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We consider a universe filled with perfect fluid with the constant equation of state parameter w. In the
theory of scalar perturbations, we study the effect of peculiar velocities on the gravitational potential.
For radiation with w = 1/3, we obtain the expression for the gravitational potential in the integral form.
Numerical calculation clearly demonstrates the modulation of the gravitational potential by acoustic
oscillations due to the presence of peculiar velocities. We also show that peculiar velocities affect the

gravitational potential in the case of the frustrated network of cosmic strings with w = —1/3.
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1. Introduction

Relativistic perturbation theory is a powerful tool for studying
the formation of the large-scale structure of the Universe [1-6]. To
model this process, usually, the matter is taken in the form of a
perfect fluid, and its energy density fluctuations e are the source
of scalar perturbations (in particular, the source of the gravitational
potential @) in the perturbed Einstein equations [4-6].

However, the energy-momentum tensor may depend on met-
rics (see, e.g., formula (106.4) in the textbook [7]). Therefore, the
energy density fluctuation may explicitly depend on the gravita-
tional potential. For example, in the case of a pressureless perfect
fluid in the form of discrete point-like particles and its general-
ization to the continuous case we get 8¢ = (8p + 3p®)c2, where
§p and p are the fluctuation and averaged value of the mass den-
sity, respectively [8,9]. Considering this fact, the cosmic screening
approach was proposed in [10], where the mass density fluctua-
tions §p are the source of scalar perturbations. Due to non-zero
cosmological background p # 0, the gravitational potential satis-
fies the Helmholtz-type equation and undergoes the exponential
screening at a large distance from a massive source. An additional
bonus of the cosmic screening approach is that, since the small-
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ness of the contrast density is not assumed, it is valid both on
the super-horizon and sub-horizon scales. It is worth noting that
in [4-6], the contrast of energy density of matter is considered in
hydrodynamical approximation d¢/e <« 1, which means that such
approach is valid at large cosmological scales.

Within the cosmic screening approach in [10-12], the pres-
sureless dark and baryonic matter were considered in the form
of point-like masses (e.g., galaxies and the group of galaxies). The
exact expressions for the scalar and vector perturbations in the
first order were found in [10]. They have a rather complicated
form. In [13-15], this model was generalized to the case of per-
fect fluids with linear and non-linear equations of state. It was
found a system of equations for the scalar and vector perturba-
tions. Unfortunately, the analytic expressions for them are absent,
and equations should be solved numerically.

Recently [16], it was demonstrated that calculations could be
considerably simplified if we combine both the cosmic screening
and hydrodynamical approaches. That means, first, that we still
consider the mass density fluctuations 8 as a source of the metric
perturbations, and, second, we replace the peculiar velocities vi by
the gradient of the peculiar velocity potentials ;v: (¢ + p)vi —
(€ + p)d;v, where p is the perfect fluid pressure. Such replacement
leads to an insignificant loss of accuracy. First, the peculiar veloc-
ities do not play an essential role at small scales as the sources
for the metric perturbations [10], and, second, at large scales, the
transitions to the hydrodynamical approximation is well-grounded.
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The prize for such a trick is the considerable simplification of the
form of the gravitational potential [16]. It gives a possibility to see
how peculiar velocities affect the screening length of the gravita-
tional potential at large cosmological scales. That is an important
point since the shape of the gravitational potential, in turn, affects
the formation of structures in the Universe.

It is of interest to generalize such a combined approach for
models where the matter source is different from dark matter.
Because the Universe during its evolution passes through the ra-
diation dominated stage with the equation of state parameter
w = 1/3, radiation is the most compelling case. The literature
also addresses models with various equations of state. For this
reason, we start, for generality, with a model for an arbitrary
w = const # —1/3. Then we concentrate on radiation. In con-
trast to the pure cosmic screening approach considered in [13-15],
the combined approach makes it possible to obtain in the inte-
gral form expression for the gravitational potential produced by
an individual inhomogeneity. In turn, this enables us to investi-
gate how acoustic oscillations modulate gravitational potential due
to the presence of peculiar velocities. We also discuss briefly the
exceptional case w = —1/3 (e.g., the frustrated network of cosmic
strings) and demonstrate here the effect of peculiar velocities on
the gravitational potential.

