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SMARANDACHE CEIL FUNCTION OVER Z]i]

Ceprees C. C. ®yukuia Cmapangade Hazg Z[i]. Busueni apudbmernani Biactu-
Bocti dynkuil Cmapanmade Sy(w) Ta gsoicroi dynxmun Cmapanmade Si(w) Hax MiTAMT
raycopumu guciaamu. OTpuMaHi aCHMITOTUYHI OIIHKH CyMaTOPHOI (dYHKIT 1yist DyHKIGT
Cmapanade y cektopi Ta asoicrol dyukiil CMmapangade.

Kurouosi ciaoBa:  dyukuis Cmapangade, gasoicra dyakiis CMmapaHmgade, aCUMITOTHYHI
OIIIHKU.

Ceprees C. C. ®ynkuus Cmapanngade Hazn Z[i]. Usyuens apudmernueckue
cBoiicrea dynkiuu CMapangade S(w) u msoiicTennoit dynxnuun Cmapanmade Sk(w) Ham
[EJBIMY TayCCOBBIMU YncaaMu. [loydeHbl acUMITOTHYECKIE OIEHKU CyMMAaTODPHOI (byHK-
uun Juta yaknun CMmapangade B CEKTOpe, & TakKe JIs 1BoicTBeHHONM dyHKimn CMmapaH-
Jadge.

KuroueBsle ciaoBa: dynknus Cmapanaade, npoiicTBenHast GyHknust CMapaHiade, acHMII-
TOTUYECKUE OIEHKU.

Sergeev S. S. Smarandache ceil function over Z[i]. We use analytic method to
study the arithmetic properties of the Smarandache ceil function Si(w) and its dual Sk(w)
over the ring of Gaussian integers Z[i]. Constructed asymptotic formula summatory func-
tions for Smarandache ceil function Sx(w) in sector and for its dual Sk(w).

Key words: Smarandache ceil function, dual function to Smarandache ceil function, asymp-
totic estimates.

INTRODUCTION. For any fixed positive integer k > 2, the Smarandache ceil func-
tion of order k were introduced by F. Smarandache [9] and has the following definition.

Sk(n) = min {m € N: m/m*} ,vn € N
The dual function of Sk(n) is defined as

Si(n) = maz {m € N:mF|n} ,vn e N

There are many papers on the Smarandache ceil function and its dual. Ding
Liping [4] studied the mean value properties of the Smarandache ceil function S (n),
and obtained a sharp asymptotic formula for it. Xiaoyan Li [11] adn P. Varbanets
and S. Kirabt [10] estimated an error term in asymptotic formulae for the mean value
of the Smarandache dual function Sy (n).

In this paper, we use the analytic method to study the arithmetic properties of
the Smarandache ceil function and its dual over the ring of Gaussian integers Z[i].

NoTATION. For « € Z[i] we define

Sk(a) := min {N(w)7w € Z[i],0 < argw < g : a\wk},
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Si(a) := max {N(w),w € Z[1],0 < argw < g : wk|a} .

Its easy to check that functions are multiplicative. Also we use some common nota-
tions sush as Z[i] for a ring of Gaussian integers, a € Z[i], &« = a+ bi, N(a) = a® + b?,
&(s) — Hecke’s zetta-function, L(s,x4) — Dirichlet L-function with non-principal
character x4, I'(z) — totient gamma function, O, << — Vinogradov’s symbol,
>", (IT") — sum (or product) over unassociated Gaussian integers.

AUXILIARY ARGUMENTS. Let m € Z,s € C. Consider Hecke’s Z-function defined
in half-plane Res > 1 by absolutely convergent series

Zm(s) _ Z *e4miarng(w)fs7
w

symbol * means summarizing over not-associated Gaussian integers w # 0.

Lemma 1. Hecke’s Z-function allow analytic extension over all complex s-plane
and is integer function, if m # 0, and on m = 0 Zy(s)C(s)L(s, x4), where ((s) is
Riemann zeta-function, L(s, x4) — Dirichlet L-function with non-principal character
x4 modulo 4. Moreover we have the following functional equation

7T (2lm| 4+ 8) Zm(s) = 77T (2lm| + 1 — 5) Z_pn (1 — s).
Lemma 2. We have the following estimates
1o
(i) Zpn(s) << (m?+12)2 "log*(m? + 12 +3),s = 0 + i,

(i) Zm(3 +it) << (m?+ 12+ 3)5 log*(m? + > + 3),
T
(iii) [ |Zm (3+6 +it)}2dt << (T +|m|) (log (T + |m|))*,a > 0 — const
-T

if 8 is real and |8 < (log([t| + |m| +3)~".

