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ON EXPONENTIAL SUMS INVOLVING THE DIVISOR FUNCTION
OVER Z]i]

We apply the van der Corput transform to investigate the sums of view Y r(n)g(n)e(f(n))),
where r(n) is the number of representations of n as the sum of two squares of integer numbers.
Such sums have been studied by M. Jutila, O. Gunyavy, M. Huxley and etc. Depending of
differential properties of the functions g(n) and f(n) there have been obtained the different
kinds of error terms in bounds of the considered sums. In the special case, O. Gunyavy
improved the result of M. Jutila in the problem on estimate the exponential sum involving
the divisor function 7(n). We obtain the asymptotic formula of the sum Y 7(a)e (%N(a))
over the ring of Gaussian integers which is an analogue of the asymptotic formulas obtained
by M. Jutila and O. Gunyavy.
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Key words: exponential sum, discrepancy.

INTRODUCTION. In 1985 M. Jutila [4], [5] constructed an asymptotic formula for
the divisor function 7(n) weighted by trigonometric unit

T(z;a,q) = Z 7(n)e?™ s = L <ln % + 2y — 1) + R(z),
n<w q q
where R(z) = O (m%"‘aq%).

This formula is a nontrivial for ¢ < zi
”70” doesn’t depend at b, g, x.

€ moreover, a constant in the symbol

Hereafter O. Gunyavy [1] improved an error term R(xz) = O (x%+5> and hence

carry over a region of nontriviality of the formula for T'(z; a, q).
In the works [4], [1] the main method of investigation is founded on the van der
Corput transform

M (0 i CONSRN w R—— GO R S )
N<n<N’ FHN)<R<F (NY) Lf"(¢(n))]

where f and g are real-valued three times continuously differentiable on the interval
[NV, N’], and ¢(n) is unique solution to 422 f’(x) = n in the interval [V, N’]. A starred
sum indicates that if a limit of summation is an integer, the corresponding summand
is multiplied by %
The main goal of this paper derive an analogue of the Gunyavy theorem for the
weighted divisor function by trigonometric unit over the ring of Gaussian integers.
We prove the following theorems
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Theorem 1. Let 1 < a < q, (a,9) =1, ¢ < 227, and let r(n) be a number of
representations of n as sum of two square integers. Then

A (x, Z) = Z r(n)e* ™ = qA (;) +0 (x%Jrs) _ % ) (a:%“) '

n<

Theorem 2. Let g, 8 be the gaussian integers, (ag, 8) = 1, and 7(a) be a divisor

function over the ring of Gaussian numbers. Then for N(B8) < i the following
asymptotic formula

xlogx

> @) = e 6)

N(a)<z

+ C2(5)ﬁ +0 (:ﬁ“) 1o (x%+€N(5))

holds, where C;(B) be the computable constants, N(8)™¢ < C;(8) < N(B), i =1,2.

NoTATION. We will frequently use the Landau and Vinogradov asymptotic nota-
tions. The big ”O” notation f(x) = O(g(zx)) (equivalently, f(z) < g(x)) means that
there exists some constant C' such that |f(x)| < Clg(z)| on the domain in question.
By f(z) < g(z), we shall mean that g(z) < f(z) < g(z). A symbol k ~ B under
the sign of Y denotes that a summation variable k runs all integers from [B, B'],
B < B’ < 2B. We denote €™ as e(z).

AUXILIARY ARGUMENTS. In order to prove the main results we need the following
preliminary lemmas.

Lemma 1 (Generalized van der Corput transform, see [3], Lemma 5.5.3). Suppose
that f(x) is real and four times continuously differentiable on [a,b]. Suppose that there
are positive numbers M and T, with M > b — a, such that, for x € [a,b], we have

T T T
f(z) = Vel FO(z) < 25 W) < ek

Let g(z) be a real function of bounded variation V on closed interval [a,b]. Then

g(e(n))e(f(o(n))—np(n)+1)
gn)e(f(n)) = - +
ag;gb ( ) ( ( )) f”(a)an:gf'(b) \/f (p(n))

+0 ((V +lg(@)) (2 +1og (//0) - F'(a) +2))),

where p(n) is the unique solution in [a,b] to f'(z) = n.
The implicit constants in the big O-term depends on the implicit constants in the
relations between T', M and the derivatives of f(z).