2. Setup of the model

We consider a universe filled with perfect fluid having the
equation of state

p=we, =const. (1)

For this model, the background Friedmann equation is

3H? 3H?

aiz = C—2 = K(E) N (2)
where the Hubble parameter is H = (da/dt)/a = (c/a)(d’/a) =
(c/a)H, c is the speed of light and synchronous and conformal
times are related as follows: adn = cdt. Hereafter, the prime de-
notes the derivative with respect to the conformal time (1) and
the overbar indicates the background values. The constant x =
8w Gy/c? is introduced as well (Gy is the Newtonian gravitational
constant). Since the equation of state parameter w is the constant,
background equation of state is

D= wE. (3)

Therefore, from the energy conservation equation we get

_ A

&= 3— N (4)
PEIGERD)

where A is the constant of integration. Then, integration of the
Friedman equation (2) for w # —1/3 results in a ~ n?/(1+3@) ~
t2/B0+0) gpd 5 ~ t0+30)/B0+@)] Eor example, in the case of ra-
diation w = 1/3 where Eq. (4) takes the form
_ Ay

_r 5
E=—1 (5)
we get a(n) = A1n, (0 < n < 4+00), a(t) = 2Aict and ct =
(1/2)A1n? where A; = (/cf_\r/3)1/2. In the exceptional case w =
—1/3, where Eq. (4) is transformed into

Ast

&=
a2

. (6)

integration of Eq. (2) gives a(n) = Ce®", (—oo < n < 4+00), where
C is the constant of integration, a(t) = Bct and ct = (C/B)eB". Pos-
itive dimensionless constant B = (/c/_\st/B)]/z > 0.

Background matter is perturbed by inhomogeneities of perfect
fluid. We consider only scalar perturbations. Then, in conformal
Newtonian gauge perturbed metrics is [6,3]

ds® = a®>(n)[(1 +2®)dn? — (1 — 2d)dr?], (7)

and the perturbed Einstein equations read
a a 1

AP —3= <<1>’ + —q>> = —kase, (8)
a a 2

, a 1 5

@ +E®:_§Ka E+Dpv, 9)
a a’ a/Z 1

c1>”+3—<1>’+<2———2><1>=—;<a25p, (10)
a a a 2

where v(n,r) is the peculiar velocity potential. In the case of the
constant parameter w, the perturbed energy density and pressure
are related as follows:

8p = wée. (11)

Therefore, the squared speed of sound is equal to the parameter of
equation of state:

S
The energy density fluctuation can be expressed as follows [13-15]

5 _
w=P_P_, (12)

se +3(14+w)ed, (13)

D)

where @ is singled out.
We rewrite the perturbed Einstein equation in momentum
space with the help of the Fourier transform:

F(r):(2n)‘3/2/dke““ﬁ(k). (14)
R3

Hereafter the tilde denotes the Fourier transformed quantities. For

example, Eq. (8) reads:

B a . a/2 ~ 1 5
K® 43— +3—b=——ka’se. (15)
a a 2
Then, the sum of Eq. (15) times w and transformed Eq. (10) results

mn

- a - -
¢”+3E(1+ui)¢’+k2u§©zo, (16)
where we took into account the relation
a// /2
2— — —(1-3w) = —«d*(p — wE) =0, (17)
a a

following from the Friedmann equations. The case of dust ug =0
was investigated in [16]. Therefore, we will not consider it in our
paper. The physical wavelength corresponding to the momentum k
is Ay = a/k and the sound horizon is As =usH lc.

