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ON A REDUCTION OF NONLINEAR SECOND-ORDER
DIFFERENTIAL SYSTEM TO A SOME SPECIAL KIND

IITorones C. A. IIpo 3BeneHHs1 HeliHiHOT qudepeHiaIbHOI cucTEMU APYyTo-
ro NOpsiAKY [0 OJHOrO CHeliaJIbHOro BUrisamy. /st HesiHifiHOI KomBHOI qudepeH-
MiaJIbHOI CHCTEMU APYTOr0 TMOPSIIKY 00y 0BAaHO IEPETBOPEHHS, SIKE 3BOIUTH ITI0 CUCTEMY [0
0/IM3BKOI O CUCTEMHM 3 TMOBIJIBHO 3MiHHUMU KoedirienTamu.

Kurouosi ciioBa: mudepennianbuuil, moBiabHO 3MiHHUH, psaau Dyp’e.

IITérones C. A. O npusBeneHun HeJmHeliHoll AuddepeHINaIbHON cHCTEMBbI
BTOPOTO IOPsiKa K OJHOMY CIelHaJbHOMY BuAay. /s HeluHEHON KosebaTesbHON
CHCTEeMBI BTOPOT0 IIOPSI/IKa IIOCTPOEHO Ipeodpa30BaHue, IPUBOJLIIEe 3Ty CUCTeMY K OJIN3KOM
K CHCTEMe C Me/JIEHHO MEeHSOMUMUCT K03 duimenramu.

KimroueBble cnoBa: muddepeHnpmaabHblil, MeIIeHHO MeHSIOmuics, psiabl Pypbe.

Shchogolev S. A. On a reduction of nonlinear second order differential sys-
tem to a some special kind. For nonlinear oscillating second-order differential system
construct the transformation which reducing this system close to a system with slowly vary-
ing coefficients.
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1. Introduction. One of the powerful methods of the study of nonlinear sys-
tems of differential equations is the method of integral manifolds [1,2]. Particularly
important role it plays in the research of multi-frequency oscillations, in particular, in
systems containing the slowly varying parameters [3]. An important object of study
in the same time and are single-frequency system [4]. In the research of integral
manifolds of nonlinear systems of differential equations is usually necessary to bring
the system prior to some simpler form. The construction of the corresponding trans-
formations in many cases leads in turn to auxiliary systems of differential equations
that require special study. Therefore, the task of constructing these transformations
can be regarded as independent. In this paper, a second order nonlinear system of
differential equations, the coefficients of which are represented by an absolutely and
uniformly convergent Fourier series with slowly varying parameters. For such a sys-
tem, that is, systems with coefficients oscillating type, construct a transformation
with coefficients of a similar structure, which reducing the system close to a system
with slowly varying coefficients.

2. Basic notation and definitions.

Let G ={t,e: teR, € €[0,5], e0 € RT}.

Definition 1. We say, that a function f(¢,¢), in general a complex-valued,
belongs to the class Sy, (g0), m € NU {0}, if t,¢ € G and

1) f(t,e) € C™(G) with respect t,

2) d¥f(t,e)/dth =¥ fr(t,e) (0 <k <m),

m
def
1£llm= D sup|fi(t,e)l-
k=0 G
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Definition 2. We say, that a function f(¢,e,6(t,)) belongs to the class ng,l (€0)
(m,l € NU{0}), if this function can be represented as:

f(t,e,0(te)) = > falt,e)exp (inf(t,e)),

n=—oo
and:
1) fn(t7€) € Sm(50)§
2)
def = l
1 llmi = N follm + > Il fallm < +o00,
n=—oo
particular
1fllmo = lfallm;
n=—oo

3) 6(t,e) — the real function on G.

Definition 3. We say, that a function f(¢,¢,z) belongs to the class §fn7q(50, d),
if this function belongs to the class Sy, (o) with respect ¢, ¢ and to the class C?[—d, d]
with respect z, |z| < d.

Definition 4. We say, that a function f(t,¢,6(¢,¢),x) belongs to the class
ﬁ,i’iq(so,d), if this function belongs to the class ng,l(é?o) with respect t,¢,6 and
to the class C'7[—d, d] with respect z, |z| < d.