Lemma 2. Consider a function f : [N,N'] — R that is C*, and a function
g : [N,N'] = R that is C? with the positive real numbers T, M, C, Co, C3, Cy, D

such that oT o T T
2 ) S o 4.
M2 < f//(x) < M3 ) f(J (SE) g Cj ij J= 374a
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f'(x9) =0 for some xo in [N,N'], 1o — N < M;

, U
0<gW(z)< —,j=0,1,2

Ki’
Then
N e(f(@o)+3)
[ g(@)e(f(x))dz = g(xo) ==+
x (o)

UM* UM M )2
+0 (Tz(min(zo—N,N’—zo))S) +0 (Tig (1 + ?) ) .

(For proof, see [7], Lemma 5.4).

Unfortunately, for many interesting cases, the above error is insufficient. Thus,
it’s often impose additional constraint of the function g(n) and its derivatives.

The van der Corput transform has been studied in much more general problems for
construction of asymptotic formulas for the sums of values of arithmetical functions
weighted by a trigonometric units. For example, M. Jutila [4] [5] investigated sums of
the form > b(n)g(n)e(f(n)) for certain multiplicative function b(n) (see, also Gunyavy
[1] and M. Huxley [3], Ch. 20).

The following lemmas of van der Corput are well-known (see, [7], Lemmas 5.6 and
5.7).

Lemma 3 (First derivative test). Let f(x) be real and differentiable on the open
interval (o, B) with f'(x) monotone and f'(x) > x > 0 on [, B]. Let g(x) be real, and
let V' be the total variation of g(x) on the closed interval o, 8] plus mazimal modules
of g(x) on [a, B]. Then

/ Vv
[otaretsands| < .

™
«a

Lemma 4 (Second derivative test). Let f(x) be real and twice differentiable on
the open interval (a, B) with f"(x) > A >0 on («, ). Let g(x) be real, and let V' be
[a, 3

the total variation of g(x) on the closed interval [a, §] plus mazimum modules of g(x)

on [a, B]. Then

B
4V
[ s@retstanan <

[0

Remark. We can bound V in Lemmas 3 and 4 by

B

(@)l +19(9)] + [ 19 Wldy < U +20 - < U,

[e3

using condition on derivatives of f and g.

Lemma 5 ( [7], Lemma 5.9). Let f € C3([a, 8]) and g € C*([ov, B]), and define

hom () by
(o) o /0) =) (@) ) "(2)
e (f'(z) —m)3 '
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Suppose that f'(x) # m on an interval [, 3], and let

Kpn(a, ) =Y [hm(2)],

where the sum ranges over all x € [, 8], where hl,(x) = 0.
Then we have

B B
[ g(@)e(f(a) = ma)de = | s fiS=me(f@) —ma)| +
+O(Kom (@, 8)) + O/ ()] + [ (B)]).

We always propose that the functions f(x), g(x) are quadruply (and, respec-
tively, three times) continuously differentiable and satisfy the specified requirements
on [N,N'], N < N' < 2N, such that

. T
(@) e .
f (x)AMj’]_2’3’4’

- U
(4) - 2 i
g (m)AMJ’]_071a27
where 0 < T, M < N and

o) < 9(N), = < |f'(N)] < |F'(@)] < |F ()],

N
/" (V)]
P < 15 (@) + 208" @) < F(N), 1O <
These bounds on the derivatives of f and g allows us to use estimates on stationary
phase integrals and, moreover, guarantee the uniqueness of the solution of equation
n = f'(z) or n = 2z f'*(x) if solutions of these equations there exist.
The following theorem you can consider as the special case of Lemma of van der
Corput.