Since in the case w # —1/3 the scale factor behaves as a(n) ~
n?/(+3@) " then Eq. (16) reads

- 6(1+w)1 -~ -
P+ —— & +ulk?Dd=0 18
+ 1+3w n s (18)
with the general solution (see, e.g., 53:3:7 in [17])
d(n) =C1n" J v (uskn) + Can” Ju(ugkn). ug #0, (19)
where J, are Bessel functions and
5+3

2(1+3w)
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3. Relativistic perfect fluid

In this section, we consider the case of radiation in detail. Since
for radiation w = 1/3, the general solution (19) reads

®(n) =C1n 22 J32(uskn) + Can ™2 32 (uskn). (21)

In the considered case, Ay = a/k = Ajn/k and Ag = ugAin?,
and for the modes outside the horizon Ap = Ain/k >> Ag =
ugA1n?> = ugkn << 1. Taking into account the properties of the
Bessel functions [17,18]

T . cosXx  sinx
,/*Jg/z(x)=n(x)=——+x—2, (22)
cosx sinx
,/ J-32(%) = j2(%) = 2 x (23)

(where jq,_p are the spherical Bessel functions) and asymptotes
for small x

Bt 3=(3)" =0, (24)
~3/2
J-3,2(0) — \/—( ) — —00, (25)

we can easily see that the only non-falling mode is

- T 1
d(n) = qD(i)3\/;W ]3/2 (ugkn)

sin(uskn)]

(26)

ugkn

in full agreement with [6]. This solution tends to the constant:
®(n) — ;) outside the sound horizon ugkn — 0. The rh.s. of
(26) demonstrates that acoustic oscillations modulate the gravita-
tional potential which we will show explicitly below.

Therefore, the Fourier transformed lLh.s. of Eq. (9) is

1
=— (b(i)m [cos(uskn) —

-, a -
O+ —
a
1 2 in(ugk in(ugk
300~ | — cos(uskn)—sm(u n) sin(ugkn)
n | (ugkn)? uskn ugkn
-1 kn)? sin(uh
S Ly P (uskn) sm(usfm
n ugkn cos(ugkn) — sin(ugkn)
(27)

We can use this formula to determine the peculiar velocity via
Eq. (9). It shows that the peculiar velocity undergoes the acous-
tic oscillations. On the other hand, substitution of this expression
into Eq. (15) eliminates the time derivative allowing us to define
the Fourier transform of the gravitational potential

K 8A,
- 22
q) =
2 3 - (uskn)? sin(ugkn) f (28)
n> ugkn cos(ugkn) — sin(ugkn)

where we used the Fourier transform of the energy density fluctu-
ation (13) for radiation

We also introduced the screening length

- 91
2kA
2 r
)‘r = |: a4 :| : (30)
It can be easily seen that
2
6
a_2 - (31)
]

and Ar = Ag/V2.

Since the combination &'+ (a’/a)® is proportional to the pecu-
liar velocity, it describes in (15) the effect of the peculiar velocity
on the gravitational potential. If we neglect the contribution of pe-
culiar velocity, then the matter density fluctuation is
8Ay 2 (., d 2 -

A __ 2 (k + )d>_——2f1(k)d>- (32)
a Ka Ka

On the other hand, the peculiar velocity contribution leads to the

appearance of an additional k-dependent term:

8Ar 2 [, 3 (ugkn)? sin(ugkn) -
a¢ ka2 n? ugkn cos(ugkn) — sin(ugkn) (33)
2 -
=-—hlP,
Ka

where we took into account the relation (31).

To obtain an explicit form of the gravitational potential, it is
necessary to determine the expression for the matter density fluc-
tuations 8;\r/a4. Now we consider the model where this fluctua-
tion is a localized inhomogeneity in the form of the delta function

SA, Mc2s(r)
H —_—————

p pe (34)

3

where M is an effective mass of this inhomogeneity. With the help
of the inverse Fourier transform we get

8Ay  Mc2(2m)~3/2
¢ - @B

(35)

Now, we can describe preliminary some properties of the gravi-
tational potentials in the presence or absence of the peculiar veloc-
ities. First, both (32) and (33) deep inside the horizon Ay = a/k <«
A behaves as

8Ar 20K (36)

at K a?
Such a large k limit corresponds to the short distances from an
inhomogeneity. Therefore, this formula demonstrates that at short
distances the gravitational potential has the Newtonian behavior
for both cases.

