correct for pS(0) ≃ pM

S (0).

3.4. Spin density of the SPP

A natural way for the microscopic spin calculation is formally putting together different contribu-
tions associated with the rotational motion of the field vectors and field-driven material particles
[31,20,22]. Formally, this way requires a detailed inventory of the field-induced rotations in
the medium, similarly to what was performed upon considering the momentum contributions
in subsection 3.2. One of the spin contributions has already been mentioned: it is the material
spin associated with the rotational motion of electrons (46), (47), which was employed as an
auxiliary item for the momentum analysis. Here we reproduce this contribution in the final form
with omitted γ−1-terms:

sM
R = −

2g
ω

η

ε2
2

κ2
ks
[e2κ2x − e(κ2+γ)x]. (66)
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This “rotational” material spin is illustrated by the cyan curves in Fig. 8. It satisfies the natural
condition sM

R (0) = 0: the very rapid variation from the expected “volume” value A to zero is
caused by the NS term. This term is also responsible for the “singular” surface component of the
momentum pM

SR in (48).
Another spin contribution is the “field” spin which formally follows from Eq. (S12) applied

to the microscopic TM field in medium 2 with ε = µ= 1 and obeying Eqs. (9). However, the
“formal” spin definition (S12) was obtained for the fields without free charges, and its non-critical
use may miss some medium-associated corrections that were already applied for the momentum
calculations above. To avoid this, the corresponding spin contributions will be calculated based
on the relation (S20) between the spin and spin momentum due to which, for the SPP geometry,
any z-oriented spin-momentum “block” pS is related to the associated y-directed spin contribution
s:

pS =
1
2

ds
dx

. (67)

Hence, the spin expression can be recovered via integration of pS(x) with the natural boundary
condition s(−∞) = 0. Then, based on the results for pF

S (56) and pM
mS (59) we obtain the

corresponding “field” and material “blocks” of the spin density in medium 2 (terms proportional
to γ−1 are omitted as usual):

sF = −
g
ω

κ2

ε2
2ks

e2κ2x, sM
m = −ηsF =

g
ω
η
κ2

ε2
2ks

e2κ2x, (68)

cf. the blue and green curves in Fig. 8.
It is instructive to compare this result with the “formal spin” derived from the formal spin

definition (S12)

sFormal =
1

16πω
y · Im(E∗ × E) = sF +

g
ω

κ2
ks

η

ε2
2

e(κ2+γ)x (69)

(light-green curves in Fig. 8). First to note, sFormal reduces to the “field” spin sF (however,
modified by the NS term): the specific material contribution sM

m does not appear in the formal
way of the spin calculation. Second, both expressions (68) contain no NS terms and show the
smooth “volume” variation up to the interface (Fig. 8) while the spin sFormal rapidly changes near
the interface, reversing the sign together with Ex in point xe, cf. Figure 3(b). The NS term in (69),
responsible for this difference, appears because the term ∼Im(E∗n) of (54), taken into account in
(56) and, consequently, in (68), is omitted in sFormal (69). As a result, sF is discontinuous at x= 0
while sFormal is continuous with the spin density in dielectric (Fig. 8) – in full compliance with
the boundary conditions (11) for the electric field. However, another case of continuity is more
important: the quantity

sm = sF + sM
m = −

g
ω

κ2
ε2ks

e2κ2x (70)

is just the “naive” Minkowski spin (described by Eq. (S13) at ε̃2 = ε2). It satisfies the condition
sm(−0) = sF(+0) (see the red curves in Fig. 8), which agrees with the fact that the Minkowski
spin is continuous [23] (cf. also Eq. (S13) and the note beneath (S14)). This conclusion supplies
additional arguments to the correctness of Eqs. (68), and justifies the procedure chosen for
the spin calculation via (56), (59) and (67) – had the spin been derived formally as (69), the
Minkowski spin continuity would have been destroyed.

The “complete” spin in medium 2 (see the magenta curves in Fig. 8) is described by the
equation

s = sF + sM
m + sM

R = −
g
ω

κ2

ε2
2ks

[(1 + η)e2κ2x − 2e(κ2+γ)x]. (71)

Its “volume” part coincides with the phenomenological result (S13); however, the NS term in
(71) provides that, in contrast to the phenomenological spin of Eq. (S13), the overall microscopic
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spin is continuous:
s(−0) = s(+0).

