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PARITY OF THE NUMBER OF PRIMES IN A GIVEN INTERVAL
AND ALGORITHMS OF THE SUBLINEAR SUMMATION

Bap6anenp C. JliHiliHO-iHBepCHUI reHepaTop IICEBIOBUIAJKOBUX YHCEJ 3a
MOIyJIeM CTYIeHs ABifiku. Po3risnyTo y3arajibHEeHHs! IHBEPCHOTO KOHIDYEHTHOTO IeHe-
paTopa TCeBIOBUIAIKOBUX YHCET 32 MOIYJIEM CTYIEHsi TIpocToro dnciaa. OTpuMani OmiHKW
€KCTIOHEHTIIHHAX CYM Ha MOCTTOBHOCTI TICEBIOBUIAIKOBUX THCEIT.

KurodoBi cjioBa:  iHBepCHI KOHIDYEHTHI TICEBIOBUIIAIKOBI YMC/Ia, EKCIIOHEHIHA CyMa,
JMCKPETTaHCis.

Bap6auer; C. JInHeiiHO-UHBEPCHBIN reHepaTop IMCEeBAOCJYYalHbIX YHCesI MO
MO/YJIIO CTEIreHu IBOMKM. PaccvoTperno 06obienne MHREPCHOTO KOHTPYIHTHOTO Te-
HEPATOPA LCEBJAOC/YHYANHBIX YHUCE/ 110 MOJYJII0 CTEHEHU LIPOCTOro 4uciaa. Jlanbl oneHku
IKCIIOHEHIINAIBHBIX CYMM Ha, TOCIeI0BATEILHOCTH TICEBJIOC/IY YaifHBIX THUCE.

KuroueBblie ciioBa: WHBEPCHBIE KOHTPYIHTHBIE TICEBIOCTYYaifHble YNC/Ia, SKCTIOHEHITNAh-

Had CyMMa, JUCKPEIIaHCHUA.

Varbanets S. Linear-inversive prn’s generator with power of two modu-
lus. Generalization of the inversive congruential generator of pseudorandom numbers with
prime-power modules is considered and the trigonometrical sums on sequence of pseudoran-
dom numbers are estimated.

Key words: inversive congruential pseudorandom numbers, exponential sum, discrepancy.

INTRODUCTION. Nonlinear methods of generating uniform pseudorandom num-
bers in the interval [0, 1) have been introduced and studied during the last twenty five
years. The development of this attractive fields of research is described in the works
of Lehn, Eichenauer, Niederreiter, Emmerich etc. A particularly promising approach
is the inversive congruential method. Four types of inversive congruential generators
can be distinguished, depending on whether the modulus is a prime, an odd prime
power, a power of two or a product of distinct prime numbers. In the case of prime-
power modulus the inversive congruential generator is defined in the following way:

Let p be a prime, p > 3, m be a natural number. For given a,b € Z we
take an initial value yg, and let y, ! denotes a multiplicative inverse for ¥, in Zy = if
(Yn,p) =1, and y;* =0 if m = 1 and y,, = 0(mod p). Then the recurrence relation

Ynt1 = ayy, '+ b(mod p™) 1)
generates a sequence Yo, y1, - . . which we call the inversive congruential sequence mod-
ulo p™.

The case p > 3, m = 1 studied in [2],[6]. For the case p = 2, m > 3 the relevant
investigation presented in [1, 3, 4].
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In 1996 T. Kato, L.-M. Wu and N. Yanagihara[4] studied a non-linear congruential
generator for the modulus M = 2™ defined by the congruence

Ynt1 = a¥, +b+cy, (mod M), n=0,1,... (2)
with the conditions
(Y0,2) = (a,2) =1, b=c=2 (mod 2). (3)

Note that the conditions (3) guarantee infinity of the process of generation. This
authors obtained the condition whereby the recursion (2) generates the sequence {y,, }
with the maximal period 7 = 2™~ They also give the estimate for the discrepancy
of the sequence {z,}, x,, = ;’,’;.

In the present note we give the representation of elements y,, as polynomials of n
and yo and that permits to improve the results from [7].

The essential nature of our method consists in the construction of representations
of y, as the polynomial on initial value yy and number n.

It is purpose of the present work to demonstrate that the sequence of PRN’s
{zn} = {;’,",L }7 n=0,1,..., generated by the recursion (2), satisfies the requirements
of equidistribution on [0, 1) and passes the serial test on unpredictability.

