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BBEOEHUE.

Heuerkue cucreMbl - 04eHb BaxKHAs TeMa KAK C TEOPETUIECKON TOYKHU 3PEHUS,
Tak ¥ ¢ mpakTudeckoil. OHN TPUMEHSIOTCsI, HAIPUMED, B aBTOMOOHJIHLHOM, a3pPOKOC-
MHUYECKOI ¥ TPAHCIIOPTHON IPOMBINIJIEHHOCTH, B CTPOUTENBCTBE, [IPU CO3/AHUNA THJI-
PaBJINYECKUX U TOIYJISIIIUOHHBIX MOJIesiell, B chepe (DMHAHCOB, aHAIN3a U IIPUHATUS
YIPABIEHIECKUX PEIeHnil, TPU TPOrHO3UPOBAHUN PA3HBIX YKOHOMUUIECKUX, [TOJTUTHU-
9ecKuX, OMPKEBBIX cUTyaruit u Tomy monobuoe. HedeTkne cucrembl sABISIOTCS ecTe-
CTBEHHBIM CIIOCOOOM MOJIEJIUPOBAHUS JUHAMUYIECKUX CHCTEM B YCJIOBUSIX HEOIIPE/Ie-
seHHOCTH. PoOpMaIM3aIns HEYETKUX MMOHATHI ITO3BOJISIET MPUOJINKEHHO OIUCHIBATD
[TOBEJIEHNE CHUCTEM HACTOJIBKO CJIOXKHBIX, YTO OHU HeE IOJJIAI0TCS TOYHOMY MaTeMa-
TUYECKOMY aHaJm3y. B psifie caydaeB TakKOoe OIMUCAHUE SIBJISIETCS €IMHCTBEHHO BO3-
MOXKHBIM, TAK KAK B PEAJIBHBIX CUTYAINSX 3aKOHOMEDHOCTH, OTDAHIMYICHNS, KDUTEPUU
BBIOOpa B GOJIbINEH Y9acTh CyOBEKTUBHBI U TOYHO He ompesesenbl. C 1965 1., Korma
L. Zadeh [1| omy6amkoBan CBOIO HOBATOPCKYIO paboTy, OBLIM PACCMOTPEHBI COTHH
[IPUMEPOB, B KOTOPBIX IIPUPOJIA HEOIPEJIEJIEHHOCTH B IOBEJIEHUN CUCTEMBI SIBJISI€TCSI
CKOpee HEeYeTKOil, HexKeJIl UMeeT CTOXACTHIECKUN XapaKTep.

Acumnrorndeckue METOIBI UCCIIEIOBAHUST HEJIMHERHBIX MU dEePEeHITNATBLHBIX YPaB-
HEHUIl 3aHUMAIOT MEHTPAJbHOE MECTO B HEJIMHEHHON MEXAaHWKE W CMEXKHBIX Pas3jie-
JlaXx MaTEeMATHKN, MEXaHUKW, (DU3NKKM W TEXHUKH. Pa3paboTka OOIIEro aJropurMma,
MOJTyIUBIIIEr0 Ha3BaHuWe MeToja ycpeanenuss KpobutoBa—Borosobosa, u Teopema o
GJIM30CTH pEIeHnii TOYHOM 1 ycpeaHeHHO# cucreM npunasexar H. M. KpsuioBy u
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H. H. Boroso6osy [2|. B manbueiimiem H. H. Boroso6os cozma crporyio Teopuio
METO/Ia YCPEIHEHUsI W TIOKA3aJI, 9TO TOT METOJ| OPTAHUYIHO CBSI3aH C CyIIECTBOBAHU-
€M 3aMeHBbI [IePeMeHHBIX, [IO03BOJISIIOIIEN UCKJIIYNTh BpeMsl ¢ U3 IIPaBbiX YacTell pac-
CMaTPHUBAEMbBIX YPAaBHEHUI C Halepe/| 33/IaHHOIl CTENEHbI0 TOYHOCTU OTHOCUTETHHO
MaJIoro mapamerpa £, 000CHOBAJ aCUMIITOTUYECKUI XapakTep MPUOJIUKEHUH, MoJIy-
YAEMBIX METOJIOM YCPEIHEHUS, i YCTAHOBUJI COOTBETCTBUE MEKIY PENICHUSIMU TOUHBIX
U yCPEIHEHHBIX YpPABHEHUI HA GECKOHETHOM BPEMEHHOM HHTEPBAJIE.