Theorem 3. Let us the functions f(x) and g(x) satisfy the conditions above, and
let r(n) be the number of the representation of n by form n = u? +v?, u,v € Z. Then

we have )
> r(n)g(n)e* i =
n~N
= > r(n)glen) /g (n)]e* ) =2ymne(n).y
n~N(F7(N))2
+0 (N° | 455]) + owve g+
F1(N) g
O ( |g(N)| Nzt mi (N L .
+0 (lal v+ i (VIFOT, <))
where

=1 af fIN)(f'(n) +2Nf"(N)) >0,
w(f)=q @ if [f(N)>0, f/(N)+2Nf"(N) <0,

—i if f/(N) <0, f/(N)+2Nf"(N) >0,
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e > 0 is an arbitrary small, and constatnts in symbols O depend only on €.

Proof. It is well known that for x > 1 we have the representation
Z r(n) =z + \[Z 31 (2mv/nx), (1)
n<e

where J1(z) is the Bessel function of first kind and order one.
For the Bessel function J,(z), v = 0,1, ... there exist the asymptotic expanding

2 2 3
jy(z)zwgcos (z—ZV—Z) —i—O<|z|_§>7 for z — oo, (2)

moreover, for v > 1,
d , v v
o (223,(2V2)) = 27T, 1(2V7)
z
The asymptotical series (1) is boundedly convergent and may be differentiate. Thus,

by Abelian summation for any X > 1, we obtain

N
r(n)g(n)e(f(n)) = G(z)Rx ()| +
Nf:gN’<2N y L 3)
+ > r(n) [ G(x)Ig(2ny/nx)de +n [ G(z)dx — [ G'(z)Rx(x)dz,
n<X N N N

where

G() = o)), Rx(@) = Y- | Ertmn(emyim).

n>X

First we consider the case N~1 < f/(N) < 1. We take up of every summand in right
side of (2) in separately. We put Xo = 4N(f'(N))?, X = Xo + /Xof'(N).
Since Rx(z) < 2° (1+ /%), e > 0, and ¢’(x) is monotoneness on [N, N'], we

have
v
Gla)Rx(z)| < Neguv)( f/(N)> < N¢ Jg/((zjvg)’
T i N’ 0
[ d@ets@)Rx@dr < N [ 190 e f,((]jv)).
N N

v
/ . NY o 1 - g(N)
]Jg(x)f (@)e(f(x))Rx(z)dz < N <1+ \/;> | (N)] g(N)f,(N) <N PN

g(N)
fI(N)

N/
/ g(@)e(f(2))dz
N
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The bounds (5) follow by ” First derivative test”.
Next, we denote

o(N,z) =7 Z f(x))Jo(2mv/nz), (6)

Ax( 1= 2mi Z (2)Vad1(2mv/nx)e(f(x)). (7)

Now we employ the asymptotic expanding of Bessel function for z > 1

s - VD) (o (1))

m(nx)1 (nx)z
3 (oS 7_003(277\/75—1—%) 1
J,(2nvnx) = () (1+O((m;)é>>'
So, we may write
N’ N’
By(N) := /AO(N,:v)dx = r(n)/g(x)e(f(x))jg(%r\/ﬂ)dx = (8)
N n<X N
i N’
et . Z Tai?/g;?e(f(x) — Vnz)da+
n<X N
i N’
+ 624 Z T(Tj)/g(‘f)e( ( )—F\/ﬁ)dfl} _IOI+I()2;
n<X n4 N T4

say.
Without loss of generality, we can suppose that f’(x) > 0. Consider the integral

o
[ sty tels(e) - Vi)da
N

and notice that the function - (f(z) — v/nx) goes to zero in the point zo, where zg
is a solution of the equation 4f"?(x) = n. We denote 2o = ¢(n) and call a stationary
phase point for f,,(z) = f(x)—+/nz. On the interval [V, N'] a stationary phase points
of fn(z) exist only if n € [Xo — /Xof'(N), Xo + /Xof'(N)].
The functions f,(z) = f(z) + /nz for all n and also those f,(z), for which
n ¢ [Xo—/Xof'(N),Xo+ /Xof'(N)] have not stationary phase points on [N, N'].
Hence, by ” First derivative test”, we have
5 X1 \
Toy < N°XAg(N) - =1 < NzTE/ f1(N)g(N). (9)

