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ON THE EXISTENCE OF AN INTEGRAL MANIFOLD OF A
SPECIAL TYPE OF A SOME NONLINEAR DIFFERENTIAL
SYSTEM

A nonlinear system of the differential equations is considered. This system is a linear
extension of the nonlinear differential equation on a circle. The coefficients of the system
belong to the class F, which are the functions that can be represented in the form of the
absolutely and uniformly convergent Fourier series on the entire axis with slowly varying
coefficients in a certain sense and frequencies. The basic properties of this functions’ class
are investigated. This system is expected as a close one to an inhomogeneous linear system
of the differential equations with a diagonal matrix of the slowly varying coefficients and free
terms, belonging to the class F. The transformations with the coefficients of class F, causing
the system to a system in which the frequency is determined from the nonlinear equations
with slowly varying coefficients, are constructed using the contraction mapping principle. As
a result, the conditions, under which the original system has an integral manifold of class F,
are considered.
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INTRODUCTION. One of the powerful methods of the study of nonlinear systems
of differential equations is the method of integral manifolds [1-3]. Particularly im-
portant role it plays in the research of multi-frequency oscillations, in particular, in
systems containing the slowly varying parameters [4]. An important object of study
in the same time and are single-frequency system [5]. This paper is a continuation
of research initiated in paper [6-9] on the existence of the particular solutions and
integral manifolds of the linear and quasilinear differential systems, are represented as
an absolutely and unifirmly convergent Fourier-series with slowly verying in a certain
sense coefficients.

NOTATION. Let
G(g0) = {t,e: teR, £ €[0,50], 5o € R}
Definition 1. We say, that a function f(t,¢), in general a complex-valued, belong
to the class Sy, (g0), m € NU {0}, if
1) f:G(eg) — C; 2) f(t,e) € C"™(G(ep)) with respect t;
3) dif(t,e)/dth =X fr(t,e) (0< k< m),
def

1 £lm =" sup [fi(t,e)] < 400
kf()G(EO)
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Definition 2. We say, that a function f(t,e,0) belong to the class

(m € N U{0}), if this function can be represented in form:

f(t,e,8)= i fult,e)e™,

n=—oo

and
1) fu(t,€) € Sm(eo), 0 € R;
2)

o0

follma + > ol fullm < +oo (1=0,1,2,...).

n=—oo

(n##0)

If the function f(t,e,0) is real, then f_, (¢, €) = fn(t,¢€).
We denote

o0

flmo =" Ifullm-

n=-—oo
For any f € F%OO({—:O) we introduce the linear operators:

2w

Lol (t.26) = 5 [ Fite0)e ™ db. nez,
0
in particular
2
1
Tolf(t.2,0)] = o= [ f(t.2,0)d6:
0
= TLlf(t,e0)] .,
e o=y a0 o
"oy

We note the some properties of the functions of the class Fj,

v(t,e,0) belongs to class F  (g0), and k = const.
1) u(t,e,0) is 2m-periodic with respect 6.
2

dult,e,0)
T € Fm,oo(€0> (l = O7 1, 2, N .),
Oku(t,e,0
% € erfl,oo(g()) (k = 17m)
3) Tunlu(t, €,0)] € Sm(eo) (n € Z).

4)

ou(t, e, 0)

Iu(t, e, 0)] € Fp o0 (20), I{ 00

5) |[kullm,o = [k - [[t]lm,o-
6) l[u+vllm,o < l[ullm,o + [[0]lm.o-

FG

m,00

} = u(t,e,0) — To[u(t,e,0)] € F (o)

(e0)

(e0). Let u(t,e,0),
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m

lellmo =

k=0

1 9Fu
ek otk

0,0

[wvllmo < 2™ [[wllm.o - [[0]lm.o-

We prove the property 8). For m = 0 we have:

[uvllo.e < llullos - [v]o.e-

By virtue of the property 7):

m m ¥ y
1 0% (uw) 1 07w oF—Iy
lwvllme =D || = <> =N d|=l == <
mo= L|Fmom |, S 27 2% G|, o,
m : m .
1 ||07u 1 |[0%w
<27 ol ey 75 = 2"[|ullm.o - [[v]lm.0-
jgo el | Ot [y 4 jgo e {0 ||g.4

We can say that the space Ff, . (g0) is the Banach algebra [10].
9) If u, v are real, then u(t,e,0 + v(t,,0)) € F (o).