[ToyuerHnbIe pe3yNbTATHI Oy IWIN JajbHeliee pazsutue B padorax FO. A. Mur-
ponosibekoro, A. M. Cawmoitsienko, JI. 1. Axynenko, B. M. Bomocosa, E. A. T'pe-
6ennnkoBa, M. A. Kpacuocenbckoro, C. I'. Kpeiina, H. H. Mowuceesa, H. A. Ilepe-
crioka, B. A. ITmoruukosa, A. H. @unarosa, ®@. JI. YepHoycbko u Ap. JJIsl HEJIU-
HENHBIX YpaBHEHUN ¢ MeJJIEHHO MEHSIIOMUMUCA KO3 MUIMEHTaMI, MHONOYACTOTHBIX
CUCTEM, YPABHEHUII B YACTHBIX MPOM3BOJHBIX, PA3HOCTHBIX YDPABHEHU, ypaBHEHUH
C PA3pBIBHBIME IIPABBIMHU YACTIME, UMILYIbCHBIX JTUMDOEPEHINATbHBIX yPaABHEHMIA,
YPaBHEHUII ¢ 3aIla3/IbIBAHNEM, CTOXACTUYICCKUX yPABHEHUI, ypaBHEHUI B OECKOHEU-
HOMEPHBIX IIPOCTPAHCTBaX, AuddepeHnraabHbIX BKIIOUeHU, TuddepeHnraabHbIX
YPABHEHUIl U BKJIIOUEHUI C IIPOU3BOIHON XYKyXapbl, MHOTO3HAYHBIX MHTETPAJIbHBIX
7 UHTErpo - nudepeHITnATBHBIX yPaBHEHNH, KBa3uaudepPEeHITNAIBHBIX YPABHEHNH,
HEYETKUX YPABHEHUH U BKIIOYeHHI 1 ToMy mogobuoe (eM. [3] - [18] u cebuikn B HuX).

B namHOit crarhe paccMaTpuBaeTcs 0OOCHOBAHUE METO/a IOJHOTO YCPETHEHUsT
JUTsT UMITYJIbCHBIX JnDepEeHITATBHBIX BKJIIOYEHH ¢ HEYETKON MPaBoil YacThio Ha
KOHEYHOM IIPOMEXKYTKE B TepMUHAX R-pereHuii.

IIPEABAPUTEJILHBIE PE3YJIbTATHI. BBezeM B paccMOTpeHne He9eTKOoe IPo-
crpauctBo E" orobpaxenuii u : R” — [0,1], yI0BIeTBOPAIOIAX CJIELYIONIUM YCIIO0-
BUSIM:
1) u nosnyHenpepsiBHO cBepxy 110 Bapy, T.e. 11s1 si06bix § € R™ u e > 0 cymecrByer
5(g,e) > 0 Takoe, aro juist Beex ||y —g| < § cupasesymeo HepaseHeTBO u(y) < u(Y)+ &5
2) u HOpMAJIbHO, T.€. CYIIECTBYeT BEKTOD Yo € R™ Takoii, uro u(yg) = 1;
3) u HEYETKO BBIMYKJIO, T.e. I JIOOBIX Y1,y2 € R™ u ymoboro A € [0,1] cipasen-
o HepaseHeTBO u(Ay1 + (1 — N)y2) = min{u(yr), u(yz2)};

4) zampikanne MHOKecTBa {y € R™ : u(y) > 0} xoMmakTHO.

