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Bapb6anenp C. II. IHBepcHUiT KOHIpyeHIIAIbHUI reHepaTop 3a MO/AYJIEM CTe-
IeHd [IpocToro. Po3rnamaeTbesa y3araabHEHUN IHBEPCHUM KOHTPYEHTHU T€HEPATOP, TKU
MMOPO/IKY€E TTOCTIIOBHICTh TICEBIOBUMNIAAKOBUX YNCea. DByIyIOThCs OIIHKY €KCIIOHEHITATbHIX
CyM Ha, TaKWX TOCTiAOBHOCTaX. OTpuMaHi HeTpUBIAJIbHI TPAHUIN AJd (DYHKIN YXWICHHS
S-MIpHUX TOYOK BiJT PIBHOMIPDHOTO PO3IOILTY.

Kuarmo4oBi ciioBa: iHBepCHMII KOHI'DYEHTHUN I'e€HEPATOp, AUCKPENAHCisl, IICEBIOBHIIAIKOB1
4HCIIa, €KCIIOHEHIAIbHI CYMU.

Bapb6anerr C. II. UuBepcHbIi1 KOHTPYEHIINAJIbHBIN I'eHepaTop Mo MOAYJIIO cTe-
meHu mpocToro. PaccvmarpuBaercsi 06001MIeHHBINT MHBEPCHDBIM KOHTPYIHTHBIM T€HEPaTOp,
MMOPOXK JAIOIIUI TTOC/IEI0BATEIHLHOCTD IICEBIOCTYdaiHbIX ducesi. CTPOSTCS OIEHKN SKCITOHEH-
OUAJHGHBIX CYyMM Ha TAKHUX MOCIEA0BATE/NHHOCTSX. [lo/ydeHsl HeTpuBra/IbHbIE TPAHUITHL JTs
(QYHKIUN YKIIOHEHUST S-MEPHBIX TOYEK OT PABHOMEDPHOT'O PACIIPEIETCHUS.

KuaroueBbie cjioBa: HMHBEPCHBIA KOHI'DYIHTHBIN I€HEPATOP, JUCKPEIAHCHS, IICEBIOCIIY daki-
HBIE 9HC/IA, €KCITOHEHIINAJIHLHBIE CYMMBI.

Varbanets S. P. Inversive congruential generator with prime power modulus.
Consider the generalized inversive congruential generator which generates the sequence of
pseudorandom numbers. Construct estimates of the exponential sums on these sequence.
Obtain nontrivial bounds for the discrepancy s-dimensional vectors from the uniform distri-
bution.

Key words: inversive congruential generator, discrepancy, pseudorandom numbers, expo-
nential sums.

INTRODUCTION. Nonlinear methods of generating uniform pseudorandom num-
bers in the interval [0,1) have been introduced and studied during the last twenty
years. The development of this attractive fields of research is described in the sur-
vey articles (|2, 6, 7, 13, 14, 16, 17, 18|]) and in Niederreiter’s monograph [18]. A
particularly promising approach is the inversive congruential method. The gener-
ated sequences of pseudorandom numbers have nice equidistribution and statistical
independence (unpredictability) properties ([3, 4, 13]|). Four types of inversive con-
gruential generators can be distinguished, depending on whether the modulus is a
prime ([1, 7, 15]), an odd prime power(|20, 21, 22|), a power of two([8, 11]) or a
product of distinct prime numbers([5, 12]).

In the case of an odd prime-power modulus the inversive congruential generator
is defined in the following way:

Let p be a prime, p > 3, n be a natural number, n > 2. For given a,b € Z, (a,p) =1,
b = 0(mod p), we take an initial value wy = w € Z, (w,p) = 1, and then the recurrence
relation

Wi+1 = awy, ' + b(mod p™) (1)
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generates a sequence wy,wi, ..., which we call the inversive congruential sequence
modulo p™.
It is clear that the numbers <2, ;—,{, ... belong to the interval [0,1) and form a

sequence of inversive congruential pseudorandom numbers with modulus p”.
Such method of pseudorandom number generation was introduced in [10]. In practice,
one works with a large power p™ of a small prime p. Surveys of results of inversive
congruential pseudorandom numbers see in [9], [15], [17].