We prove the property 9). We denote: w(t,e,8) = u(t,e,0 + v(t,e,0)). Since
u,v € Ff) _(co0), then

’ 0°tlu(t,e,0)
sup  sup |——=—-—">

<+ 0*tly(t,e,0)
oo su sup | ———~2 77
t,e€G(e0) OER Ots 06! ) p P

< 1
tecG(zo) 0cR|  Ot500! ’ oo (1)

(s=0,m; 1=0,1,2,...).
Converting the expression
1 —inf
Tpw(t, e, 0)] = Py w(t,e,0)e”"’dd (n #0)

™
0

by the formula (I + 2)-fold integration by the parts, we obtain:

2m
Pn[w(t75a 0)] = W /p(tvsae)eiineda (TL 7& 0),
0

where p(t, €, 0) is polynom of degree | + 3 with coeflicients belong to the class S,,(go)
relatively derivatives 0"u(t,e,0)/00" (r = 0,1+ 2), which are calculated by values of
argument 6 is equal 6 + v(t,e,0) and 9"v(t,e,0)/00" (r = 0,1+ 2). Given (1) we
obtain, that w(t,,0) € F (o).

10) The follows chains hold:

FOQ’OO(E()) D) Fle)oo(f:‘o) O...D ng7oo(‘€0)7 SQ(E()) D) 51(80) D...D Sm(Eo).
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Definition 3. We say, that vector f = colon(fy, ..., fy) belong to the class
Fﬁl’oo(eo) (or Sp(e0)), if f; € Fgl’oo(eo) (relatively f; € Sm(e0)) (j = 1,N) .

Definition 4. We say, that matrix (a;x); ,_7 belong to the class ng,,oo(’EO) (or
Sm(e0)), if ajx € Ff . (g0) (relatively aj i € Sm(€0)) (j,k =1,N) .

Consider the next system of the differential equations:

de — (A(t,e) + uP(t,e,0))x + f(t,e,0),

B =w(t,e) + palt,e,0),

where (t,e) € G(eg), © = col(zy,...,xn), A = diag(A,..., An) € Sm(eo), P =
(Djk)j k=T € F? _.(20), scalar real functions w € S,, (o), ngﬂf)w >0,a€ F (c0),
y ’ ’ €0 y

e (O,Mo) CR*.
We study the problem determine of the conditions of existence of integral manifold
z(t,e,0, ) of the system (2), belongs to the class Ff. . (c0), where m* < m.

AUXILIARY ARGUMENTS.
Lemma 1. There exists py € (0, o) such that for all p € (0, py1) there exists the
real reversible transformation

0=+ p(t e, o, p), veF: (), (3)

such the system (2) reduces to the following form:

% = (A(t7 6) + MQ(t’ g, ¥, N))x + g(t, g, P, M)»
(4)
Lo — G(t,€) + pb(t,e, ) + peB(t, e, ¢, 1),

where Q = P(t,e,¢0 + po(t,e,0,p)) € Ff (€0), g = f(te,0 + polt,e 1)) €
Fnﬁ,oo(go)v be Sm(EO)’ B e F;ﬁ_LOO(EO).
Proof. We define the function v from equation:

ov ov
w(t,s)% =a(t,e, o+ pv) — b(t, e, u) — pb(t, e,,u)%, (5)

where the function b(t, €, 1) is to be determined.

We seek the solution v € Fy, (g0) of equation (5) and function b € S, (go) by
the method of succesive approximations, defining the initial approximations wvg, bg
from the equation:

0
w(t,a)aisgJ = a(t,e, ) — bo(t,e), (6)
and the subsequent approximations v, bs (s = 1,2,...) defining from the equations:
v Ovg_
w(t,e) 81:0 =a(t,e, o+ pws—1) — pbs—1(t, &, 1) g(pl —bs(t,e,p), s=1,2,... . (7)
We denote:

bo(t,E) = Fo[a(t,ff,(p)], (8)
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1
t = Ia(t
UO( ’5790) w(t,s) [a’( aea(p)]v (9)
0vs_1
bs(t, e, p) =To (alt e, + pvs—1) — pbs— 2 | (10)
1 81)371
s(t, €50, = I t, e, s—1) — mbs_ =
vs(t, €, 0, 1) oo {a( €, + vs—1) — pbs—1 R }
1 bs_1(t, ¢,
= Ia(t e, o+ pvs—1)] — MM vs—1(t, e, 0, 1), s=1,2,... . (11)

 w(t,e) w(t,e)

We show, that all the approximations b (t, €, i), defined by the formulas (8), (10),

belongs to the class Sy, (o), and all the approximations vs(t, e, ¢, ), defined by the
formulas (9), (11), belongs to the class Fy, (o).