Hysaewm B mpocrpanctse E" sBisieTcst oTobparkenme

A _ 17 Yy = 07
0(y) = { 0, yeR™0.

Onpenesienune 1. a— cpe3koil [u]® weuemxozo muoocecmsa u € E" naswea-
emca muooicecmso {y € R™ : u(y) = a} npu a € (0,1] u samvkanue muoorcecmsa
{y e R" : u(y) > 0} npu o = 0.

Teopema 1. [19] Ecau u € E"*, mo

1) [u]® € conv(R™) dan ecex « € [0,1];

2) [u]* < [u]** das 6cex 0 < a1 < ag < 1

3) ecau {ou}i, — HeybusaIOULaA NOCAEI0EAMENPHOCTVD, CINPEMAWAACA K () TO

[ul* = (7 [u]™.

k=1
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Haobopom, ecau cemeticmeo muoocecns {A, : « € [0,1]} us npocmpancmea
conv(R™) ydosaemsopsem ceoticmeam 1)-3), mo cywecmeyem u € E® maxoe, wmo
[u]® = Ay das scex ae (0,1] u [u]® = |J Aa < Ao.

O<ax<l

Ompenenum B npocrpanctee E” merpuky D : E" x E® — R, , noJyaras

D(uw) = sup h([u][v]?),
0<axl
rae b : conv(R™) x conv(R™) — R — paccrosirme 110 Xaycaopdy.
B 1989 r. B.A.Baiinocos [20,21] u J.-P.Aubin [22] BBesu nonsarue auddepeniy-
AJIbHOI'O BKJIIOUEHUS C HEYETKON INpaBOil 4acThbIO:

T € F(t,l‘), l‘(to) € )(07 (1)

riaet € I = [tg,T]— Bpewmst, z : I — R™— dasosast nepemennast, & = Z—f— IIPOU3BOIHAS
BekTop-byukimy z(-), F : I xR™ — E"— neverkoe orobpazkenue, Xy € E™— neyerkoe

MHO>KECTBO HAYaJIbHBIX COCTOSTHUIA.

Ounpepenenne 2. [23] a— pemenuem eskaovenus (1) nazosem abcoaommo
Henpepushyto Pynryuto x : I — R™ maxyro, wmo z(t) € [F(t,x(t))]* nowmu ecrody
na I u x(ty) € [Xo]*.

Mmnootcecmso ecex a— pewenud, exaroverus (1) 6 momenm epemenu t 0603na-
wum Xo(t). B cayuae, ecau cemeticmso {Xo(t), a € [0,1]} onpedeasem meuemwxoe
muooicecmeo X (t), mo X (t) nasvieaemces MHOXKECTBOM pelueHuil sxatouenus (1)
6 MOMEHM 6peMENU T.

Bompocsl cymecrBoBanus MHOKecTBa X (t), ero CBOHCTBa PACCMATPUBAJINCH B Da-
6orax A. B. ILmornukosa, S. Abbasbandy, T. Allahviranloo, P. Balasubramaniam,
Y. Chalco-Cano, E. Hullermeier, V. Laksmikantham, O. Lopez-Pouso, K. K. Majum-
dar, R. N. Mohapatra, J. J. Nieto, J. Y. Park, D. O’Regan, H. Roman-Flores, A. A. Tol-
stonogov u ap.

OueBnyno, uro cemeiictso { X, (t), @ € [0,1]} MOXKeT He yJOBIETBOPATD YCIOBHAM
TeopeMBbl 1, T.e. He OpeeIATh HeIeTKoe MHOKeCTBO X (t), mosromy B padorax [24,25]
BBeJIeHO TOHATHE R - pemenns nuddepeHuaabHoro BKIIOUEHUs ¢ HeIeTKONW IpaBoi
YaCThIO.