For the investigation of equidistribution and statistical independence of the se-

quence {%}, k > 0, we shall apply upper and lower bounds for the exponential

sums

N—1
SW(hy,... ha) =Y epn(lwg + -+ + hqwgya—1), (d=1,1,...), (2)
k=0
where N < 7, 7 is a least period length of the sequence wp, w1, ... considered modulo

pn, (hla"' 7hd) € Zdv (hlu"' 7hd) 750 € A
The sums S%(hy,. .., hq) are considered in [20, 22].

The present paper deals with some generalization of the inversive congruential
sequence from (1) in such sense that we substitute a fixed shift b in (1) by a variable
shift bk+1 =b + (]{3 + 1)ka.

And now we consider the generator

wi1 = awy '+ b+ (k + 1)cwy (mod p™)

Notations. The letter p denotes a prime number, p > 3. For n € N the notation
R, (accordingly, R}) denotes the complete(accordingly, reduced) system of residues
modulo p". We write ged(a,b) = (a,b) to note the greatest common divisor of a and
b. For z € Z, (z,p) = 1let z~! be the multiplicative inverse of a modulo p". We write
vp(A) = a if p®|A, p®T! fA. For real t and natural g, the abbreviation e,(t) = 2
is used and u - v stands for the standard inner product u,v € R¢.

In the sequel we shall apply the following statements.

Lemma 1. Let g > 1 be a natural number, a € Z. Then
g—1 .
262772'% _ [ a ifdla,

0 if qfa.

Lemma 2. Let p > 3 be a prime, n € Nyn > 2 and let f(z) = Ajz + Asx®+
+p(Asx® + ---) be a polynomial over 7, moreover, (Ay, As,p) = 1. Then

Z e2ﬂ'ifp(§) :{ On Zf (Alap) = ]-7 p|A27
e R pz Zf (Azap) =1L

These lemmas are well-known.

Let f(z) = Aiz + Asx? + p(A32® + ---) and g(z) = Bix + p(B22? + --+) be
polynomials over Z, and let v,(As) =v > 0, vp,(4;) > v, j=3,4,...; (B1,p) = 1.

Then using the estimates of the Kloosterman sums and Lemma 2 in[23] we proved
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Lemma 3. Forv <n, n > 2, the following estimates

n4v
ol | | p2 if vp(Ar) >, 3
wg}; © 7 _{ 0 else, (3)
. f(= z— 1 n
Y T <t @

TER}

hold.

Let us consider the transformation ¥, defined on R} :

a

ierr(w) = ¥ (w)

+ b+ (k+ 1ewg (mod p™), k=0,1,2,..., (5)

where p is a prime number, n € N, n > 3; a,b,c € Z, (a,p) = 1, b = ¢ = 0(mod p),
vp(b) < vp(c), w € R, ¥o(w) = w.

In subsequent we shall write Wy (w) = wy, wg = w is the initial value. The sequence
{wr} defined by (5) can be considered as the generalization of the inversive congruen-
tial sequence {uy}, which has been studied H. Niederreiter and I. Shparlinski([20]), S.
Varbanets(|22, 23|), P. Varbanets and S. Varbanets ([24]). In order to show that the
sequence wy, is defined by the parameters a, b, ¢, w we shall denote it as Q(w, a, b, ¢; p™).
We shall obtain two representations for wy € Q(w, a, b, ¢; p™):

the representation of wy, as a polynomial on k modulo p", wy = f,(k),

the representation of wy, as a polynomial on w and w=! modulo p*, wy = Fy(w,w™1).

Lemma 4. Let Uy, be the transformation defined by (5) and let ¢ = 0(mod p™),
r > 1. Then for k=0,1,2,...