Eq. (32) shows that the gravitational potential satisfies the
Helmholtz equation. Therefore, if we neglect the peculiar veloc-
ity, the gravitational potential created by individual inhomogeneity
has the Yukawa potential form with characteristic length of inter-
action Ay/a. That is, at large distances (i.e., small k), for example,
outside of the horizon a/k > A, < kn < 1, the gravitational po-
tential decreases exponentially with the exponent a/A,. In the
case of Eq. (33) (i.e,, in the presence of the peculiar velocities),
the Helmholtz equation is corrupted because of the additional
k-dependent term. Hence, the gravitational potential is not the
Yukawa one. As we show below, the potential is approximately
described by the Yukawa potential modulated by acoustic oscil-
lations. Moreover, outside the horizon a/k > A, < kn < 1 Eq. (33)
accepts the following form
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8A, 2 [,
-F~Kﬁ@ (37)

N 3 a? ) %

222)
Therefore, the effect of the peculiar velocity results in the pref-
actor 3/2 in comparison with Eq. (32), and at large distances the
gravitational potential decreases exponentially with the exponent
V3/2a/hy.

Coming back to Egs. (32) and (33), we can express the gravita-
tional potentials in the position space as

1« o SA
oy - - ikr r
”)(MWW/ fio
R3
(38)
o0
=_G_NM£/dkksin(kr), _1.2,
cZarm fik)
0

where we used the relation (35). Obviously, in the case of the
Helmholtz Eq. (32), the gravitational potential has the Yukawa
form

Gn Me—ar/kr )

() =—— (39)
¢4 ar
However, in the case of Eq. (33), the integral (38) can be calculated
only numerically.! Since a?/A? = 6/7?, the gravitational potential
depends parametrically on the conformal time 7.

In Fig. 1, we represent pictures for three different values of n

where the dimensionless potentials are defined as

&) c%a
() = —
: GyM
These pictures demonstrate the effect of peculiar velocities on
the form of the gravitational potential (see the difference between
@1 and &3), in particular, the modulation of the gravitational po-
tential by acoustic oscillations in ®;.
It is also convenient to introduce new designations as kn =1
and r/n = &. Then, for dimensionless gravitational potentials we
have

o, i=1,2. (40)

2 i .
@@s—&%@:éélm%%?,iznz 41)
where
fio=2+s, (42)
B =P 3 (ugh)? sin(ugl) (43)

ugl cos(ugl) — sin(ugl)

Thus, for all values of n we have only one figure depicted in Fig. 2.
4. The frustrated network of cosmic strings: ® = —1/3

In this section, we briefly discuss the exceptional case w =
—1/3. Such a model can describe the frustrated network of cosmic
strings. Despite the negative sign of the speed of sound squared, it

! We do the numerical calculations in Python by discretizing the integral in (38).
Since we know the analytic formula for ®; (39), to determine the efficiency of the
code we check the relative error € =|x; —Xu|/|Xq| where x, and x, are the numerical
and the analytical solutions, respectively. We have found that the error is in the
order of 1073 at most in the steep region of the potential and it rapidly decreases
in the flat region as expected, and takes the values in the order of 10~6. Regarding
the pure numerical case ®;, by using the same code, we only can compare two
successive numerical solutions, say x, and yj,, as € =|x; — yn|/|xn| to estimate the
relative error. In this case, the error is in the order of 10~ at most.
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Fig. 1. Gravitational potentials in the case of radiation for different values of the
parameter 7. The dashed blue line corresponds to pure Yukawa potential and the
solid orange line takes into account the effect of peculiar velocity.

b2
-=

1

[ o A i A L

Fig. 2. Gravitational potentials (41) ¢ (£) where & =r/1n. Dashed blue and solid or-
ange lines have the same meaning as in Fig. 1.

was shown [19,20] that such a component could be stable if suffi-
ciently rigid.
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In the considered case, Eq. (15) is

- - K2 .

d>”+23d>’—§d>:0 (44)
with the general solution

b = Cre~BHVBIHKE/3m | ¢, o(~BHVB2HK2/3) (45)

Obviously, the first solution is the decreasing one and we neglect
it. Hence,

b= @i BHEHRAN Z g

B\~ 1+/1+/GB2)
( ct) C 8)

where ®; is the value of  at i = 0. Therefore, the Lh.s. of Eq. (9)
is

L, ad , k2
' +—d=,/B2+— ]
a 3

and defines the peculiar velocity.
If we neglect the contribution of the peculiar velocity into equa-
tion (8) and consequently drop off the expression (47), then we get
SA, 2 a?
st (k +)\—)®‘——f1(’0<1)

st

(47)

@2  ka?