Ounpenenienue 3. [24, 25] Hoayrnenpepuishoe ceepry Hewemroe omobpastcerue
R:1—E" R(ty) = Xo, ydosaemesopsarowee ycaosuio

Jim 1 sup h | [R(t+0)]", [ {x+/tt+a[F(s,z)]ads} =0

ol0 o a€el0,1] ze[R(t)]«

rasvisaemca R - pemennem dugdepenyuarviozo skaouenus ¢ Hewemrot npasod
wacmoio (1).

Onpenenenune 4. losopsam, wmo omobpascenue F' : R x R — E™ BoramyTo-
3HAYHO N0 T, eCAl

BIE(tx)]* + (1= B)[F(ty)]* = [F(t,Bz + (1 - B)y)]”
das mobv o, B € [0,1].
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Teopema 2. [24,25| ITycmo newemxoe omobpasicenue F 2 I x R™ — E™ ydosae-
MBOPAEM CACIYOULUM YCAOBUAM:

1) usmepumo no t npu xascdom durcuposarnom x € R™;

2) ydosaemeopsaem ycaosuro Junwuua no T ¢ nocmosnnot A Npu nowmu 6cex
tel;

3) cywecmeyem nocmosmmazn y > 0 maxas, wmo D(F(t,x),0) < v das nowmu
ecex t el u ecex x € R";

4) eoenymosnaumo no x dasn nowmu ecex t € I u ecex x € R™.

Tozda cywecmsyem eduncmeennoe R - pewenue R(-) examovenus (1), onpedeaenrioe
Ha npomescymxe [to,to +d] < I.

Muorue nporecchl B GUOJIOIMH, TEOPUU YIPaBJICHUs, 3JIEKTPOHUKE OINUCHLIBAIOT-
csl TIPK TIOMOITH UMITYThCHBIX M depeHITnalbHbIX BKIIOYeHHH ¢ HedeTKOoH IpaBoit
vacTeio [26]:

&€ F(tx), t # 1, (0) = xo, (2)

Az|i—q, € I;(x),

rae 7; € I, i € 1,m— MOMEHTBHI HMIIy/IbCOB, 3aHyMEPOBaHHbIE B BO3PACTAIONIEM IIOPAI-
Ke, Ax|i=r, = (73 +0) — (7, — 0) = (7 + 0) — 2(7;)— ckadoK PazoBoro BeKTOpa B
TOUKe uMIysbca 7;, I; : R™ — E”— HeueTKHe 0TOOpaKEHUSI.

Bsemem B pacemorpenne nonsitue R-permenus nmmysnbcaoro auddepeHunaabHoro
BKJIIOYEHUS C HEUYETKO! [paBoil YacTbio Buia (2):

Ounpenenenne 5. Heuwemxoe omobpasicenue R : I — E™ R(tg) = Xo, ydosae-
MEOPAIOULEE CACOYIOUUM YCAOBUAM.:

1) na npomestcymrax mescoy MomeHmamu umnyavcos R(-) noaynenpepoieno ceep-
Ty u

lim - sup & [R(t+o]% | a{x—i—/tHU[F(s,x)]ads} o,

710 0 aefo,1] ze[R(t)]

2) R(-) nenpepwiero caesa 6 mowkaxr umnyavcos 7, u R(1;+0) = | {z+1;(z)}
z€R(T;)
nasvisaemcs R - pemeHneM umny.avcrozo dudhepeniyuantnoeo SKA0enus ¢ newems-
Kot npasoti wacmuvio (2).

OdeBuIHO, YTO CYIIECTBOBAHUE U €IUHCTBEHHOCTD R - pemenus 3agaqu (2) umeer
MECTO, ecjii Hederkoe orobpakenue F(t,x) yIOBJIETBOPAET yCJIOBUSM TEOPEMBI 2 HA
[IPOMEXKYTKAX MEXKJIy MOMEHTAMH UMIIYJIbCOB U HedeTKue orobpaxkenus I;(x) orpa-
HAYEHbI, BOTHYTO3HAYHBI U YJOBJIETBOPIOT yCJIOBHUIO Jlummura.