(i) the transformation is a permutation of R},

A(()k)+Agk)w+.”+A£k)wr

(i6) Wi (w) = wy BF+B® ot B®

(mod p")

where the following congruences mod p¥, v = min (=3v,u+v), v = v,(b) < v,(c) =
= u, hold:

AP L APR oy AR 7

Uor(w) = - :
2k( ) B(()Qk)+B§2k)w+Bé2k)w2+.“+BT(12k)wT ’

Cé%+1)+c£2k+1)w+c,é2k+1)w2+m+c£2k)wr

. w) =
2k+1( ) D82k+1)+D§zk+1)w+m_~_D£Qk)wr ’
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/

APY = kakb, APF) = ok 4 kA8,
B = ot + BV, BPY = kot
Bézk) = ka*l¢;

C(2k+1) — gkt 4 6(()2k+1)52,

| ¢ (7)
Cl(2k:+1) = (k + 1)a"b,
C§2k+1) — (k + l)akc;
D(()Qk—i—l) — k(lkb,
| DY = ok 4 kake + DUV p2,
ASP = 0(mod ¢f), AGP = 0(mod bet),
Béiﬁ)l = 0(mod bct™1), ng) = 0(mod ct), ®)

C’éiﬂrl) = 0(mod bct=1), C’é?kJrl) = 0(mod c*),
DD = AP =23, ..

The proof of this lemma is similar to proof of Lemma 4 ([25]).
Cosequence 1. For k=0,1,2,... we have

wa = (kea +p7f0(k))w_1 + (kb+ Agp”) + (1 + f1(k5)b2)w +
+ (=ka™ o+ pY fo(k)w® + f3()p'e’ +p  Fk,w,w™)
warr1 = p g0 (k) + (2k + Dew + (a + g1 (k)p)w ™" +
+p Gk, w,w™!)
where
F(u,v,w),G(u,v,w) € Ry[u,v,w], fi1,f2, f3 € Ry[k], § = min (2v, u).
Cosequence 2. For any w € Ry, we have
wor = w~+ k(acw™ +b—a"1bw? + p° A (w,w™)) +
+ k2 (—a 0w + a 20w +atew(l — w?) + pY A (w,w™h)) +
+p k> Az (k, 0,0
wopt1 = (aw™ 4+ b+ cw) +
+ k(1 —aw™?) + cw 1 2w? —a?) + "By (w,w™h)) +
+k? (2bc(1 — a 'w?) 4+ 2ac’w™! + 071 — a” W)+
+c(1 — w?) + p" By (w, w_l)) + p k*Bs(k,w,w™ ),
where A;, B; € Ry[w,w™], A3, B3 € Ry[k,w,w™t].

Cosequence 3. Let 7 be the period length of Qw,a,b,c;p™) and vy(b) = v,
vp(c) = pu > v.

(A) If a # w*(mod p), then T = 2p"~",
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(B) If 0 < vp(a — w?) =n < v, then T =2p" V"1,
(C) In other cases: T < 2p"~ V7.

MAIN REsSULTS. Well-known that we can make the conclusion on a character of
distribution of arbitrary sequence {x, }, x,, € [0, 1) by an estimation of the exponential
sum

N—1
Z e2™imen (N — 00) (9)
n=0

where m is any non-zero integer.
Thus first we obtain the estimates of certain exponential sums over the inversive
congruential sequence which was defined (5).
For hy,hy € Z we denote

oe(hi ha) = Y epm(hiwy + howr) (10)

weR?,
Here we consider wy,, wy as a function at w generated by (5).

Theorem 1. Let hy,hy € Z, (hy,hs,p™) = p®,s < n, hy = h{p®, hy = h)p?,
(W, hS,p) = 1, (b1 + ho,p") = pt, t > s, (Kk + h3L,p"~%) = p*. The following
estimates

|ok,e(h1, ha)| <

(0, ift#k+v,

and min (t,k +v) <n—s—v,
< 2pUTEE . ift=k—tv (11)
andn —v—s—1t>0,

L " p—1), if min(t,k+v)>n—s—vr.
hold.

Proof. Put n; = n—s. First, let k, £ be non-negative integers of different parity,
for example, k := 2k, £ := 2/ + 1. By Cosequence 1 from Lemma 4 we obtain

Rwar + hwaer1 = (Ao + A1w + Asw® + Azw® + bPw'H(w)) +
+(Aw '+ Aw P + A sw? + P IG(w ) = (12)
=F(w,w™),

where
Ay = h)(mod p*), Ay = —kba" kY (mod p* )

A_y = ahd(mod p*), A_s = hSalb(mod p**) (13)
As = A_3 =0(mod p*™)

Weput w=u+p" 1z,uc Ry, _1,z€R.