This formula replaces the phenomenological result (S14) depicted by the “step” BC: the
microscopic analysis enables both the “naïve” Minkowski spin and the complete spin to be
continuous at x= 0.

Another interesting observation concerns the “spin-momentum law” [36] which interprets the
“extraordinary” transverse spin of the SPP through the vorticity of the longitudinal momentum
density [6,36]: s ∝ ∇ × p (see Eq. (S25)). This feature of the SPP field reveals a transparent
physical analogy with the layered flow of a fluid near a plane wall, which is accompanied by the
flow vorticity orthogonal to the main direction of propagation [37]. However, juxtaposition of
Eqs. (71) and (50) indicates that the “spin-momentum law” (S25) is only valid for the volume
contributions, while close to the interface the proportionality between the spin s and the curl of
momentum p is destroyed by the NS terms.

4. Frequency dependence of the SPP dynamical characteristics

The results of Sections 2 and 3 provide an exhaustive description of the spatial distributions for
various DCs of the SPP field. However, the illustrations were restricted to the single radiation
wavelength corresponding to point A of the dispersion curve (Fig. 2). In this Section, we briefly
outline the main modifications expected when the radiation frequency ω or, which is the same,
the vacuum wavelength λ, changes.

We start with the remark that, according to Fig. 2, for any frequency, the parameter γ
(13) remains two orders of magnitude higher than other spatial parameters κ1 and κ2, and all
approximations associated with the condition (22) are thus valid within the wide range of possible
frequencies. Consequently, all the analytical formulas of Sections 2 and 3 are appropriate, and
the frequency dependence of the DCs characteristics is comprehensively determined by the
frequency dependencies of the main SPP parameters ks, κ1, κ2 presented in Fig. 2.

Figure 9 provides a comparison between the SPP characteristics for the two situations: “high-
frequency” regime specified by point B in the dispersion curve of Fig. 2 (ω= 5.19·1015 s–1,
λ= 363 nm) and the “low-frequency” one (point C in Fig. 2, ω= 2.685·1015 s–1, λ= 702 nm).
The first notable discrepancy between the two situations is remarkably higher absolute values of
all the presented quantities in the high-frequency regime. However, this observation is not new:
As it is shown in previous Sections, the “volume” contributions as well as the integral values
(in the sense of (21)) are correctly described by the phenomenological expressions of Section
S1 (see Supplemental Document) whose frequency-dependent behavior is well known [1,2,23].
Therefore, here we focus on the NS contributions inducing some peculiar features of the DCs’
spatial distributions.

For many DCs (e.g., those discussed in Figs. 5, 8), the frequency variation entails mainly
quantitative transformations of the NS behavior coherent with changes in the absolute values
of the “volume” terms. But more interesting NS features are associated with the transverse-
electric-field sign inversion (which is rather frequency-sensitive, see the “high-frequency” xeB
and “low-frequency” xeC zero-point positions in Fig. 9(a), b and Fig. 10(a)). These are the
characteristic “kinks”, additional “peaks” and “troughs” in the distributions of energy and of
the elements (58) – (61) of the material-momentum spin-orbital decomposition (see Figs. 4, 6,
7). The corresponding momentum constituents are presented in Fig. 9, and one can see that the
shapes of these peculiar details substantially depend on the radiation frequency.

Figure 9(a) shows that the “potential wells” in the NS energy distributions, distinctly seen at
the “high” (and “moderate”, see Fig. 4) frequencies, disappear when the frequency decreases.
Interestingly, this happens because their “left walls” δw2, δwF

2 fall down whereas the “right walls”
δw1, δwF

1 practically do not change. In more detail, the frequency dependence of the “left walls”
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Fig. 10. Frequency dependences of the morphology parameters characterizing the NS
spatial behavior of the DCs presented in Fig. 9. (a) “Depth” of the energy “wells” of Fig. 9(a)
(red and blue, right vertical scale) and positions xe at which Ex = 0 (black, left vertical
scale); (b) “peak heights” and “trough depth” of the momentum constituents’ distributions
of Fig. 9(b); the curve colors are the same as colors of the corresponding curves in Fig. 9(b).

is illustrated by Fig. 10(a) for the “field” and “complete” energy density (the corresponding data
for the wM(x) can be derived from Eq. (31)).