NoTATION. Variables of summation automatically range over all integers satisfy-
ing the condition indicated. For m € N and M = 2™ the notation Z;(respectively,
Z3,) denotes the complete(respectively, reduced) system of residues modulo M. We
write ged(a,b) = (a,b) for notation a great common divisor of a and b. For z € Z,
(2,2) = 1 let z~! be the multiplicative inverse of a modulo M. We write v5(4) = a
if 22| A, 22T YA, For real ¢, the abbreviation e(t) = e*™* is used.

AUXILIARY RESULTS. We need the following two simple statements.
Let f(z) be a periodic function with period 7. For any N € N, 1 < N < 7, we

denote
N

Sn(f) = e(f(x)).

x=1
Lemma 1. In above notations we have

T

Ze(f(a:)qtrfc)‘-(lJrlogT). 4)

x=1

<
Sy (f)] < max

This lemma is well-known.

Lemma 2 ([7]). Let p be a prime number and let f(z), g(x) be polynomials over
7
f(l‘) = Az + A2$2 + 2(A3x3 4o )’

g(z) = Biz + +2(ng2 +),

and let, moreover, va(Az) = a >0, 1a(4;) > «, j =3,4,....
Then we have the following estimates
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> (BT b, ez 6)

else;
TELom

27+ if Byis odd

- 25 i w(A) >
x) + gzt V2
I e IE () > o (6)
TELYm 0 Zf 2(A ) <@ < VQ(B )
7=1,2,3,.
Now we will obtain the representation of y,, in the form of rational function on
Yo-
Let n = 2k. We put
_ 2k 2k
>0

After simple calculations by recursion (2) we infer

> ATy
>0
> BT yE
>0

Y2(k+1) =

where

t

Aj(k+1) = Z Z Z (aAiBs—iAjBt—j + CLbBiAjBS_iBt_j-f—

s+t=£ i=0 j=0
+ 02 A;A;Bs_iBy_j + bcAiAjAg_iBy_j + a*cB;B;Bs_i By i+
+abeB;AjBs_;B;_j +ac®B;Bs_;A;A;_j + abcA;BjBs_iB;_j+
+ bQCAiAjBS_iAt_j + chAiAst_iAt_j + aczAiBjAs_iBt_j—o—
+bPAA jAs_iBi_j + ASAA JAs—i A );

t

Bt = 3 ZZ (aBiA;Bo—iBi_j + AiA;Bi_j(bBo_i + cAy_y))

s,t>0 =0 j=0
s+t=é

(Here, for the sake of comfort we write A;, B; instead Ag%), B](-Qk)).

Let jI, (respectively, j//) be a exponent of yg, for which (Ag?k),Q) = 1 (respec-
tively, (Ag,,k)ﬂ) =1).
By induction we infer easy
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Moreover,

Vo (Afk)) >

vy (Bfk)) >

Thus, the numerator and the denominator of fraction in (7) for k > 2mg + 1, mg =

Ty
.72162‘ 'V2(b)7

g
% -3 (b).

|:7V27?b)}’ over Zgm contain at the most 4mg 4+ 1 summands, i.e.
Jnt2mo
2k
(Z A )y€>

. 8
Y2k 7 +2me o ( )
Z Be y[

£=j1'—2mg

Divide on a* the numerator and the denominator in (8). Then we obtain the following
representation

YAy —k B —k
yor = ===, Ay =a "Ay, By =a "By(mod 2™). 9)
> By
Now the coefficients A,, B, are polynomials on k with coefficients, which depend
only on a, by, cg, m, where b = 2r2()p, ¢ = 2”2(b)co, and these coefficients have the
indicated above properties of divisibility on power of 2.
By the congruence for every ¢ € Z
1

T =12t 2212 4 2 m (mod M)

and taking into account that in denominator of yo it has only one power yo (just
yo?*) with coefficient By , (B;

I 2) = 1, we may write

2
Yok = F(k7y07y(;1)(m0d 2m), F(u,v,w) € Z[uvvvw]' (10)
The analogous representation holds for yog41

Yokl = G(k,yo,yal)(mod M). (11)

Let v5(b) < va(c). We make more precise the representations (10), (11). Using
the principle of mathematical induction it is not difficult to check the correctness of
the following relations for k& > 2m + 1:

Yor = kb + kacyy ' + (1 — k(k — 1)a '0?)yo + (—ka™'b)yg+

12
+ (fka_chr I<:2a_2b2)yg + 2‘1Fo(k7yo,yo_1), ()

Yorr1 = (k+ Db+ (a — k(k 4+ )by + (—kab)yy 2+ 13
+ (—ka%c + k2ab?)yg® + (k + 1)eyo + 2°Go(k, vo, y3 ),

where a := min (v2(b%), v2(bc));
Fo(u,v,w), Go(u,v,w) € Zlu,v,w|, Fo(0,v,w) = Go(0,v,w) = 0.
Thus, we get the following result.
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Lemma 3. Let {y,} is the sequence of PRN’s generated by the recursion (2)
with conditions (yo,2) = (a,2) =1, 0 < va(b) < va(c). There exist the polynomials
Fo(u,v,w), Go(u,v,w) over Z, Fy(0,v,w) = Go(0,v,w) = 0 such that the relations
(12) and (13) are right for any k > 2m + 1.

Corollary 1. Let m > 3. Then the sequence {y,} defined by recursion (2) is
purely periodic, where b = 2"by, (bg,2) = 1, ¢ = 2¥¢y, (c0,2) = 1, p > v > 0;
vola —y3) = vo > 1. And its period T is equal

(i) 2m-2vHl if m>2v, vy > v,
2
(@) 2m2=Botl i > 2 vy =, B0 = s (ygjo" + bo) ,
(iig) 2m7v=votl  Gif  m > v+ nug, vy < v.

Proof. The first part of corollary follows as in [7].
To prove the second part, we have

Yol = yo(mod 2m) <~
kb(1 —a=1y3) — k(k — 1)a='b?yo+ (14)
+ka " teyy Ha? — yd) + 20 Fy(k) = 0(mod 2™).
It follows that k must be a least positive integer for which the congruence k =
0(mod 2°) holds, where

0= { va(b) +vala—y3) if wala—y3) <wva(b) < gm;
215(b) if wva(b) < 3m, vala—yd) > va(b).

O

Remark 1. From (i), (it) of Corollary 2 we obtain that for vy > v the mazimal
period T = 2m 2+ qehieves, if and only if, vy > v and m > 2v. In the work [4] this
assertion was obtained only for v =1.

EXPONENTIAL SUMS ON SEQUENCE OF PRN'’s. In this section we determine the
estimates of certain exponential sums over the linear-inversive congruential sequence
{yn} which was defined in (2).

For hq, he € Z we denote

hiyi +h
O'kﬁg(hl,hg;M) = Z € (lyk]wm) 5 (hl,hz S Z). (15)

NS4
Here we consider yy, y¢ as a functions at yy generated by (2) (see, formula (13)).
Theorem 1. Let (hi,he,2) = 1, va(hy + ha) = B, va(hik + hot) = ~v. The

following estimates

m+42

273 if  kZ{l(mod 2);

0 if  k=/{(mod2)
and B<y+v,m—p—v>0

log.e(h1, hoy M)| < ¢ 2m1 if  k=/{(mod 2)
and B>~v4+v,m—v—vy<0;

2" k = {(mod 2)
and B>y+v,m—v—~vy>0.
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hold.

Proof. We consider two cases:
(I) If £ and ¢ be non-negative integers of different parity, we obtain the statement of
theorem by (12), (13) and Lemma 2.

(IT) Let k and ¢ be integers of identical parity. Then for k := 2k, ¢ := 2{, we
have modulo M:

hiyor + hayor =
= By + Biyo + Bayd + Bays + Bo1yg '+ 2°K (Yo, 95 ') == Fa(yo, y5 ),

where By = hy + hy + 2% Bj,

B —ab(hlk + hgﬁ) + 20‘35,

B3 = 7a_2b2(h1]{72 + h2€2) — a_lc(hlk + hgg) + QQBé,

B_1 = ac(hlk + hgg) + QGB/_l,
moreover, B}, By, By, B"; and coefficients of K (yo,y; ') contain multipliers of form
hakd + hotd, § > 0.