Then we have

wt =ut = p"u?2(mod ph)

W =+ jp" i 2 (mod p™)

w i =u — jp" Iy (mod p™)
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Therefore we can write

(h?wgk + hgwgg“) = (F (u,uil) +

14
+ (h(f - hgau_2) p”lz) (mod p™) (14
Hence, from (10), (14) and Lemma 1 we get
o, (b, ho)| = p*+ Y. em (Fluu)) <
ueER,
hu?=nJa(mod p) (15)
<o | S e (B ()],
wehy _,

where Fy(u,u™1) is a polynomial of the same type as F(u,u!).

Continuing we obtain the assertion of the Lemma for k& # ¢(mod 2).

Now, let k and £ be integers of identical parity. Then for k := 2k, £ := 2{, we
have modulo p™*

(hwar + hSwar) = By + Biw + Bow? + Baw?® + wiBy(w) := F(w), (16)

where
By = hY + Ay + pBj,
By = a 'b(hVk + h3¢) + p*” B,
Bz = (a72b* — a7 te)(hOk? + h90?) + p3 BS,
By(w) = p? T Bj(w),

moreover the coefficients of B)(w)(as a polynomial on w) contain multipliers of type
hki+h3¢7, i > 0, and B}, B}, B} consist out of the summand of type ¢ (h1k/ + Hol7),
c € 7.

It will be observed that hYk? +h3¢/ = 0(mod pt), j = 2,3,... ,if v, (K9 +hY) =
= vp(hk + h3¢) = t. (Indeed, we have hQkJ + W3¢/ = (ROkI~1 + A3LI~1)(k + €)—
—kl(h1k7=2 + h9¢772), and then we apply an induction over j).

Now, as above we infer

(hYway + hyw2l) = F(u) 4+ p™ " 2(B1 + 2Bsu)(mod p™)

Hence, by Lemma 1 and Lemma 3 we obtain easily

0, ift#Zk+v, min(t,k+v)<n-—s—v,
loke(h, ho)| < & 2p™ 3 ift=k+vandn—v—s—1t>0,
p"lp—-1), if mn({t,k+v)>n—s—v.

For k = ¢ = 1(mod 2) we have the analogous estimates.
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Theorem 2. Let hl,hg,hg S Z, (hl,hg,hg,pn) = pd,d S n, hl = hgpd, 1 =
= 1,2,3, (hY,h3,h3,p) = 1, and let (hy + ha + h3,p") = p', t > d, (h{k + h3l+
+h3m,p"~?) = p~. Then we have

lok,e.m (h1, ha, h3)| <

(0, ift#£Kk+v
and min (t,k +v) <n—d—v,
<< 2ptTEFT . ft=k—tu (17)

andn—v—d—1t>0,

L " (p—1), if min(t,k+v)>n—s—v.

if in the middle of k, £, m are numbers of opposite parity.

Proof. The estimate of the sum oy, ¢ (h1, h2, hs) can be obtain by similar argu-
ments which we used for the case o ¢(h1,h2) when k and £ are of opposite parity.

O

Let h be integer, (h,p") = p®, 0 < s < n, and let 7 be a least period length of
the sequence {wr} , k=0,1,2,..., defined in (5). For 1 < N < 7 we denote

N—

Sn(h,w) = epn (hwy). (18)

k=0

[ay

We shall obtain the bound for Sy (h,w).

Theorem 3. Let the inversive congruential sequence {w} has the maximal pe-
riod T, T = 2p""Y and let 2v < pu. Then the following bound

T—1
0 21fr+s<n
|S:(h,w)| = I;)epn(hwk) g{ - l; Vs >n, (19)

holds.