Obviously, that by € Sp.(e0), vo € F}, (€0), vo € R, and T'g[vg] = 0. Then, using
the property 9) of the functions of the class F}}, . (o), we obtain, that a(t, e, +
po(t, e, ) € Ff, (o), and b1 (L, &, 1) € Sm(eo), vi(t,€, 9, 1) € Ff, o(c0).

Suppose by the induction, that bs(t,e,u) € Sm(eo), vs(t,e, 0, 1) € Ff . (€0)
(s = 2,k) we, by virtue of the property 9), show, that then by 1(t, &, 1) € Sm(co),
Uk+1<t7 & ¥, /J') € F;r’;,oo(go)'

We introduce the sets:

Q={beSm(e): Iblm<d}, Qo={veFE (c0): [[v]lmy<d}, d>0.

Using techniques contraction mapping principle [10] it is easy to show that for
sufficiently small values p fulfilled bs € Qq, vy € Q5 (s = 0,1,2,...), and process
(8)—(11) converges to the solution of class Ff (o) of the equation (5), in which
function b € Sy, (o). /

Then for sufficiently small values p the function § is determined from the equation:

du(t,e,0,p)\ , _  10v(te,0,p)
(H“ 90 )ﬂ__a ot

Now we show, that the transformation (3) are reversible for sufficiently small
values . Means for sufficiently small values p there exists the reverse transformation

o="0+q(t,e,0,pu), (12)

where q € F}, | (e0).
We substitute (12) in (3) and obtain the equation respectively g:

q=—pv(t,e,0 +q,p). (13)

We seek the solution ¢ € F?
approximations, defining;:

(eo) of equation (13) by the method of succesive

,O0

q0 EO? Gs+1 :_Mv(t7579+qS7M)» 82071727"' . (14)

Using techniques contraction mapping principle [10] it is easy to show that for suffi-
ciently small values p the process (14) converges by the norm || - ||n,6 to the solution
of class Ff) _(c0) of the equation (13).
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Lemma 2. There exists ps € (0, u1) such that for all u € (0, pg) there exists the
chain of reversible transformations of kind:

Y= ¢1 + /’(‘Ewl(ta57wl7/’6)7 (15)
wl - QZJZ + ,U€2w2(t7 g, 11[}27 :u’)’ (16)
77Z)m1—2 = wml—l + Hgmlilwml—l(tagawm1—1mu)7 (17)

where mp < m, wy € Ffﬁk_k w(€0) (k =1,m1 — 1), such that the system (4) reduces
to the following form:

% = (A(t7€) + ,uR’rrLl—l(taeaq/}Wn—lnu))'r + h77L1—1<t76a7/}m1—17ﬂ)7

Wt — w(t,€) + bt 2, 1) + p ST Bt 2, )+ (18)

+/L5m1/§7n1 -1 (ta g, ijml_h ﬂ)?

where Ry, 1 € FY™ 1 (20), hmy—1 € U™ (20), B € Sm—n(€0),

- " m—m1+1 m—mi+1
Prmi—1 € mez}mill,oo(go) (k=1,m; —1).
Proof. Consider the transformation (15). The application of this is reduce the

system (4) to the kind:

(?Tatc = (A(t7‘€) +,UR1(t,E7’¢1,/L)).’IJ + hl(tﬁ,l/mu),

N (19)
% = w(t7 5) + /’l/b(t7 g, ,U/) + Mgﬁl (ta g, /j/) + /’65261 (t, g, wh /’[’)a
where (1, 51 must be defined.
We define the functions wq, 81 from the equation:
ow ow
(w(t7 6) +:ub(t7 &, /u‘))il +ﬁ1 (t7 g, ,U) = ﬁ(tv g, 1/}1 + pHeEW, .u“) - ,Ufﬁl (t7 g, :u)il (20)
8w1 8'(/}1
Then the function El are defined from the equation:
8w1 ~ 1 8w1
1 _ = ———") 21
<+“an1>51 Lo (21)

Similarly to the proof of Lemma 1 we show that for sufficiently small values p
the equation (20) has a solution w (¢, e, 91, 1) € Fnlﬁil,oo(sg). In this 81 € Spm—1(g0).