Similarly, Fig. 9(b) juxtaposes the “low-frequency” and “high-frequency” “peaks” and “troughs”
of pO, pM

O and pM
mS distributions (cf. Figure 7). In contrast to Fig. 9(a), where the “well” centers

(energy minima) move “inwards” the medium 2 together with xe (cf. the black curve in Fig. 10(a)),
the extremum positions of the “kinks” are less frequency-sensitive and always lie closer to the
interface. However, the “kinks” morphology characterized by the parameters δpO, δpM

O and
δpM

mS explained in Fig. 9(b) shows more interesting frequency-dependent evolutions presented in
Fig. 10(b).

The data of Figs. 9 and 10 supply a general characterization of the frequency-induced changes
in the NS spatial distributions of the selected DCs. In particular, they show possible ways for
the deliberate control of these spatial distributions, especially, for purposeful formation of the
“kinks”, “peaks” and “troughs” of the corresponding distributions inside the nanometer-scale
vicinity of the interface.

5. Concluding remarks

The main outcome of this paper is the detailed analysis of the near-interface spatial behavior
of the DCs in a lossless SPP wave. Due to the use of the hydrodynamic model, extremely
subwavelength structures are revealed in the distributions of the field energy and momentum.
Importantly, the paper presents the first to our knowledge collection of analytical expressions
describing the separate constituents of the electromagnetic momentum in plasmonic fields, with
the explicit identification of the “field” and material contributions of different origins. For a
consistent comparison with the known phenomenological results, which are expressed in terms
of the spin-orbital (canonical) momentum decomposition, the procedure of such decomposition
in presence of free charges and currents is developed. The procedure validity is substantiated by
using the SPP fields as a model example.

Within the limits of common applicability, the new details of the DC spatial distributions
comply with the known SPP properties described by the phenomenological approach and/or by
the simplified Drude model of the metallic medium. However, the new results demonstrate the
existence of controllable nano-scale optical structures in the NS layer of the medium 2 that can
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be deliberately created and whose parameters can be efficiently regulated, e.g., by choosing the
SPP frequency.

Although the present consideration deals with the homogeneous metallic medium 2, it can be
generalized to more complex plasmonic structures containing the metamaterials, composite media,
fluids, nanoclusters, etc. [39–42]. One can expect that specific local interactions between the
field and material nano-objects (e.g., impurity atoms, molecules, lattice defects and nanoclusters
introduced into the metal matrix [43]) can be inspired and mediated by the nanoscale field
inhomogeneities described in the paper, and the degree of spatial commensurability between the
field “kinks” and the nano-objects supplies additional channel for controlling this interaction.
The subwavelength field structures can be useful in various problems of nano-optics: for example,
the “peaks” and “troughs” in the NS energy distribution (Figs. 4, 9(a)) can serve for precise
localization of the objects, their spatially-selective excitation or transformation, etc. Usually, such
nano-objects are characterized by a noticeable mobility in the crystal structure, or the medium 2
can be liquid [44]; then, the controllable “kinks” in the momentum distributions (Figs. 6, 7, 9(b))
may be employed for their guiding and transportation due to the field’s mechanical action [38].

Especially interesting manifestations of the specific DC-distribution details predicted in this
paper are expected in combination with the external or SPP-induced static fields, for example, the
SPP-induced magnetization [20–23], which is proportional to the material spin constituent sM

R
(66). In particular, the nanoscale variations of the energy and momentum distributions may affect
the electron spin transport processes [45–47], induce additional influences on the photo-sensitive
centers in presence of high-gradient local optical fields [48] and so on. Despite the presence
of a non-zero spin density, which is a hallmark of SPP fields [7,8,11,12], the usual TM SPPs
produce no specific chiral action because their transverse spin is helicity-independent. However,
the use of specific chiral metasurfaces [49,50] enables generation of chiral SPPs with controllable
spin orientation, which can selectively excite and control chiral nano-objects, e.g. the diamond
spin-qubits [51].