Proof. By Cosequence 3 from Lemma 4 we conclude that (a — w?,p) = (1—
—aw™2,p) = 1. By Cosequence 1 from Lemma 4 we obtain

n—v

prT-1 p

|57 (h,w)| = Z epn (hwy,) + Z epn (hwy) | <
k1=0 k1=0
k=2k; k=2ky+1

n—v_l

(20)

n—v

ptT7-1 p

> e (hF(R))|[+| Y. epn(hG(kr))

k1=0 k1=0

n—l/_l

AN
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where

{ wor = w+ Ay (W)k + Az (w)k? + As(w, k)E® .= F(k), (21)

wWors1 = (aw™ + b+ cw) + By (w)k + Ba(w)k? + Bz (w, k)k® .= G(k),

A1) = b1 ~ a=k?) (mod 1),

Az (w) = —a 1V%w + acw(1 — w?)(mod p7),
Ag(w, k) = O(mod p),

Bi(w) = b(1 — aw™?) 4 2cw — cw™ (mod p7),
Bs(w) = c(w — w™)(mod p7),

Bs(w, k) = 0(mod p7).

We recall that (a,p) =1, b = bop”, ¢ = cop*, h = hop®, (bo,p) = (co,p) = (ho,p) = 1,
~v = min (3v,v + u).
Now Lemma 1 gives

0, ifrv+s<n [0, ifv+s<n
pvVs, ifv+s>n | 1, ifv+s>n.

O

Theorem 4. Let {wy} be the sequence generated by the recurrent formula (5)
and let 0 < vy(a — w?) < min (3v, ), 2v < p. Then the sequence {wy} has a least
period T < 2p™~Y, and the following bound

(0, if 0<vpla—w?)<v
and vy(a —w?) <n—v—s,
T, if 0<vpla—w?)<v
1S, (h,w)| < < and vy(a —w?) >n—v — s, (22)
4p#, if vpla—w?) >vand 2v+ s <n,
L T, if vpla—w?) >vand 2v+ s> n,

holds.

Proof. The proof of this assertion can be obtained similarly as Theorem 2 by
Lemma 3.

O

Cosequence 4. Let {wy} be the sequence generator by recurrent formula (5)
with a least period length T and let 0 < v,(a — w?) < v, 2v < pu, vy(h) = s. Then for
0 < N <71 we have

N always,
|Sn (h,w)| < op™ <ﬂ+l"£) if v+s<n.

T P
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Proof. We shall estimate Sy (h,w) by using an estimate for uncomplete

through an estimate of complete sum.

We have
I e
Sxlhe)l =| T 1S T epnunler(a <k—z>>\ <
T—1 =0 ZT_$1: — hw
N 27m "—f—’”
S? =0 (hOJk) ;mll’l (z,7—x) ; ( >‘§
N 1 371 <1>j(k)
< _‘SN( )’+ E mln(:c,r x) 2 2
where
(k)= APk + APR + -+, j=0,1; h=hop®, (ho,p) = 1

Aﬁo) (x) = hbo(1 —alw 2) + (mod p’Te),
Agl)(:ﬂ) = hbo(1 — aw™2) + x (mod p**%),
A(2]) = ( ) +1h0a 2b2 3 I/+S (mod p2u—|—s): ] — 07 1’
Al =0 (mod p**%), i = 3,4,... ;7 =0,1.
From (24) and Lemma 3 we conclude that the sums

T7—1 @ (k)

>

k=0

) (j:Oal)

allow nontrivial estimate only in the case when
Ago) (x) =0(p") or Agl)(x) = 0 (mod p")

It may occur only if z = 0 (mod p®).
Therefore, from (23)-(25), Lemma 3 and Theorems 1-2 we derive

[Sn(h,w)| =N if n<v+s;
IN

1S (h,w)] < XS, (h,w) = ifv+s<n.

This complete the proof of Cosequence

sums

(23)

(24)

(25)

O

In the following theorem we obtain an upper bound for the average value of the

sum Sy (h,w) of the initial value w € R, .

Theorem 5. Let a,b,c be parameters of the inversive congruential sequence (5)

which satisfy the conditions
(a,p) =1, 0> v =1r,(b), 2v < p=vp(c).