For estimate of Byo(N) remained to calculate two sums

N’

PR PR / W) (o) — vmda,

1
€T 4
nNXo
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where the sign n ~ Xy denotes that n € [Xo — /Xof'(N), Xo + /Xof'(N)],

and
N/

ZQ = 3 r(n) /g(?e(f(x) _ Jam)de.

n<Xo—+/Xof'(N) N

For the sum ), the ” Second derivative test” gives

[ et @nar « 25w vy
N

=

We make the some auxiliary calculations

e = @+ 1 = L (770 + 1)),

and hence, for n ~ X, we have

X

fi(x) = % (f'(N) + AN f"(N))

() = fO () - g%ﬁ < f’]\(IJQV)_
x2
Next, by the relation x = 4¢(z) f?(p(x)), we infer

1= 4(¢'(2)f2(p(x)) + 20(x) f' (p(2) f" (0 (2))¢' (2)),

/ _ 1 — 1
¢'(@) = T e E T G@) < TR

At last, for n ~ 4N f?(N), we have

(1) — p(Xo) = ¢ () (n — Xp) = %
Thus,
1
o(n) = N =¢(n) — p(Xo) < W

n, Xo VN
= f/Z(N) < f/(N) <
sn—Xo< VN(f'(N)?

Sn—Xg < Xof/(N)

So, from (10), we obtain

>, < vy g(N)VN - /f'(N).

(10)

(12)
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To the integral in ), we apply Lemma 2. Then by (12), we have

8

.
0@ o alem)elfulen)
Z of D = el

where

Moreover,

Hence, we obtain

Bo(N):gwo(f) Yo gl VI m)le(fulp(n)+

n~AN f2(N)
. 9(N)

o (N If’(N)I) *
+ O (Neg(N))+

+0 (st smin (VIFIL s ) ).

where

eTw(f) if f'(N)+2Nf"(N)>0,
wo(f):

e~ Tw(f) if f/(N)+2Nf"(N)<0.

(13)

Now we will calculate A; (N, X), where X = Xo++/Xof (N), Xo = 4N(f(N))%
We must note that on the interval of integration [N, N'], a subintegral function has
not stationary phase points. So, by analogy with the case of Ag(V, X), we obtain for

n>X

(@) (@)e(f(x) + vim)de < I

2z
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and hence, the summation over n > X gives the bound

O (N g(N)VNF'(N)).

Next, the integral

I(n) = / g [ (2)el(f () — VAz)de

we calculate with help of ” First derivative test”

f'(N)

I(n) < Nig(N)f/ ™)

But we have

) = ) = = (VR0 - ) = L (V- v -

e (v7-18) - 5

And then we derive the following estimates

X<n<2x M7 X<n<2X ni n—Xo
N7% , r(n) Ni , 1 o
< X3 g(N)f (N)ng:zx P X3 g(N)f'(N) (\/W +1 gN) <
< Jf’,((]]vv)) + g(N)/ N (N);
T(n)I r(n) 1 ,
7 1(n) < T Nig(N)f' (N — <
7L>Z2X ni 7L>ZQX ni g \/:
< Nigr ) 3 N () /N
n>X n4
So,
") f
Vag(a) f(x)e(f(x))I1(2ny/na)de <
] .
< Jf,((]fv)) +g(N)VNJ/(N).

From (16), (17) Theorem 1 follows for f/(N) < 1 with wo(f) = eT w(f). In the
case f'(N) > 1 we consider the expression

Tp, = r(n)glem) V¢ (n)e(—fle(n)),
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where a bar denotes the complex conjugate value, and
F(n) = =f(p(n) + o(n) f'(p(n)).