In conclusion, let us outline the main restrictions of the presented approach and possible
ways of its further development. The first limitation originates from the lossless approximation,
which is widely used in the SPP theory [2–8,12,13,20,23] and enables the physically transparent
analytical description. In principle, the effects of damping (energy dissipation) can be taken into
account by an additional summand −mn0Γv in the right-hand side of Eq. (10) where Γ is the
collision frequency [30,32]. After this modification, the formal solution of Eqs. (1), (9), (10) and
(11) can be derived directly from Eqs. (12)–(16) via replacements

m → m
(︃
1 + i

Γ

ω

)︃
, β2 → β2 1

1 + iΓ/ω
,

which, in turn, lead to the modified expressions (7) and (13),

η→
ω2

p

ω2
1

1 + iΓ/ω
, γ2 = k2

s −
ω2ε2

β2

(︃
1 + i

Γ

ω

)︃
. (72)

As a result, the expression for ε2 (7) is transformed to the usual complex permittivity expression
for the Drude model with losses [2], and the constant γ becomes complex. Unfortunately, such
direct modifications cannot be applied to the DC expressions because these are quadratic in field
and electron velocity components and include the real and imaginary parts separately; however,
some general conclusions can be inferred from the simple reasoning. In order the propagating
SPP to exist, the damping correction must be small; for example, in the considered case of silver,
Γ= 5.9·1013 s–1 [52] so for the conditions of points B, A and C of Fig. 2, Γ/ω= 0.011, 0.014
and 0.022, respectively. Such small corrections mean that in the most interesting cases, the
loss-induced modifications of the results are mainly quantitative. Nevertheless, some corrections
are principal. For example, due to complex η and γ (72), the electric field component Ex
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(12) differs from zero everywhere in the medium 2: while Re(Ex) vanishes at x= xe, the small
“imaginary” field Ex, which is nearly in-phase with the longitudinal component Ez, still exists.
Accordingly, the singularity in αxx (27) is removed. Practically this means that the “kinks” in the
energy and momentum distributions become smoothened, as well as the “singular” NS terms in
Eqs. (16), (48) – (50). Anyway, the detailed analysis of the DC behavior in presence of energy
losses deserves a special investigation in a separate work.

The second important simplification is the assumption of perfectly flat interface, which is
frequently broken in practice [53–55]. Usually the influences of roughness are evaluated by
statistical methods but, for the effects considered here, this way of reasoning cannot be applied
because even very small boundary imperfections of the order of |xe | (see Figs. 3–8) are crucial.
Most probably, the irregularities of such size scale will induce local SPP-field confinement and
enhancements [29] but their correct analysis can hardly be performed analytically and requires
exquisite numerical approaches (e.g. the finite-element method with non-uniform meshing [29]).
One may expect that the out-of-plane boundary deviations of the size ∼|xe | will not destroy the
predicted pictures as far as their size in the (y–z)-plane (Fig. 1) exceeds |xe | by the order of
magnitude. Alternatively, the interface irregularities can be used for purposeful formation of
“hot spots” in the SPP fields [53].

The concept of the “interface imperfections” makes a natural “bridge” to the complex
SPP-supporting structures where the media 1 and 2 are separated by the specially created
metasurfaces, contributing, for example, to the formation of chiral SPPs [49,50]. Usually, such
meta-boundaries include the physically selected nanometer-wide intermediate layer between the
metal and dielectric media, which in calculations is replaced by the conventional plane interface
with specific electromagnetic properties [50]. The applicability of the existing hydrodynamic
model in the vicinity of this conventional interface is questionable but its further generalization
to such situations looks promising and relevant.

And the last approximation, which deserves a few remarks, is the linearity of the basic Eqs. (1)
and (9) – (11). In contrast to the usual SPP theory where the linear character is accepted as
needless to say, in this paper the situations of extraordinary high local values of some parameters
occurs systematically, e.g., in connection with the “singular” NS terms in Eqs. (16), (48) – (50).
This requires a special attention: for example, if in Eq. (20) the non-equilibrium concentration of
electrons n(0) exceeds or even becomes comparable with the “background” concentration n0,
this is physically inappropriate. Estimations made in Sec. 2.2 show that the requirements to the
admissible field intensities are rather loose. If we consider an SPP wave with the total power Q
propagating within the width ∆y, the electric field amplitude can be determined via Eq. (S10) as