Then the average value of the Sy(h,w) over w € R}, satisfies

Sn(h) =

s—v

1 e
- |Sn(h,w)| < 3Np~
o(p )w% N
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Proof. By the Cauchy-Schwarz inequality we obtain

— . 1
Sn(h)|? Sn(h,w)]? =
[Sn(h)|” < ) w§;| ~ (h,w)|
1 N-—-1
= = (h —
o(p™) HZ:(M;: epn (h(wr — we)) <
1 n N-1
h
= 507 ;0 k;() |o,¢(R)]
k=¢(mod p")

1 /n—l/—s—l ottt n
S| X 7T X e Y o T oals
p \ t=0 k<N t=n—v—s kAN
k={(mod p*) k={(mod p*)
N2 n+v4s—t n ¢
S IR e M
t=n—v—s—1 t=n—v—s

n—v

From this we obtain for any N < 2p

n v n—s—v

%-}p_#) S?,Np_ 1

Sw(h) <2N (p~
O

Now we shall apply the obtained estimates to study of uniformity and indepen-
dence of the sequence {z;} , k =0,1,2,... which are generated by recursion (5).
Equidistribution and statistical independence properties (unpredictability) of uni-
form pseudorandom numbers can be analyzed based of the discrepancy of certain
point sets in [0,1)°. For N arbitrary points tg, t1,... ,ty—1 € [0,1)?, the discrepancy
is defined by
An(I)
N

D(to,t,... ,tny_1) = sup
I

—

: (26)

where the supremum is extended over all subintervals I of [0,1)°, Ax () is the number
of points among tg,t;,...,ty_;1 falling into I, and |I| denotes the d-dimensional
volume 1.

The little value of a discrepancy means that the sequence zj is uniformly dis-
tributed random sequence. The second fundamental statistical property of pseudo-
random numbers {z} is independence. In order this fact determine we derive a
sequence xg,Z1,T2,... of points in [0,1]%, (s = 1,2,3,...) by putting

Xn:i=(Zn,... ,xnes_1) ("overlapping s — tuples”)
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or
Xn = (Tns, Tnsst -+ s Tnsis—1) ('monoverlapping s — tuples”)

There is no strict rule of how to construct those s-tuples. If the pseudorandom
numbers zg, z1, T2, ... are independent from each other, then the points X7, X5,
X3, ... should be approximately uniformly distributed in [0, 1]*.

For study the discrepancy of points usually use the following lemmas.
For integers ¢ > 2 and s > 1, let Cs(d) denote the set of all nonzero lattice points
(hi,...,hs) € Z° with =2 < h; < 1,1 < j <s. We define

and
r(h,q) = [[r(hj, @) for h=(h,... ,hy) € Ci(g).
=1

Lemma 5. Let N > 1 and q > 2 be integers. For N arbitrary points tg,t, ...,
tn_1 € [0,1)%, the discrepancy D(to,t1,... ,tn_1) satisfies

N-1
s s 1 1
DEV)(thtla---atN—l)S_‘l'_ Z Ze(h'fn) :
¢ N o= rha) |2
() n=0

(Proof see in [17]).

Lemma 6. Let {n}, v, € {0,1,...,9—1}%, is a purely periodic sequence with a
period 7. Then for the discrepancy of the points t;, = % €0,1)*, k=0,1,... ,N—1;
N < 7, the following estimate

(s) ) 1 -1 -1
Dy (to,t1, ... ,ty—1) < a‘l'ﬁ Z Z r=(b,q)r™" (ho,7) - ||
hels(a) hoe(—3,5]

holds,
where

T—1
kho
G = -t —).
kz:;f(h k+ T)

This assertion follows from Lemma 1 and from an estimate of uncomplete expo-
nential sum through complete exponential sum.

Lemma 7. The discrepancy of N arbitrary points to,t,... ,tny—1 € [0,1)% sat-
isfies
N—1

Z e(h-t,)

n=0

™

IN((x+1)f — 1) _11 max (1, |h;))

Dﬁ)(%7t17 7tN—1) 2

for any nonzero lattice point ) = (hy,... ,hs) € Z%, where € denotes the number of
nonzero coordinates of b.
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(Proof see[16], Lemma 1).

