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SQUARE-FREE NUMBERS IN THE SEQUENCE {n? + 1}

dyreno M. A., IlonoBuu II. BeskBagparHi 4ucsa 1ociigoBHOCTI {n2 + 1}
Hexait Ba(z) € umciom Ge3kBaApATHUX YHCEN, MO0 HATEXKATH MOCAIZ0BHOCTI 3CYHYTUX KBa-
apatis B imrepsani [1,z). Paninre Gy0 BEBYEHO PO3NOi/IEHHS 3HAYEHD AesKUX apudmern-
gnux GyHKNINA Ha maHii nocaigosrocti. Pyukiisa Bz(x) npeacrabise o000 y3araabHEHHS
paxyHkoBol GyHkHil ans 6e3kaaparHux ninmux B inrepsan [1,x). P. Benman [1] orpumas
HeTpuBianabHy OMiHKY /st Bo(x). B mamiii poGori mm yTounooemo oninky Bemmana, xopw-
CTYIOYHUCH TIOETHAHHSAM €JIEMEHTAPHOTO Ta aHAJITUIHOTO METOIIB.

Korouosi cioBa: 6e3kBaaparhi yucia, acumnrorudna popmyna, piasanns [lena.

dyreno H. A., IlonmoBuu Il. BeckBagpaTHbIe YHCJIa IMOCJIEA0BATEIBHOCTU
{n* +1}. Iycts Ba(z) 910 umCI0 6ECKBAIPATHBIX HHCE/, MPHHAITEKANIX TOCTIEI0BA-
TEIBHOCTHU CIIBUHYTBIX KBAJAPAaTOB B mHTEpBase [1,x). Panee 6110 m3y4deno pacupenenenne
3HAYEHWIT HEKOTOPHIX apudmerndecknx (GYHKIWI Ha JaHHON TocaeaoBaTebHOCTH. DyHK-
nus Bo(x) npezcrasiasger co6oit 0600uienne cuaeTHON byHKIMA Ji/is 6ECKAIPATHBIX IEIBIX B
uurepsane [1,z). P. Beaiman [1] nomyunn nerpusuanbuyio ouenxy ang Bo(z). B nannoit
paboTe MBI yTOUHsIEM OIEHKY BesimMana, MCmosb3yst coueTaHne 1eMEHTaPHOTO M AHAJIHTHU-
YeCKOTO METOJIOB.
KurodeBblie ciioBa: 0eckBa/ipaTHble YUC/Ia, ACUMIITOTHYECKas Gpopmysia, ypasuenue Iles-

JIa.

Fugelo N. A., Popovich P. Square-free numbers in the sequence {n? + 1}.
Let Ba(x) be the number of square-free numbers belonging to the sequence of shifting square
on the interval [1,z). The distribution of values of some arithmetic functions on the rele-
vant sequence has been studied ahead. The function Bz (z) is the generalization of counting
function for square-free integers on interval [1,z). R. Bellman [1] found a non-trivial esti-
mation for Bz(z). In this work we extend the Bellman’s estimate, using the compatibility
of elementary and analytic methods.
Key words: square-free numbers, asymptotic formula, Pell’s equation.

INTRODUCTION. The sequence of natural numbers of form {n? +1}, n=1,2,...,
has the complex structure. It’s the talk of such fact that it is unknown the set of prime
numbers p = n? + 1 are finite or infinite. That is why the study of number-theoretical
function on the sequence {n?+ 1}, n € N is very interesting problem, but challenging
task. Recall two important results:

e +1) _r H (1 - 2) + O (log ) (Schwartz), (1)

21
n<z ns+1 2 p=1 (mod 4)
Z 7(n? +1) = cyzlogz + cox + O (x%) (Motohashi). (2)
n<x
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In present paper we construct an asymptotic formula for the sum

By(z) =Y p’(n®+1),

n<x

where ¢(n), 7(n), u(n) are respectively Euler’s function, divisor function, M&bius
function.
It is obvious that Bs(x) determines the number of square-free integers among of

n?+1,n=1,2,...,[z]. The function By(z) is generalization of the function
Bi(z) = ) u(n),
n<x

which study usually by ”elementary method” or method of the Dirichlet generating
series. Unfortunately, the study of By (z) by method of the Dirichlet generating series
does not make sense, because ;?(n? + 1) does not a multiplicative function. We will
combine ”elementary” and analytical methods to study the Ba(xz). We proved the
following theorem.

Theorem 1. For x — oo we have

5 1) 0 e )

n<x

with an absolute constant in symbol ”O7.

AUXILIARY ARGUMENTS. For a fix natural k we consider pair of the equations
(as n and d):

n — kd* = +1. (3)

The pair of equations calls the Pell’s equation.