|A|2 =
16πksκ2ε2ε

2
1

ω(ε2
2 − ε

2
1)∆y

Q

which yields that even for Q= 1 W and ∆y= 100 µm (other parameters can be taken from Eqs. (17)
– (19)), |A| ≈ 500 statV/cm, which, in view of the note below Eq. (20), means n(0)/n0 ≈ 3.7 ·10−4.
This value, probably, warrants the model applicability in many practical situations; however,
in higher fields which can easily occur due to microscopic dimensions of the system [29], the
improvements accounting for the quantum character of the electrons’ behavior, including the
quantum tunneling effects [29] as well as the non-linear response of the media [4,56], would be
necessary.
Funding. Research Institute of Zhejiang University–Taizhou, Center for Modern Optical Technology; Ministry of
Education and Science of Ukraine.

Acknowledgments. The authors are grateful to Konstantin Bliokh (RIKEN, Japan) for the stimulating discussions.

Disclosures. The authors declare no conflicts of interest.

Data availability. Data underlying the results presented in this paper may be obtained from the authors upon
reasonable request.



Research Article Vol. 11, No. 7 / 1 July 2021 / Optical Materials Express 2190

Supplemental document. See Supplement 1 for supporting content.

References
1. M. I. Stockman, K. Kneipp, S. I. Bozhevolnyi, S. Saha, A. Datta, J. C. Ndukaife, N. Kinsey, H. Reddy, U. Guler, V.

M. Shalaev, A. Boltasseva, B. Gholipour, H. Krishnamoorthy, K. MacDolnald, C. Soci, N. I. Zheludev, V. Savinov, R.
Singh, P. Groß, C. Lienau, M. Vadai, M. L. Solomon, D. R. Barton III, M. Lawrence, J. A. Dionne, S. V. Boriskina,
R. Esteban, J. Aizpurua, X. Zhang, S. Yang, D. Wang, W. Wang, T. W. Odom, N. Accanto, P. M. de Roque, I. M.
Hancu, L. Piatkowski, N. F. van Hulst, and M. F. Kling, “Roadmap on plasmonics,” J. Opt. 20(4), 043001 (2018).

2. L. Novotny and B. Hecht, Principles of Nano-Optics (Cambridge University Press, 2012).
3. J. Nkoma, R. Loudon, and D. R. Tilley, “Elementary properties of surface polaritons,” J. Phys. C: Solid State Phys.

7(19), 3547–3559 (1974).
4. I. V. Shadrivov, A. A. Sukhorukov, Y. S. Kivshar, A. A. Zharov, A. D. Boardman, and P. Egan, “Nonlinear surface

waves in left-handed materials,” Phys. Rev. E 69(1), 016617 (2004).
5. A. V. Zayats, I. I. Smolyaninov, and A. A. Maradudin, “Nano-optics of surface plasmon polaritons,” Phys. Rep.

408(3-4), 131–314 (2005).
6. O. Angelsky, A. Bekshaev, S.G. Hanson, C.Yu. Zenkova, I. Mokhun, and J. Zheng, “Structured light: Ideas and

concepts,” Front. Phys. 8, 114 (2020).
7. K. Y. Bliokh and F. Nori, “Transverse spin of a surface polariton,” Phys. Rev. A 85(6), 061801 (2012).
8. K. Bliokh, A. Bekshaev, and F. Nori, “Extraordinary momentum and spin in evanescent waves,” Nat. Commun. 5(1),

3300 (2014).
9. O.V. Angelsky, S.G. Hanson, P.P. Maksimyak, A.P. Maksimyak, C.Yu. Zenkova, P.V. Polyanskii, and D.I. Ivanskyi,

“Influence of evanescent wave on birefringent microplates,” Opt. Express 25(3), 2299–2311 (2017).
10. O. V. Angelsky, C. Yu. Zenkova, S. G. Hanson, and J. Zheng, “Extraordinary manifestation of evanescent wave in

biomedical application,” Front. Phys. 8, 159 (2020).
11. J. Lin, J. P. B. Mueller, Q. Wang, G. Yuan, N. Antoniou, X.-C. Yuan, and F. Capasso, “Polarization-controlled tunable