Lemma 8. Let g > 2 be an integer. Then

heCs(q)
h=0(mod v)

for any divisor v of ¢ with 1 <wv < q.

Theorem 6. Let p > 2 be a prime and n, a, b, ¢ and w be integers, n > 3,
(a,p) = (w,p) = 1, 0 < ,(b) < v,(c), a Z w?(mod p). Then for the sequence {zy},
Ty = :—,’j, k=0,1,..., where wy defined by the recursion (5), we have

n—

1 2p"° (1 /2 7\>
D 1)< — -1 =1 R 1 2
N(®o,21,... ;aN—1) < o TN (p (ﬁ ogp + 5) + )7 (27)

where 1 < N < 7, and 7 is the least period length for {w;}.

Proof. Since a #Z w?(mod p) and 0 < 2v,(b) < vy(c) we get that the se-
quence {wr}, £k = 0,1,..., has the period 7, 7 = 2p"", v = v,(b). Let Dy :=
= Dn(z0,21,... ,ZN—_1)- Hence, by Lemma 7 (for d = 1) we have

1 1 1., !
Dy < T t Z Z (r (h, 5P ) r(hO,T)) X

0<|h|<zp™* |ho| <37

-1 ha kh
x 2627”( e+ 0) <
k=0
1 1 1 !
< sty (r (h, ipn_”> T (h0,7)> X
h,h
pn*u_l i hwop khq pnﬁu_l S 2k+1 khg
X e 71'7,( " +p"*”) + Z e 7”( er"*“)
k=0 k=0

Applying Cosequence 1 from Lemma 5 and Lemma 3 we obtain easily that

n—v

1 2p P 1/2 7 ?
D L an_1) < S Zlogpt+ o) +1 28
N($07x17 y TN 1) — pn—y + N <p <7T o8P + 5) * ) ( )

|

Consider the inversive congruential sequence {wy} with the conditions of Theorem 5
and organize the new sequence {y }, where ny € Z°, d € N, 9, = (W, Wrt1,--- ,Ws—1)-
The statistical independence properties of the sequence are analyzed by means of the
s-dimensional serial tests(s = 2,3, ...) which employ the discrepancy of s-dimensional
vectors t;, where t, = U’“ , k=0, 1, .... We shall consider only the cases s = 2 or 3.

Let DS *) denote the dlscrepancy of points tg,t1,... ,t,_1.
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Theorem 7. The discrepancy D&S), s = 2,3 of the points constructed by inver-
sive congruential sequence (5) with the least period length T = 2p™~", satisfies

1 N/ _ 3\°
D(S) < 5 | n—v e —9.3.
N _p”*"—i_\/ﬁ—lp (w ogp +5> ;S ;

Proof. Consider only the case s = 2. In order to apply Lemma 5 we must have
an estimate for the sum

T—1 pn—v_l
Z Epn (hlwk + hzwk+1) = epn (hlw% + h2w2k+1) +
k=0 —o
pt T —1
+ Z Epn (h1WQk+1 + h2w2k+2) = Z + Z)
k=0 N 5

say.
By Cosequence 2 of Lemma 4 we get

hiwag + hawap11 = (hlw + ha(b+ cw + aw_l)) +
+k(hi(b(1 —a 'w?) +acw™) +
+ ha(b(1 — aw™?) + cw™ 1 (2w? — a?))) +
+ k2 (h (e 20%w? + a tew(l — w?) —a 'bPw) +
+ hy(—a"te —wle + 021 — a *w?))) (mod p°**)
where 0 = min (3v, ), £ = v,((h1, he,p™)).
Since the congruences

hi(b(1 —a 'w?) +acw™) +
+ ha(b(1 — aw™2) + cw ™1 (2w? — a?)) = 0 (mod p*T*+1)

hi(a ?b*w® +a tew(l — w?) —a thw) +

+ ho(—a"te—wle+ 03 (1 — a 1w?)) = 0 (mod pTv 1)

cannot be hold simultaneously (taking into account that 1 —a='w? # 0(mod p)), we
obtain (by Lemma 2):
|Z| = P if vp(h1) = vy(he) = £, hi —aw™?hy = 0(mod p”),
T 0

else
Similarly, we have
£

_[pT if vp(h1) = vp(ha) =€, by —aw™>hy = 0 (mod p),
2

else
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Now, Lemmas 5 and 8 give for ¢ = 2p"~%