Denote by Q (\/E) a real quadratic extension of Q. Every solution (n,d) of the
Pell’s equation defines the tetrad of numbers +n + dv/k each of which has a norm
n? — kd? = +1 (thereof call unity of field). There exists a number gy = ng + doV/k,
g0 > 1, such that N(g9) = nZ — kd3 = +1, and every ¢ = n + dvk with norm
n? — kd*> = +1 is a degree of g, € = €%, a € N. That number calls a fundamental
unit. So there is one-one correspondence between the solutions (n,d) and natural

numbers a (for given unity). Hence, it follows that if (ng,do) be the solution of the
Pell’s equation and € be an associated unity then we have for any solution (n,d):

n—dvk = (ng — doVk)? =

(n% + (;) kdgng™? + - ) - ((‘f) na=dy + - ) VE,

(4)
n=n+ (g) kdind=2 +---

d= (‘f) n?tdy + <§> na 33k 4.
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Lemma 1. Let Ap(x) be the number of solutions of the Pell’s equation (3) under
the condition n < x. Then the following estimation

Ak(z) = Oy (log z)
holds.

This assertion follows from (4).
Denote by p(m) the number of solutions of the congruence u? = —1 (mod m),
1 <u < m. It is clear for a prime p we have

2 if p=1 (mod4), a=1,2,...,
p(p*)=< 0 if p=3 (modd)orp=2 a>1,
1 if p=2 a=1.

Lemma 2. For x — o0

Z p(n)=z+0 (:z:%(logx)g) .

Proof. We have

F(s) = pgz) = C(S)CléZ’)M) : <1 + 219>_ , Rs > 1.

The Perron’s formula gives

n=1

c+iT

Zp(n):%m / F(s)”:dero(T(jil)) c>1,T> 1. (5)

na e—iT
Therefore, we infer
LT L) (1
s)L(s, xa z*
= — gl —d
D plm) =g C(25) ( +’2) st
c—iT

<
n<zx 72

S c 6
tres lin% {CC(S)LW . %ds +0 </ li/rnx”Tl_”long . ds> + (6)
' i

S s +29)
de=i

By the inequality Cauchy-Bunyakovsky we obtain for the first integral in (6)

Y/ oHiT

[ L s e+ 2 e =

1/y—iT

5 T
a Lot
¢ g T X4
“r

=0 (m%(log T)S) .

2
% logT | =

T
. 1
=0 |2 ‘q+m
[l
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Next,
C)L(sxa)  =°) _ 6
resh { (23)(1—}-24).5}_%. —

C

[z @2 a0 [ (5) tosryas | -
1, L2

_0<(T) log® T) +O<10g T)

Here, we used the estimations for ((s), L(s, x4) with Rs > 2,1 < [3s| < T and
also the estimations of the second moments ((s), L(s, x4) on half line Rs = % Taking

1 . .
c=1+ @, T = z2 we obtain our assertion.

MAIN REsuULTS. R. Bellman([1] (pp.146-148) have been obtained the asymptotic

formula BQ(x):chrO(lOzx), c=]]» (1_;);:(5)) "

Repeating the argument used by Bellman in the proof of (7) we can make more

precise this result:
x
B = o(—MM
o(z) = cx + <loggc(loglogx)A1> :

where A; is a large constant.

P. Bellman made an attempt to obtain an error term in form O (3:% log x) How-
ever, the assertion of author that the equation n? — kd> = —1 (as to n and k) has
O(log z) solutions n < z, k < x for every fixed d < x3, is fallible (example, for d =1
this equation has O (1:%) solutions).

For this reason the Bellman’s arguments does not lead to goal. We use other
method.
By the equality

pin) = p(d)

d?|n
we derive
Y= > ud)= Y. ud)=
n<zx n<x d?|(n2+41) k,d
1<kd?=n?41<z%+1 (8)
= Z + Z = Zl + ZQ’
kSz%(logx)_% z%(log x)_§<k§x2+1
say.
We have , :
‘Z ’ < Z Z = O( 7(log:p)?) 9)
n<zk<(logl)3

n?—kd*=1
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2
(We taken into account that by Lemma 1 for every k < (z log™* x) * it exists O(log x)
values of n and d, n < z, for which n? — kd? = +1).

Next, by k > (zlog™ ' z)3 and kd? < 22 + 1, we have d < 3 (log z)3.
Therefore

X=X S ou= Y wg Y 1=

2 2 2 2 1 2 — 2
k>z8log~ 3z d<z3 logh « d<z3 log3 x nH1=0 (mod d%)
kd?=n?+1<z?+1 z3 log™ 3 z<n<z (10)

- + Z - Z21 + 222'

1 1 2 1
d<z2 z2<d<z3log3 z
Application Lemma 2, gives

So= Y 1= u@{Fed)}+0 (pld?) +

dgm% nzj»lEO ) (mod d?) dgm%
z3 log™ 3 z<n<z

(logz)s
N p=1 (mod 4)
(11)
Moreover,
=0 X > 1=
m% <d§x% log% T n*+1=0 <(m0d d?)
(12)
x
—o| Y {Ged)+pd)} | =

1 2 1
2 <d<z3 log3 x
=0 (x%) +0 (x% log% x) =0 (m§ log% x) .
Now from (7)-(11) derive

By(w)=z ] (1—p§§2))+0(xilog§x>.

p
p=1 (mod 4)

CoNcCLUSION. With the similar method it may be obtained the asymptotic for-
mula for the sum
Y W(n+a), a# b, be,

n<x
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and hence, taking into account well-known result about the sum Y p?(n)u?(n + k)
n<x

it is reputed that the distribution of square-free numbers over the sequence of values
of quadratic polynomial have been studied.
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