Its clear that the following equations

F@) + 22f"(z) = 4[f (o(x)) + 20(2) /" (0(2))] 7", d2f?(2) = p(2).

are true.
Hence, for n ~ X

9(p(m)V/¢'(n) < g(N)(f'(N)) .

So, we have

wo(f) D r(n)g(en) Ve (n)le(f(p(n) =

n~Xo
vN
= r(n)g(n)e(f(n O (N¢ 0] € —_ .
,;v (n)g(n)e(f(n)) + O (N°g(N)) + (N g(N) f’(N))

At last, in the case f/(IN) < 0 suffice it consider a complex conjugate sum.
Thus the proof of Theorem 3 is concluded.

Remark. The proof of Theorem 3 in the idea sense is close to the method of
estimation the exponential sums by using the van der Corput transform (and also to
the method of exponential pairs).

As the corollary of Theorem 3 there is the statement of Theorem 1 mentioned
above.

MAIN RESULTS
1. Proof of Theorem 1. In the interval [1,z] the function f(z) = %F satisfy

all conditions of Theorem 3, moreover, the function ¢(y) = Z—zy be the inversion for
y = xf%(z). All conditions of Theorem 3 for the functions g(n) = 1 and f(n) = P
are followed out. Then we have

2
A(x,a):qA(M;,_Q)+
q) o \ ¢ a
+0 (mgg) +0 )+ 0 <x§+5 min (\/Ey \/E)> =
a a q

(18)
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Let us take a1, 1 < a1 < a, a; = —¢(mod a). Then
2 2
A<%,_Q>-A(ﬂcgﬁ),1<al<a.
q a q a
Use again the Theorem 3 to the right-hand sum. Then we obtain
a’> b a za? b2 a®\° a za?\° [za® b 3
Alz= 2) =242 2 )40 CY. 9 Lo () (222 —
(qu,a> b (qz’a2)+ <<xq2> b>+ <q2> <q2 a>
a0 ho (¢ L) v o (at (B)
b ¢’ b a, a '

Hence, we have the following chain

The number M is bounded above by the number of nearest to ¢ the number of
Fibonacci sequence f,, i.e. |far —q| < |fn — q|, where n 2 M, n=0,1,2,....

It is easy to see that M < logq < €.

Thus from (18) we infer

A <33, Z) =qA (;) +0 (x%+5) = %1; +0 (x%*‘e) .

2. Proof of Theorem 2. Denote N(ap) = a, N(8) = q. Then we have

[ aa aN(a1)N(ag)

Z T(Q)@QﬂzN(—Qﬂ ) _ Z 627'”7(1

N(a)<z o ,02€7Z[1) mn<x
N(ajaz)<z

camn

=2 X): T’(m) <ZL T(ﬂ)62ﬂi% — Z Z T(m)’l"(n)(ﬂ%”T _

say. For (m,q) = d let us suppose m = mid, ¢ = ¢1d, (m1,q1) = 1. Then, from the
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Theorem 1, we get

=2 X

r(myd)
dlq

>

gjamin
r(n)e”™ o =
USSr]
mi<E 1711
_ T r(mid)
_%: dgr Z my +0
a m1<H

A‘ =

‘Q"N‘P—‘

L\
Z (mld)
my<E
— Z T

€
+Q1 (ma:ld> =
1

(C(s)L(s,xa)) > xa(dr) T1

(1 _ X4(d1))
di|d pl4

Ta\mw

(ml q1
]
dlq s=

+0

[\J\»—A

pS
dy

(19)
) +0 (x%"‘sd_l_s) +0 (qxé“‘s)} =

= (@) 75 4 Ax(@)% + O (whteq) + O (ai+)
q),

where A1(q), A2(q) be the computable constants, ¢7¢ < 4;(q) < ¢
As before, we obtain

ci=1,2.
1
$,-% T ) (o
d|q 3
mlgxi,
(m1,q1)=1

<x1+5) +0 (qlxs)) =
B(g)% +0 (+44°) + 0 (q12%)
where ¢7¢ < B(q) < ¢°.
desired result of theorem