Proof. For the proof of (i) we can use functional equestion for Z,,(s), apply
Stirling formulae for I'(z) and Phragmen-Lindeloef principle (using trivial estimation
for Zu (1+ ez +t) << log (T + m|) and Z (~ gy + ) << (m? +
2+ 3)z2 log*(m? + 2 + 3).

Equation (ii) proved by P. Kaufman [7], and estimation (iii) was obtained in the
work on M. D. Coleman [3].

Lemma 3. ([2]). There are absolute constants c; > 0 and ¢p,0 < ¢y < 1 so0 in
area
Res > 1 — c(log(t? + m? + 3))™

Zm(8) #£ 0. Moreover in that area we have the estimate

(Zm(5)) ! << log? (m? +* +3).
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Lemma 4. Let f(a) be an arbitrary function on (Z)[i], and let F C Z[i] be any
set. Then every M > 1 and 0 < 1 < w2 < 5 we have

S f0) =(pr—o) ¥ f(a)+0(A14 5 f<a>|)+

acF aEF aEF

p1 Sarga < p2
Proof. This statement is analogue on Vinogradov’s lemma. See [1].

Z f(a)eélmi arg o

aeF

+0 ((@2 —p1) >

0<|m|<M

MAIN REsuULTS. In view of the obvious inequalities
Se(p™) < N(p™), Sk(p™) < N(p™)*,

where p - Gaussian integer, m € N, and because of Si(a) and Si(«) are multiplicative,
we easily get in half-plane Res > 2

Z «  Sp(w)etmiarsew

NE@r T
« 2 k k41
pdmiarg p pdmiarg p gdmiargp gdmiargp
=1 (14 et + e o+ Sy + R ) =
. gdmiargp 4nndr5p e47rudrgpk 1 1
= Ir (1 (14 i + o *“'*W)X W
gdmiargp gdmiarg ph+1
N(p) s—1 N(p)(k+l)s 2 +
Z,

o m (s—1)Zyn (ks— 1)G'E7]§)( ): Zom (s)Z (ks— I)H(k)( )

Zm(25—2) Zm (ks)

where Ggf) and Hy(,]f) are functions defined by Dirichlet series and absolutely conver-
gent in half-plane Res > %.

Sp(w)edmiaEe 7 ()7, (ks — 1)
> Ny Znks) 2)

w

Relation (1) allows to prove next theorem.

Theorem 1. Let 0 < 1 < o < 5. Then for allk =2,3,... we have asymptotic
formulae

Z Sk(w) = cx(w2—p1)z*+0 (am (log x) )—l—O ((gog — (pl)x2(loga:)*a1) , (3)
w € Z[i]
p1 < argw < @2
N(w) <z

T Zo(2k —1) ( 1— N(p)~2(-1D )
where a; > 0, ¢ —I]* 1+ .
R B 7T N A (RS Iy
This asymptotic formula is non-trivial if

Y2 — 1 >> x_%(logx)b, b>5.
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Proof. For m = 0 using (1) and Peron’s formula we obtain for ¢ > 2,7 > 1

c+iT
N 1 Zo(s—1) (k) ¢
N(%:q Sew) =55 ‘ ZO(()2(5—1))H)€ (s ) ds+0 (T(c—2)>' “)

c—1

We replace segment {Res = ¢, |Ims| < T} with polygon consisting of 2 horizontal
parts

3 C1
Il_{2_10g(712—|—7n2)00§R68§c71m8_T}7
3 C1
IQ—{2—WSRGSSC,ITT'LS—_T},
and one vertical
3 C1
To=<Res=—-————-——————T<I <T
0 { €S 5 log(T2+m2)007 S Ims s }a

where cg, ¢; are constants from lemma 5.
Now using residue theorem

c+iT
1 Zo(s (k) \z® Zo(s=1)  77(k)
2mi f Zo (25— 1))H (5)5ds = 55 <f f + f) Zota=in Ho  (s)ds+ )

+res (%H(k) z ) =L -+ + res (%Hék)@)%) :
So from (4)-(5) and using lemmas 2 and 3, we found

Z *Sp(w) = cpa® + O _* V4o (z%_é(logT)“"’l) . (6)
T(c—2)
N(w)<=z
Setting ¢ = 2 + ﬁ, T=ux2,0= 210gT we immediately have
Z * =t + 0 (x%(logx)m) .
N(w)<z
For m # 0 using similar considerations we have that
* dmiargw _ x° 376 a+1
3 Si(w)e o (T(C — 2)) +0 (a4 (log(T + Im])**") (1)
N(w)<z
with 6 =

c)
2log(T+|m]|)
Using lemma 4 and (6) and (7) we finish proof of theorem 1 considering M =
T(logT)~ @, T = z2. . |
Now we are ready to explore function Sy (w)