Let Vz(hl -+ hg) = ﬁ > v, Z/Q(hlk' + hzf) =7 > 0, 0 = min (6,’}/)

The application of Lemma 1 gives

0 if B<~vy+v, m—p—v>0,
ook 20(h1, hoy M)| < {27372 if B>y+v, m—v—vy>0,
2m=2 if B=y+v, m—v—y<0,

where (2™~ 1) is the totient Euler function.
For k = ¢ = 1(mod 2) we have the analogous result.
This finishes the proof of Theorem 1. U

Remark 2. The case va((h1, ha, M) > 1 reduces easily to the case vo((hy, ha,2))

Let h be integer, (h, M) = 2%, 0 < s < m, and let 7 be a least period length of
the sequence of PRN’s {y,}, n =0,1,..., defined in (2). For 1 < N < 7 we denote

Sxlhu) =3¢ (). (16)

n=0

The sum Sy (h,yo) calls the exponential sum on the sequence of PRN’s {y,,}.
We shall obtain the bound for Sy (h,yo).
By the relation (12)-(13) we get for £ > 2m + 1:

Yok = Ao + Ark + Ask® + Ask® := F(k), (17)
Yort1 = Bo + Bik + Bok® + B3k® := G(k), (18)
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where
Ao = Ap(yo) = yo(mod 2°)

Ay = Ai(yo) = b(1 — a y2) + a by + acyy (1 — a?y*) (mod 2%)
Ay = As(yo) = —a” 'W?yo + a0y (mod 2%) = —a b yo(1 — a~ ty3)
By = Bo(yo) = b+ ayy " + cyo(mod 2%)
By = Bi(yo) = b(1 —ayy®) = by5 " — yoc(1 — a’yg ) (mod 2°)
By = Ba(yo) = —byy * + ab’y, *(mod 2%) = —bPy5 ' (1 — ayg?)
Az = A3(yo, k) = Bs(yo, k) = Bz = 0(mod 2%),
o =min (3v,v + p).
After all this preliminary work, it is straightforward to prove two main result of this
section:

(19)

Theorem 2. Let the linear-inversive congruential sequence generated by the re-
cursion (2) has the period T, and let vo(b) = v, va(c) = p, v < p, o = min (3v, v + ),
vola —y3) = vy, 2v < m. Then the following bounds

O(m) if p=2, vy <v, vra(h) <m—2u;
1S7(hsyo)l < 4 4- PR if vg > v, va(h) < m —2u;
T else,

hold.

Proof. From the formulas (17)-(18) we have

SR )
IORCIEPRCS B
k=2ks k=2k1+1
(S (5] | S (5 o

In the last part of the formula (20) we into account that the representation y,, as
a polynomial on k£ holds only for k& > 2m + 1.
By (18), the Corollaries 1 and Lemma 2 (from (5)) we easy obtain

O(m) if p=2, vy <v, vra(h) <m—2v,
1Sr(hyyo)l < 2" if >, (k) <m- 2,
T else.
The constants implied by the O-symbol are absolute. O

Corollary 2. Let 1 < N < 7. Then in the notations of Theorem 2 we have

N Zf V+V2(h) >m,
S (h, < miv
‘ N( y0)|7 { 2#10g7‘ Zf V+V2(h)<m'
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This statement follows from Theorem 2 and Lemma 1.
Let N <2m—1,
We will study Sy (h,yo) at the average over yo € Z3,.

Theorem 3. Let a, b, ¢ be parameters of the linear-inversive congruential gener-
ator (2) and let (a,2) =1, 0 < v =1vy(b) < 1a(c), 1 < N < 2™~ 1y(h) =2°, s < m.
Then the average value of the Sy (h,yo) over yo € Z3; satisfies

Sw(h) = guy 30 1Sx(hy)l < N2~ F2v10- 2",
YoELy,
where s = va((h, M)), h = ho2°.

Proof. First we will consider the case s = 0, i.e. (h,2) = 1. By the Cauchy-
Schwarz inequality we get for oy ¢ = oy ¢(h, —h; M)

N-1
‘SN(h‘)|2 < 2ml—1 Z ‘SN(h7y0)|2 = Qm% Z Z e (W) <
Yo€Lyy, k=0 yo€Z},
1 1 S N-1 e N-1
= oot ool =gm=r 2 2 lowel=za=r 2 X lond+
k=0 r=0 k(=0 =0 k=0
vo(k—L0)=r va (k—£)=n
1 N-1 1 m—1 N—-1
tomoT Z |0—7€J€| =N+ Fm—T Z |O’]€’g|.
k=0 ¥=0 k=0
k=t va(k—)=~