directional coupling of surface plasmon polaritons,” Science 340(6130), 331–334 (2013).
12. K. Y. Bliokh, D. Smirnova, and F. Nori, “Quantum spin Hall effect of light,” Science 348(6242), 1448–1451 (2015).
13. R. E. Camley, “Nonreciprocal surface waves,” Surf. Sci. Rep. 7(3-4), 103–187 (1987).
14. K. Y. Bliokh, F. J. Rodríguez-Fortuño, A. Y. Bekshaev, Y. S. Kivshar, and F. Nori, “Electric-current-induced

unidirectional propagation of surface plasmon-polaritons,” Opt. Lett. 43(5), 963–966 (2018).
15. S. M. Barnett and R. Loudon, “The enigma of optical momentum in a medium,” Philos. Trans. R. Soc., A 368(1914),

927–939 (2010).
16. P. W. Milonni and R. W. Boyd, “Momentum of light in a dielectric medium,” Adv. Opt. Photonics 2(4), 519–553

(2010).
17. S. M. Barnett, “Resolution of the Abraham-Minkowski dilemma,” Phys. Rev. Lett. 104(7), 070401 (2010).
18. T. G. Philbin, “Electromagnetic energy-momentum in dispersive media,” Phys. Rev. A 83(1), 013823 (2011); Erratum:

Phys. Rev. A 85, 059902(E) (2012).
19. T. G. Philbin and O. Allanson, “Optical angular momentum in dispersive media,” Phys. Rev. A 86(5), 055802 (2012).
20. K. Y. Bliokh, A. Y. Bekshaev, and F. Nori, “Optical momentum and angular momentum in dispersive media: From

the Abraham-Minkowski debate to unusual properties of surface plasmon-polaritons,” New J. Phys. 19(12), 123014
(2017).

21. K. Y. Bliokh, A. Y. Bekshaev, and F. Nori, “Optical momentum, spin, and angular momentum in dispersive media,”
Phys. Rev. Lett. 119(7), 073901 (2017).

22. K. Y. Bliokh and A. Y. Bekshaev, “Spin and momentum of light fields in dispersive inhomogeneous media with
application to the surface plasmon-polariton wave,” Ukr. J. Phys. Opt. 19(1), 33–48 (2018).

23. A. Y. Bekshaev and L. V. Mikhaylovskaya, “Electromagnetic dynamical characteristics of a surface plasmon-polariton,”
Optik 186, 405–417 (2019).

24. J. D. Jackson, Classical Electrodynamics (Wiley, 1999).
25. L. D. Landau, E. M. Lifshitz, and L. P. Pitaevskii, Electrodynamics of Continuous Media (Pergamon, 1984).
26. A. Y. Bekshaev and M. S. Soskin, “Transverse energy flows in vectorial fields of paraxial beams with singularities,”

Opt. Commun. 271(2), 332–348 (2007).
27. M. V. Berry, “Optical currents,” J. Opt. A: Pure Appl. Opt. 11(9), 094001 (2009).
28. A. Y. Bekshaev, K. Y. Bliokh, and M. S. Soskin, “Internal flows and energy circulation in light beams,” J. Opt. 13(5),

053001 (2011).
29. C. Ciraci, J. B. Pendry, and D. R. Smith, “Hydrodynamic model for plasmonics: a macroscopic approach to a

microscopic problem,” ChemPhysChem 14(6), 1109–1116 (2013).
30. K. Y. Bliokh, A. Y. Bekshaev, and F. Nori, “Dual electromagnetism: helicity, spin, momentum and angular

momentum,” New J. Phys. 15(3), 033026 (2013).
31. Y. O. Nakamura, “Spin quantum number of surface plasmon,” Solid State Commun. 39(6), 763–765 (1981).
32. P. Halevi, “Hydrodynamic model for the degenerate free-electron gas: generalization to arbitrary frequencies,” Phys.