2

n—rv—1
1 ¢ 1
PO < Yt Y ]
—pnv . r(hypr) |~
h€C1(p )
vp(h)={

\/I_) .pin—221/ (]_

< —lo "’”+§ 2—1— !
SN —logp

5 pn—u
The case s = 3 can be consider similarly.

In conclusion we prove the lower bound for D&S’, s=2,3,4.

Theorem 8. Let p be a prime and n, a, b, ¢ and w be integers with n
Suppose that (a,p) =1, 0 < 2u,(b) < v,(c), and a Z w?(mod p), a Z —w?(mod
Then

> 3.
pY).

1 n
pW s L reyo
= 4 +2)? .
where h, = |hy---hg| under condition hy,... hs € C1(p™), hy---hs # 0,
(hi,...,hs) =1, hy + hy = hyeaw™?(mod p*).
Proof. By the Lemma 7 for d =2, N = 2p" ™%, we have

n—IJ_l

Z epn (hlwk + howpy1 + ...+ hswk+s_1) =
k=0

1 P
p>___ -
T T 4w+ 2)pnv

1 pn—u_l
= T oNon—o Z epn (hlwgk 4+ ...+ hsLUQk+s_1) + (29)
4(m + 2)pn Pt

n—v_q

p

+ Z epn (h1w2k+1 + ...+ hsWZk—l—s) =
k=0

4(m + 2)pn—v

say.
Let (hi,... ,hs,p") =p*, hy = h9pt,i=1,...,s, (hY,... ,h%,p) = 1.
As above we can see easﬂy that the congruences for s =4

(hY + h3)(1 — aw™2) + (h3 + hy)(1 —a™'w 2)

= 0(mod p*)
(M +h))(A —atw?) + (A + hY)(1 —aw™2) =0

(mod p¥)

cannot be satisfied simultaneously if a Z w?(mod p), a Z —w?*(mod p*).
For s = 2,3 in the previous congruences it is necessary to exclude summands hs, hyg
(for s = 2) or hy (if s = 3).

We select hl, hz, hg, h4 so that (hl, hg, h3, h4,p") =1, hi+hs — (hg +h4)aw_2 =
= 0(mod p”), (h1 + hs,p) =1 for the case s = 4. A similar assortment of conditions
we can make for the cases s = 2,3. Then Lemma 2 gives

‘Zl‘ =, ‘Zz‘ =0 (30)




100 S. P. Varbanets

Hence, from (29)—(30) we infer

D@ > 1 mhp
T puiiy 4(7T+2)p * ?
where h, = min |hi- - -hgl.
hi,...,hs€C1(p™)
hi-hs#£0
(hlv"'7hs):1

h1+h35(h2+h4)aw_2(mod pY)

O

CONCLUSION. Theorems 6 and 7 show that, in general, the upper bound is
the best possible up to the logarithmic factor for any inversive congruential sequence
{(zy. .. yxpts-1)}, K =0,1,..., s = 2,3(defined by the recursion (5)), since there

1

8(7r+2)p_%+y' (Exam-

exist inversive congruential sequence {(xg, Zx+1)} with D >

ple, if aw™2 = 2(mod p¥), hy = hy = 1).
)

and p_(%_") log? p™. An analogous statement can be prove for Dg’).
Thus we can conclude that the inversive congruential sequences pass the test on
unpredictability if the parameters a, b, ¢, w satisfy conditions

Hence, on the average discrepancy DQ has an order of magnitude between p_(%_”)

(a,p) =1, 0 < 2u,(b) < vp(c), a # w?(mod p).

From the proof of the Theorem 7 it can be see that lower bound for D@ can be

prove for any s > 2. Unfortunately, the upper bound for DSS) it is a very difficult to
obtain.
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