3. Statement of the Problem.

Consider the following system of differential equations:

% = ,uX(t,&:,b?,x) +€a(t,5,0,x),
(1)
% = w(t,e) + pnO(t,e,0,z) + €b(t,e,0, ),
where 7 € R, 7] < d, X, ©, w, a, bE R, X, © € F} (0,d), a,b€ Fi® | (e0,d),
w € Sm(eo0), igfw =wo > 0; p € (0, po).
We study the question of the existence of the transformation

=y +pulte oy, p), 0=¢+mwlte ey n), (2)
where |y| < d; < d, u,v € Ijﬂft’ly’lhql (€0,d1), which reducing the system (1) to the
form: y N

@ = nY(tey,p) +ealt,e, oy, p), -
3
(Z—(tp = w(t’e) +H¢(t7€7 y’ﬂ) + 6b(t767<p7y7u)’
where Y, ® € §m7q2(50,d1), a,be ﬁrfzﬂ,l%@ (€0,d1). The numbers my,l1,q1,m2,l2, ¢

in some way dependent from m,1,q.

4. Principal Results.

Theorem. Vr € N, r <[, 7 < g 3pu, € (0,p0): Vu € (0, i) exist the transforma-
tion of kind

T r
m:y+2uk(t757§07y)#k7 9:¢+ka(t’5’§0uy)p’k7 (4)
k=1 k=1
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ly| < di < d, ug, v, € F? o ki1.g-ky1(€0sdr) (k= 1,r), which reducing the system
(1) to the form:

W S Yt eyt + w1 (e, 0.y, 1) + can(t e, 0, ),
(5)
L2 = w(te) + Yoy wi(t, e, Yk + pr 1o, (te, o, y, 1) + ebe(t, e, 0, 1),

where Yy, wy € Sgt,q—k-l-l(go’dl) Yr, Wy, € F l rg— r(&“o,dl) ar, b, €

S .F“p7 1i—r,g— T(&g,dl).

Proof We sustitute relations (4) in system (1) and require that the transformed
system have the form (5). Then we obtain the following systems of the differential
equations for ug, v, (k =1,7):

Yi(t,e,y) +w(t,e) 52 = X(t,e,0,9),

(6)
wl(tagay) +w(t76)%% = @(tagaway)a
Ya(tie,y) + Yilt,e,y) 55 +wi(te,9) 52 + w(t,e) 52 =
— 3X(té:w,y) vy + C"X(téz,w,y) ug,
(7)
wa(t,e,y) + Yi(t,e,y) G + wilt,e,y) G + w(t,e) 52 =
— Oe(téi;%y) vy + (tEyw W) gy,
6 N
Y(tsy)+z (tsy)au’“-i—zj 1 Wi k(tfy) (taé?)aijz
= %’;"p’y) vj—1 + %f;"ﬂ’y) Uj—1 +Pj(t,€,g0,y,1}1,... yVj—2, ULy - ,Uj_Q),
1 dv;
(t g y)+2k 1 ] k(t g, Z./)avlL +Zk 1Wj—k(taan)%Ltp’C +W(t,€)3—1:; =
90(te,p, 90(t.e,p,
== W Vj—1 + % Uj—1 +Qj(t757907y77}17"‘ yUj—2,U1, ... 7uj—2)7
J=3,r,
(8)
where P;, @Q; — the polynomials with respect vq,...,vj_2,u1,... ,uj_2 whose coef-

ficients dependent from derivatives up to the (j — 1)-order with respect ¢,y from
functions X, ©. The functions Y,., &, a,, b, defined from the following systems of
the linear algebraic equations:

(1+Zk1881;k )Y+(Zk 163115 #k)&rz
== k1 By (Z::r—kz-{—l Ys/fﬂdrkil) > k=1 3<p (Z::r—k-u ws;ﬁ*r*k*l)_}_

+P7“(t151§07yavla-'- y Up, ULy - - - ,Ur),
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(Zkl S )Y+(1+Zk1 @,uk)@r:

=2 k=1 ay T (Mg Yoo ) =50 a¢ G (e W)+

+Q7’(tﬂ5ﬂ()07yavla-'- y Up, ULy - - - >u7“)a

9)
(1 + 2k 83? ) (Ek 1 %QZC ) by =

—L (0 B ) +a(t e, o+ Yo ooty + gl urpt)
(Zk 1%1); ) (1+Zk 1881:; )bT:
==L Tk B k) + b (te, 0+ Ty vrsF,y + 2o pey uap®)

P, Q. € F?Y. (€0,d1).

m,l—r,q—r

Consider the system (6). Expand the functions X, © in the Fourier series with
respect ¢:

(10)

X(te,py) = Y Xaltie,p)exp(ing), Ote,0,y) = Y Onlt,e,y)exp(ing).

n—=—oo n=—oo

Solution of the system (6) found in the form of a Fourier series also:

oo oo

ul(taga(p,y): Z uln(t’g’y)exp(in(p)v vl(t,s,go,y): Z Uln(tasay)exp(in(tp)'

n=—oo n=—oo

We substitute these expressions in the system (6), assuming:

Yl(t757y) = XO(t,E,y)J wl(t’g’y) = GO(tag,y)J (11)
We obtain:
[eS)
Xn(t,e,y) ,
= cnn5Y) 12
Ul(t,&:,@,y) Z ’an<t,€) exp(lmp), ( )
n=—o0
(n#0)
—  Oult,e,y) .
t = _— . 13
vi(t,€,0,9) nzz_oo inw(t,e) exp(iny) (13)
(n#0)

Obviously, that uy, v, € F l+1 4(€0,d1).
We denote:

8u1

aX(t,va,y) aX(taf‘?a‘P,y) Ouy
+ Uy Yl(t,e,y) 6y wl(t767y) 8@ 9

g1 (t,&%y) = 6()0 U1 ay

00(tepy) |, 00(te0y)

ovy ovy
830 U1 (9:1] —Yi(t,é’,y)— .

8y — W1 (t,&‘,y)%

hl (t7 67 807 y) =
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Then g1, h; € le 1.4—1(€0,d1). System (7) takes the form:
Ya(t,e,y) + w(t,e) 52 = gi(t,e, 0,9),
w2(ta€,y) +W(t,€)% = hl(t,a,go,y).

Expand the functions g;, h; in the Fourier series with respect ¢:

o0

gl(t,&%y): 2 gln(t,a,y)exp(inw),

n=-—oo

hi(t,e,0,y) Z hin(t,e,y)exp(ing).

n=-—oo

Similarly formulas (11), (12), (13) we obtain:

Y‘Q(tagay) = glo(t,f‘:,y), wg(t,s,y) = hw(t,&?,y), (15)

g1 ) ’y .
U2 (ta £,9,Y Z “:w eXp(Zn(p)a (16)
(H;O)
i hln(tag’y)

v2(t55790’ y) = ZTLW(t 8)

exp(ing). (17)
feor

Obviously, that us,vs € F“" ' g—1(c0,d1).
Continuing the same way, in the j-s step we assume:

X (te,0,y)
¢

X (te.0.y)
Oy

— I Y k(te Z/)au'“ S wisk(t,e,y) o

gj—l(tasa‘p’y) = Vj—1 + Uj—1—

+Pj(t,5,(p,y,U1,... yUj—2,UL, ... ,'U,j_g),

00(te,0, Lo,
hj~1(ta57§073/) = % vj—1 + 99(te,0.9) Uj_1—

. ’
— YT Yik(te, Z/)%— izlefk(t,E,y)%—qf;‘F (18)

+Qj(t e, 0,y,v1, ... ,Vj_2,U1,... ,Uj_2),

Functions g;j_1, hj—1 belongs to the class Ffr’l? it1.q—ji1(0sdr).
System (8) takes the form:

Ouj _
Y}'(t,E,y) + W(t,ﬁ)% - gj—l(fﬂg, Soay)a

wj(t,s,y) +w(t76)%_1g = hj—l(taaa(pay)a .] = 3,7‘.
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Expand the functions g;_1, h;j—1 in the Fourier series with respect ¢:

(o]
gi1(tbe,0.9) = D giia(t,e, y)exp(ing),

n=-—oo

hj—l(taaa(pay) = Z hj_l,n(t,s,y)exp(ingo).
n=-—00
Then
)/}'(t,E,y) = gj—l,O(tasay)a (.Uj(t,é',y) = hj_l’o(t,é',y), .7 = 3,7",

gji—1.n(t,e,y) . .
Uj(t,E’(p,y) = jZnZTE; exp(m«p), )= 3,7“,
n=-—o0 ?
(n#0)
)
h‘—l, (t,g,y) . .
’Uj(tagﬁp,y) = Z ]ZWZT eXp(l'I’L(p),J = 3,'!’.
ey ’
n#0

ObViOUSly ’LL]', Uj € F:;:?lij+2,q7j+l (807d1)7 }/j7 (.Uj € ng,quﬂ (50,d1) (.7 = 3,_7")
Thus, the functions

r
U(t, €,¥,Y, /”) = Z uk(t’ &, ll)Nk_la
k=1

T
o(t,e, 0y, 1) = Y vk(t,e, 0,y k!
k=1

belongs to the class ﬁrﬁl?—r—i—&q—r—i—l(é-o’ dy).
From correlations (9), (10) follows, that for sufficiently small p: Yy, &, €
€ F?Y (€0,d1), ar, by € Frﬁﬂ,l—r,q—r(goadl)'

m,l—r,q—r

Theorem are proved.

Conclusions. Thus, for the system (1) the sufficient conditions of the existence of
the transformation, which reducing this system close to a system with slowly varying
coefficients and the algorithm for constructing this transformation are obtained. This
result can be used for the research of integral manifolds of the system (1), which
represented by an absolutely and uniformly convergent Fourier series with slowly

varying parameters.
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