And for sufficiently small values ;1 the equation (21) has a solution 3; € anizm(so).
Similarly are defined the functions wa, ..., Wm,—1, B2, -, Bm,—1, 52, . 7§m1—1-
MAIN RESULTS

Theorem. Let the elements \j(t,€) (j =1, N) of matriz A(t,e) in system (2) are
such that Gi?f) [ReA;(t,e)| = >0(j =1,N). Then there exists p* € (0, po) such that
o

Jor all 1 € (0, 10*) the system (2) has the integral manifold T(t,e,0,p) € Ff, (<o),
where 2my; < m (m; € NU{0}).
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Proof. Based on Lemmas 1,2, we reduce the system (2) to the kind (18). We
denote:

111) = q/}ml—lv

R<t7€awau) = Rm1*l(t757wm1715u)a h(t,&lﬁ’u) = hm1*1(ta€7wm1flvﬂ)a

m1—1

wl(t35’IU‘) = w(t,Eo) + 'u'b(t’g"u) + Z 5k5k(t,€,lu) + €m15m1—1(t7€7wm1—1a ,LL)
=1

Using condition of Theorem and property 10) of the functions of class F?, (eo),
we can state, that R(t,e,9, p), h(t,e,9,pn) € F (o), wi(t,e, 1) € Sm, (g0). Then
we write the system (18) in form:

de — (A(t,e) + pR(t, e, 0, 1))z + h(t,e,, 1),

(22)
G = wilt,e.p).
With the system (22) we consider the system:
% = A(t,e)xo + h(t,e, ¥, ),
(23)
% = wl(t,e,,u).

By results [6] and condition of Theorem, we can state, that the system (23) has
the integral manifold xo(t, e, ¢, 1) € F%, . (c0). And there exists K € (0,400) such
that

[Z0llmy,p < K[ llma - (24)

We seek the integral manifold of system (22) by the method of succesive approxi-
mations, defining as an initial approximation zg, and the subsequents approximations
defining from the systems:

dggdstJrl = A(t’ E):CS+1 + h(t7 & 1/}7 ,LL) =+ ,U'R(tv g, 7#, u)xs, s

(25)

% :wl(t,g,,u>7 s=0,1,2,... .

Taking in to account the unequality (24) and using the ordinary technicue of
the contraction mapping principle [10], it is easy to show, that there exists uz €
(0, o) such that for all y € (0, p3) all approximations z, belong to class Fyy, . (co),
and process (25) converges by the norm || - ||, to integral manifold x(¢,e, ¢, n) €
F oo(€0) of the system (22).

By virtue of the revesibility of the transformations (3), (15) — (17), we can state the
existence for sufficiently small values y of the integral manifold Z(t,,6, 1) € FY, . (c0)

of the system (2).

CoNCLUSION. Thus, for the system (2) the existence of the integral manifold of

the class F, (g0) (2m1 < m) we prove for sufficiently small values of p.
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IJozones C. A.
IIPO ICHYBAHHSA IHTEI'PAJILHOI'O MHOT'OBU/Y CIELIAJIBHOI'O BUIVIAAY OJHIE! HEJII-
HIMHOI JUOEPEHIIAJIBHOI CUCTEMU

Pesrome

st HeniniitHOT MudepeHIiaabHOl cucTeMu, KOeMIIiEHTH SIKOT MPEeICTaBIeH] y BUTIsIL abCco-
JIIOTHO Ta piBHOMIpHO 30ixKHUX psamaiB Pyp’e 3 MOBLILHO 3MIHHUME KOeMIIliEHTAMHA Ta YaCTO-
TOI0, OTPUMAHO YMOBHM ICHYBaHHsI iHTErpaIbHOIO MHOTOBUY aHAJIOIIYHOI CTPYKTYPH.
Karouosi crosa:  dugeperuiarvrut, nogianvHo 3minHutl, padu Dyp’e.

Il[ézones C. A.
O CYHIECTBOBAHUU UHTEIMPAJILHOTO MHOTOOBPA3USI CIIELIUAJIBHOTO BUJIA OJHOU HEJIU-
HEVHOUW JU®OEPEHIIMAILHON CUCTEMBI

Pesrome

st Henmueitnoit uddepeHImaabHoi cucTeMbl, KO3(DMOUITUEHTHI KOTOPOH IIPEICTABUMBI B

BHUJIE abCoJIIOTHO U PaBHOMEPHO CXOAAIIUXCA PAJIOB CDypbe C MEeIJIECHHO MEHAIOIINMUCA KOS(b-

(i)I/ILII/IeHTaMI/I u ‘IaCTOTOfI, TOJIYy9Y€HbI YCJIOBUA CYyIIECTBOBaHUA UHTEI'PAJILHOTO MHOI‘OO6p33Hﬂ

aHAJIOTUYHOI CTPYKTYPBHI.

Karoueswie crosa: dupdeperyuarvhod, medrenno menarowuiics, paov. Oypove.
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