Rev. B 51(12), 7497–7499 (1995).
33. E. Matsuo and M. Tsuji, “Energy flow and group velocity of electromagnetic surface wave in hydrodynamic

approximation,” J. Phys. Soc. Japan 45(2), 575–580 (1978).

https://doi.org/10.6084/m9.figshare.14745660
https://doi.org/10.1088/2040-8986/aaa114
https://doi.org/10.1088/0022-3719/7/19/015
https://doi.org/10.1103/PhysRevE.69.016617
https://doi.org/10.1016/j.physrep.2004.11.001
https://doi.org/10.3389/fphy.2020.00114
https://doi.org/10.1103/PhysRevA.85.061801
https://doi.org/10.1038/ncomms4300
https://doi.org/10.1364/OE.25.002299
https://doi.org/10.3389/fphy.2020.00159
https://doi.org/10.1126/science.1233746
https://doi.org/10.1126/science.aaa9519
https://doi.org/10.1016/0167-5729(87)90006-9
https://doi.org/10.1364/OL.43.000963
https://doi.org/10.1098/rsta.2009.0207
https://doi.org/10.1364/AOP.2.000519
https://doi.org/10.1103/PhysRevLett.104.070401
https://doi.org/10.1103/PhysRevA.83.013823
https://doi.org/10.1103/PhysRevA.86.055802
https://doi.org/10.1088/1367-2630/aa8913
https://doi.org/10.1103/PhysRevLett.119.073901
https://doi.org/10.3116/16091833/19/1/33/2018
https://doi.org/10.1016/j.ijleo.2019.04.098
https://doi.org/10.1016/j.optcom.2006.10.057
https://doi.org/10.1088/1464-4258/11/9/094001
https://doi.org/10.1088/2040-8978/13/5/053001
https://doi.org/10.1002/cphc.201200992
https://doi.org/10.1088/1367-2630/15/3/033026
https://doi.org/10.1016/0038-1098(81)90453-1
https://doi.org/10.1103/PhysRevB.51.7497
https://doi.org/10.1103/PhysRevB.51.7497
https://doi.org/10.1143/JPSJ.45.575


Research Article Vol. 11, No. 7 / 1 July 2021 / Optical Materials Express 2191

34. A. D. Rakic, A. B. Djurisic, J. M. Elazar, and M. L. Majewski, “Optical properties of metallic films for vertical-cavity
optoelectronic devices,” Appl. Opt. 37(22), 5271–5283 (1998).

35. N. W. Ashcroft and N. D. Mermin, Solid State Physics (Saunders College, 1976).
36. P. Shi, L. Du, C. Li, A. V. Zayats, and X. Yuan, “Transverse spin dynamics in structured electromagnetic guided

waves,” Proc. Natl. Acad. Sci. 118(6), e2018816118 (2021).
37. L. I. Sedov, A course in continuum mechanics, Vol. 3: Fluids, Gases, and the Generation of Thrust (Wolters –

Noordhoff, 1972).
38. A. Y. Bekshaev, “Subwavelength particles in an inhomogeneous light field: optical forces associated with the spin

and orbital energy flows,” J. Opt. 15(4), 044004 (2013).
39. X. Xiao, M. Faryad, and A. Lakhtakia, “Multiple trains of same-color surface-plasmon-polaritons guided by the

planar interface of a metal and a sculptured nematic thin film. Part VI: Spin and orbital angular momentums,” J.
Nanophotonics 7(1), 073081 (2013).

40. D. R. Smith, W. Padilla, D. C. Vier, S. C. Nemat-Nasser, and S. Schultz, “Composite medium with simultaneously
negative permeability and permittivity,” Phys. Rev. Lett. 84(18), 4184–4187 (2000).

41. Y. C. Jun, E. Gonzales, J. L. Reno, E. A. Shaner, A. Gabbay, and I. Brener, “Active tuning of mid-infrared
metamaterials by electrical control of carrier densities,” Opt. Express 20(2), 1903–1911 (2012).

42. J. A. Fan, C. Wu, K. Bao, J. Bao, R. Bardhan, N. J. Halas, V. N. Manoharan, P. Nordlander, G. Shvets, and F. Capasso,
“Self-assembled plasmonic nanoparticle clusters,” Science 328(5982), 1135–1138 (2010).

43. Y. Feng, Y. Wang, H. Wang, T. Chen, Y. Y. Tay, L. Yao, Q. Yan, S. Li, and H. Chen, “Engineering “hot” nanoparticles
for surface-enhanced Raman scattering by embedding reporter molecules in metal layers,” Small 8(2), 246–251
(2012).