(20)

Collecting out estimates(19)-(20) together, we obtain the

view

O
CoNCLUSION. The scheme of the proof of Theorem 3 may be applied for investiga-

tion the weighted exponential sums over the ring of Gaussian integers of the following
Y. (@)g(N(a)e(N(a)
N(a)<z

But now instead of representation the sum 3 7(n) in view of the series on Bessel
functions it is necessary to study the sums of view

where

V(o) =y* (—Z) ds, y=m'zN(a)

Q).
Function 2)(a) may be considered as an analogue of Bessel function J; («)
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Bapbaneuv C.
TPUIOHOMETPHUYHI CYMU ®VHKIT JAJIbHUKIB HAJ Z[i]

Pesrome

Mu 3acTocoByemo nepersopennst Ban nep KopiyTa ji1st TOCTiIKEHHS CyM BULY Z r(n)g(n)x
xe(f(n)), ne r(n) € 4ucno 306pakeHb n K CyMH JBOX KBaAparTiB Iynx wuces. Taki cymu
puBuasuchk M. FOTimoro, O. I'yasBum, M. Xaxkcii Ta in. Coumparodunchk Ha BJIACTUBOCTI gude-
pennioBanns Gy g(n) ta f(n), Hamu Gysu OTpuMaHi pi3Hi THIHM 3aMNIKOBAX YJICHIB HA
IPaHUIAX PO3IVIAHYTUX cyM. B crenjaspromy Bunaaky O. I'yHsIBUII MOKpAIUB pe3yabTaT
M. FOTimm B mpo6JieMi OIiHIOBAHHSI TPUTOHOMETPUYHOI CyMu Bif DyHKIl JMbHUKIB T(n).
Mu orpumyemo acumuroTuuHy dopmyiy s cymu y | T(a)e (%N(a)) HaJ, KiJbLeM LiJInx
rayCOBUX UHCEJ, IKa € AHAJIOTOM aCUMITOTHIHIX hopmy, orpumanux M. FOrimoro ta O. I'y-
HSIBUM.

Kamouo6i cr06a: mpu2oHOMEMPUYHE CYMU.

Bapbamney C.
TPUTOHOMETPUYECKHUE CYMMBI ®VHKIINHU JEJTUTENEN HAT Zi[i]

Pesrome

Mer npumensiem nipeobpasosanue Ban nep Kopryta s ucciejoBanusi CyMM Z r(n)g(n)x
xe(f(n)), rme r(n) ecrb UmciO NpeicTaBIEHUN N B BUAE CYMMBI JIBYX KBaJPATOB LEJIBIX
ances. Takue cymmbl usydaauck M. FOrumoit, O. Uyusseim, M. Xakcaun u gp. Onupasichk
Ha cpoiicrBa muddepenmmposanus byukmmit g(n) n f(n), HaMu GBUIM TOSYYIEHBI PA3JIAY-
HbIe TUTBI OCTATOYHBIX YJIEHOB HA TPAHUIAX PACCMATPUBAEMBIX CYMM. B CIenmuaabHOM CITy-
gae O. Dynasbiit yayuamunn pesyasrar M. FOtusasl B npobGseme ONEHKH TPUTOHOMETPUYE-
CKOIl CyMMBI OT byHKImH aeauTesneir 7(n). Mbl moydaeM acCUMITOTHIECKYIO (DOPMYILY IJIst
Sor(a)e (%N (a)) HAJ, KOJIBI[OM II€JIBIX TayCCOBBIX THCEJI, SIBJISIONLYIOCS AHAIOTOM ACHMII-
rotuaeckux dpopmys, mosydeHabx M. FOTwmmoit u O. Tynsasbiv.

Kmouesvie cro06a: mpu2oHOMEMPUIECKUE CYMMDL.