Theorem 2. Let x — oco. Then for k= 2,3,... we have

Se(x) = > "Si(w) = Ap(z) + Ax(x) (8)

N(w)<z
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where
- 2o(2 2. B
T?%(L(ZXAL)) aclogx-}-m(l_i_ z)((z))"f—T’y), L — o
7Z0(2) ©Zo(2) 2 ]
BN S el
ZoO(Ellz + 1620(22) xz, b4
2o 1 -
“Zo(2k) D k—5

(log )3, k=2
(log )4, k=3
emcallog®)™ = >4

3
1
1
2
1
2

co > 0,0 < c3 <1 — absolute constants.
Proof Lets use equality (2) with m = 0. For Res > 1 we have

*S'k(w)s _ Z()(S)Zo(ks — 1) i
N(w) Zo(ks) '

w
Function F5(s) has a pole in s = 1 and in zeros of function Zy(2s). For k > 2
singular points will be s = 1,5 = % and zeros of Zy(ks). Therefore further we will
distinguish 4 cases k =2,k =3,k =4 and k > 5.
For the k = 2 case point s = 1 is double pole and therefore using Peron’s formulae
([8], application, theorem 3.1) we get
c+iT
* G _ Zo(s)Zo(25-1)  a* 1 Zo(s)Zo(25-1)  a°
S * Sk (w) = ggsl (% . %) + ﬁc,fﬁ % . %der

N(wu)) <z 9)

c>3.T>1.
Lets move path of integration on line Res = % and take into account that on
segment [¢t| < T of this line

Zyt(2s) = 7, " (Z’ + 2it> << 1

Moreover using Cauchy—Schwarz inequality

[ Z(9)Z(25—1) ’ z 2
0 0 s — x° 3

1 Z _

/ Zo (25) ds <<z < +zt) ( ) .
T 1 1

i/T
P dt 4 1 \|*at
<< x4 £ —|— it +zt X4 . & §+21t -
1

4
dt
7 <<zt log® T.

s

(10)

=

=
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Further, given that Zy(s) = &(s)L(s, xa) we easily discover

- 4 (S)Z (25 — 1) s 3 .
5 <OZOO(25) : S) 16 (L(2,x4))” zlogz+

6 Zy2) 7%y
1
IR ( T2 T e )
where v — Euler constant.

From (9)—(11) we get theorem for k = 2.
In case k = 3 we move path of integration on the line Res = % wherein we move
through 2 poles in points s = 1 and s = 2.

s=

(11)

3
Reasoning similar to the above gives
Ss(z) = ey (% : L) + res (% : L) +
Ltit) Zo(3+3it) | .3
T Zo(3+3zt) 2dt> T (12)
“lz (a+zT)Z Bo+iT) | «° c
0 0 xz x
+ er Zo(2£34T) pdo | +0 <T(c—2)>
2

And so using estimates of four moments of the £(s) and L(s, x4) on the half-plane
(see [Montgomeri]) leads to the asymptotic formulae

7TZO(2) 7TZO (%)

S () = Zo3) " T 12Z0(2)

2540 (x%(logx)‘l) . (13)

If k = 4 then integrand has 2 simple poles in points s = 1 and s = % and pole in
zeros of Zy(2s) places to the left of s = %

We move path of integration in a region free of zeros Zy(2s) namely on the line
1
Res = 3~ fc (log(T2 + 1))60

Then we obtain

), | <)
Zo(4) 16Z0(2)

Sy(x) = 240 (x%e_”(logz)cg) . (14)

Finally for k > 5 lets take same path as in case k = 4. This leads to asymptotic
formulae

_ wZo(k —1) 1 ey(log)©e
- . 1
Sk(x) - 2h) x+0(w2e ) (15)
Relations (13)-(15) proves our theorem. [ |

Proof of the Theorem 1 shows that using Theorem 2 we can obtain asymptotic
formula for the distribution of values of the function Si(w) in narrow sectors N(w) <
T, 01 < argw < g, o — 1 >> 1~ % (logx)*, where ag = %,ak = %,k =3,4,...

CoONCLUSION. In our work we use analytic method to study the arithmetic prop-
erties of the Smarandache ceil function Sj(w) and its dual Si(w) over the ring of
Gaussian integers Z[i]. An asymptotic formula for summatory functions for Smaran-
dache ceil function Si(w) in sector and for its dual S(w) is obtained.
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