44. S. R. C. Vivekchand, C. J. Engel, S. M. Lubin, M. G. Blaber, W. Zhou, J. Yong Suh, G. C. Schatz, and T. W. Odom,
“Liquid plasmonics: manipulating surface plasmon polaritons via phase transitions,” Nano Lett. 12(8), 4324–4328
(2012).

45. D. Oue and M. Matsuo, “Electron spin transport driven by surface plasmon polaritons,” Phys. Rev. B 101(16), 161404
(2020).

46. D. Oue and M. Matsuo, “Effects of surface plasmons on spin currents in a thin film system,” New J. Phys. 22(3),
033040 (2020).

47. D. Oue and M. Matsuo, “Optically induced electron spin currents in the Kretschmann configuration,” Phys. Rev. B
102(12), 125431 (2020).

48. A. V. Tyurin, S. A. Zhukov, and A. Y. Akhmerov, “Influence of binder and dyes on the mechanism of tunnel
luminescence of AgBr (I) microcrystals,” Opt. Spectrosc. 128(8), 1110–1117 (2020).

49. L. Huang, X. Chen, B. Bai, Q. Tan, G. Jin, T. Zentgraf, and S. Zhang, “Helicity dependent directional surface plasmon
polariton excitation using a metasurface with interfacial phase discontinuity,” Light: Sci. Appl. 2(3), e70 (2013).

50. X. Lin, Z. Liu, T. Stauber, G. Gómez-Santos, F. Gao, H. Chen, B. Zhang, and T. Low, “Chiral plasmons with twisted
atomic bilayers,” Phys. Rev. Lett. 125(7), 077401 (2020).

51. A. Sipahigil R, E. Evans, D. D. Sukachev, M. J. Burek, J. Borregaard, M. K. Bhaskar, C. T. Nguyen, J. L. Pacheco, H.
A. Atikian, C. Meuwly, R. M. Camacho, F. Jelezko, E. Bielejec, H. Park, M. Lončar, and M. D. Lukin, “An integrated
diamond nanophotonics platform for quantum-optical networks,” Science 354(6314), 847–850 (2016).

52. H. U. Yang, J. D’Archangel, M. L. Sundheimer, E. Tucker, G. D. Boreman, and M. B. Raschke, “Optical dielectric
function of silver,” Phys. Rev. B 91(23), 235137 (2015).

53. K. Arya, Z. B. Su, and J. L. Birman, “Localization of the surface plasmon polariton caused by random roughness and
its role in surface-enhanced optical phenomena,” Phys. Rev. Lett. 54(14), 1559–1562 (1985).

54. A. Kolomenski, A. Kolomenskii, J. Noel, S. Peng, and H. Schuessler, “Propagation length of surface plasmons in a
metal film with roughness,” Appl. Opt. 48(30), 5683–5691 (2009).

55. Z. Yang, C. Liu, Y. Gao, J. Wang, and W. Yang, “Influence of surface roughness on surface plasmon resonance
phenomenon of gold film,” Chin. Opt. Lett. 14(4), 042401 (2016).

56. M. Kauranen and A. Zayats, “Nonlinear plasmonics,” Nat. Photonics 6(11), 737–748 (2012).

https://doi.org/10.1364/AO.37.005271
https://doi.org/10.1073/pnas.2018816118
https://doi.org/10.1088/2040-8978/15/4/044004
https://doi.org/10.1117/1.JNP.7.073081
https://doi.org/10.1117/1.JNP.7.073081
https://doi.org/10.1103/PhysRevLett.84.4184
https://doi.org/10.1364/OE.20.001903
https://doi.org/10.1126/science.1187949
https://doi.org/10.1002/smll.201102215
https://doi.org/10.1021/nl302053g
https://doi.org/10.1103/PhysRevB.101.161404
https://doi.org/10.1088/1367-2630/ab764c
https://doi.org/10.1103/PhysRevB.102.125431
https://doi.org/10.1134/S0030400X2008038X
https://doi.org/10.1038/lsa.2013.26
https://doi.org/10.1103/PhysRevLett.125.077401
https://doi.org/10.1126/science.aah6875
https://doi.org/10.1103/PhysRevB.91.235137
https://doi.org/10.1103/PhysRevLett.54.1559
https://doi.org/10.1364/AO.48.005683
https://doi.org/10.3788/COL201614.042401
https://doi.org/10.1038/nphoton.2012.244