Using Theorem 1 we, after simple calculations, obtain

m—1 N—-1 N—-1

— 1
[Sn(M)> < N+ =T > Do lowd+ D ol | <
= o k=0 (21)
k#0(mod 2) k={(mod 2)
va(k—£)=y va(k—£)=y

< N2 (24 V10 21).
Now an argument similar to the one used to prove (21) leads to general bound
1Sy (k)] < N2~ (2+¢10~2%). (22)

O
The estimates of exponential sums obtained in this section we will use for study
of properties of the sequence PRN’s {y,, }.

DIisCREPANCY. Equidistribution and statistical independence properties of pseu-
dorandom numbers can be analyzed based on the discrepancy of certain point sets in
[0,1)".

For N arbitrary points to, t1,...,ty—_1 € [0,1)%, the discrepancy is defined by

An(I
Dg\f)(to,tl,...,tgv,l):: sup (1)
SN
where the supremum is extended over all subintervals I of [0,1)%, Ay(I) is the num-
ber of points among tg, t1,...,ty_1 falling into I, and || denotes the s-dimensional
volume 1.

=]

b
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Let {yn} be the sequence of PRN’s generated by (2) and let z,, = 43, n = 0,1,....
From our sequence {z,} we derive the sequence {X,(LS)} of points in [0,1)® putting
Xfls) = (Tny Tyt 1y ooy Trbs—1)-

We will say the sequence {x,} passes d-dimensional serial test on independence
if for every s < d the sequence {XT(LS)} has uniform distribution.

Theorem 4. The discrepancy DE{;), s=1,2,3,4, of points constructed by linear-

inversive congruential generator (2) with parameters a, b, ¢, which satisfy the condi-
tion
0<wa(b)=v, 2v<p=uwsc), rala—y2) =vo > 1, m>2w, vy >,

the following bound
S m—

+27 "7 log® M. (23)

()
DT S 2mfz/+1

holds.

Proof. Consider only the case s = 3 (This case is the most complex). In order
to apply Turan-Erdos-Koksma inequality in the Niederreiter’s form[6] we must have
an estimate for sum

72—1 (h1yn + hoYny1 + hSyn+2>
e }
n=0 M

Without loss of generality, we can suppose that (h1, ha, h3,2) = 1. From (17)-(19)
we can write
hayor + hoyort1 + hayor42 =
= (hayo + ha(ayy ' + b+ eyo) + hayo)+
+k [ (1= a™'yd)b + ayy 'e(1 — a™?yg) + yob?)+
+ha(—((1—a™ yd)b+ by " +a’eyg )+ (24)
+ha(b(1 — a™"yg) + bayg ' (1 — a” yg)+
+yob? + 20~ typb? (1 — aflyg))] +
+k262(h1a2 — tho(ail — a’zyg) + hg(lz) =+ QD‘L(hl, h2, h37 ]{7) =
= Co + C1k + Cok? + 2°L(hy, ha, ha, k),
say.
Since the congruences
C, = 0(mod 22¥T1)
Cy = 0(mod 22 *1)
cannot be held simultaneously (taking into account that 1 —a~'y2 # 0 (mod 270))
we obtain (by Lemma 2)

ZMT““ Zf Al(hl h2 h,3) = O(mod 22V)
< ) ) )
|Zl| - { 0 else. (25)
Similarly, we have
m4v .
272+ Gif Bi(hy, ha, hs) = 0(mod 2%)
< ) ) )
DIRES I (26)

where By (hi, he, hs) defined by the representation
hiyort1 + hayory2 + hayarts = Bo + Bik + Bok® + 2% M (hy, ho, hs, k).
Now, Lemma 4 and simple calculations give

427 log® M.

DY < oot
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The assertions of theorem 4 stay held if write IV instead 7 for N < 7.

The Theorem 4 shows that the sequence of PRN’s {x,,} passe the s-dimensional
test on unpredictability (for s < 4) if this sequence generated by the linear-inversive
generator (2) under indicated conditions on the parameters a, b, ¢, yo.

CONCLUSION. Since every nonlinear congruential generator passes also the s-
dimensional lattice test for all s < 4 we conclude that the sequence of PRN’s {z,,}
generated by (2) may be use in applications.
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