(48)

where we took into account that the energy density fluctuations
(13) in the considered case are

. (49)

We introduced the screening length

- -1
2 | KAst
A= [ a; } ) (50)
It can be easily seen that
a? )
—— =3B = const (51)
st
and Ag = |ug|H™! Ast.

Obviously, Eq. (48) is pure Helmholtz equation. However, if we
preserve the velocity depended expression (47) in Eq. (8), then an
additional k-depended term comes into play:

k2 a? ).
k> +3B B2+ —+— | ®
30 22

2 ~
=- 2f2(k)q) s
Ka

8Ase 2

a2 = ka?

(52)

corrupting the Helmholtz equation.

Let us consider now the model where the matter fluctuation is
a localized inhomogeneity:
8Ase _ M) (53)

a? a3

It can be easily seen from (48) and (52), that, similar to the case
of radiation, at short distances from the inhomogeneity (i.e., large k
limit), the gravitational potentials have Newtonian behavior. On the
other hand, at large distances (e.g., outside the horizon a/k > Agt)

2
~R 28
)\'2

st

fa(k) (54)

)

i
1
1
|
|l
\
\
\

Fig. 3. Gravitational potentials in the case of the frustrated network of cosmic strings
for parameter B =0.1. The dashed blue line corresponds to pure Yukawa potential,
and the solid orange line takes into account the effect of peculiar velocity.

¢2
-= ¢

Fig. 4. Gravitational potentials (55) ¢(¢§) where & = Br. The dashed blue and the
solid orange lines have the same meaning as in Fig. 3.

Therefore, both gravitational potentials exponentially decrease at
large distances. However, the consideration of peculiar velocities
leads to a change in the screening length.

The gravitational potentials in the position space are given by
Eq. (38) where the functions fj(k) are defined in Egs. (48) and
(52). These integrals depend on the parameter B.

In Fig. 3, we present dimensionless potentials for a particular
case B =0.1. The difference between the two lines shows the ef-
fect of peculiar velocities.

We can also construct the B-independent dimensionless poten-

tials as

ol S 12 [ Isinge)

B =~ = “o/ Sl i=l2 )
where k/B =1, Br=& and

fiy=P+3, (56)
~ 12

fo) =P +3 1+§+3. (57)

The corresponding potentials are depicted in Fig. 4.

5. Conclusion

In the present paper, we have investigated the effect of the
peculiar velocities on the form of the gravitational potential in
cosmological models with perfect fluids. We have considered per-
fect fluids with the constant parameter w of the equation of state.
Starting from an arbitrary value of w, we then concentrated on
relativistic fluid with @ = 1/3. Here, peculiar velocities undergo
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acoustic oscillations [6]. In the momentum space, we have ob-
tained the formulas for the gravitational potentials both in the
presence and absence of peculiar velocities. To get the exact form
of potentials in the position space, we have assumed that the mat-
ter fluctuation is a localized inhomogeneity in the form of the delta
function. If we neglect peculiar velocities, then the gravitational
potential has the form of the Yukawa potential. Since the Fourier
integral for the velocity-dependent potential can be calculated only
numerically, we have depicted the results graphically in Figs. 1 and
2. These figures clearly demonstrate the modulation of the gravi-
tational potential by acoustic oscillations due to the presence of
peculiar velocities.

To illustrate the effect of the peculiar velocities on the grav-
itational potential, we also considered the case of the frustrated
network of cosmic strings with «w = —1/3. The result is depicted
in Figs. 3 and 4. In this exceptional case, acoustic oscillations are
absent. Nevertheless, the difference between the figures demon-
strates the effect of peculiar velocity.
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