B paborax [27,28] obocHOBaHA BOZMOXKHOCTH IIPUMEHEHUs METO/Ia, YCPEJIHEHUs Ha
KOHETHOM TIPOMEXKYTKe Jist uddepeHraabHbIX BKIOYEHHI ¢ HEIeTKOW MpaBoil Ja-
CTBIO, COZEPKAIINX MaJIblil TapaMeTp. IIpu 3ToM 1pu 10Ka3aTeIbCTBE OCYIIECTBIISIICS
epexoJi, K OT/Je/IbHBIM (v— PEIeHHUsIM U B Pe3yJibTare MOKa3aHa OJIM30CTh MHOXKECTB
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PpEeIeHul MCXOIHOTO U YCPETHEHHOTO BKIIIOYEHUIT. AHAJIOTUYIHbBIE PE3YJIBTATHI JIJIsT UM-
IyJIbCHBIX JuddepeHnnaabHbIX BKIIOYEHUI ¢ HeYeTKOH PaBoil 9acThiO MOJIyIEHbI B
paborax [29-32].

B [24,25] o6ocHOBaHA BO3MOKHOCTH TPUMEHEHUST METOMIA YCPETHEHNS B TEPMUHAX
R - pemennit gasa aunddepeHMATBLHBIX BKIIOYEHUN ¢ HEYETKON MpaBoOil YacThIO C
MaJIbIM IapaMeTpoM. B IaHHOM craThe mepeHeceM IOJyUeHHbIe B [24,25] pe3yibraTs
Ha UMILYyJIbCHBIA cirydail.

OCHOBHBIE PE3VJIbTATBI. PaccmorpuMm juddepeHuajibHoe BKIIOYEHUE C
HEYETKOI MPaBOii YaCThIO CTAHJIAPTHOIO BUJA C UMILY/IhCAMU

teeF(tx), t+ 7, (0) € Xo, (3)

Az |i—r,€ el;(),

rne t € Ry — Bpems, x € R"— dazoasa mepemennas, € > ( - Maublii mapamerp,
F:Ry xR" - E" [, : R" - E"— nHeuerkne 0TOOparkKeHusi, MOMEHTBHI UMITYJIHCOB T;
3aHyMEePOBAaHbI MHOXKECTBOM HATYPAJBHBIX YHCEJ B BO3PACTAIOIIEM IIOPSIJIKE.

ITocraBuMm B coorBeTcTBHe BKIOUeHUIO (3) ciemyomiee yepeatnentoe auddepen-
[IHAJIbHOE BKJIIOYEHUE

€ e eF(¢), £(0) € Xo, (4)

e HedeTkoe oTobpakenne F' : R — E” takoBo, 4TO

t+T
~ 1
F(z) = Jim =D / Fitadt+ Y L) ). (5)
- ? t<r <t+T

Teopema 3. ITycmov 6 obaacmu Q = {t = 0,2 € G < R"} sunoanens: caedyroujue
YCAOBUA:

1) neuemxue omobpascernus F(t,x), I;(x) nenpepvierol, pasromepro 0eparuvervl
nocmosannott M, ydosaemeoparom no x ycaosuro Junwuua ¢ nocmosnmnoti X, 602ny-
MO3HANHDL N0 T;

2) pasnomepro omnocumenvho t,x cywecmeyem npedea (5) u

— 1
lim Ti(t,t+T) =d < w,

T—o0

20e i(t,t+7T) - Koaunwecmso mouex nocaedosamesvrocmed {t;} na npomesrcymre [t,t+
T;

3) R - pewenusa exmovenus (4) daa ecex Xo = G' < G nput € [0,L*c~1] neotcam
emecme ¢ Hexomopoti p-oxpecmuocmyvio 6 obaacmu G.

Tozda dan awbux >0 u L € (0,L*] cywecmeyem maxoe £9(n,L) > 0, wmo npu
g€ (0,e0] ute[0,Le"t] enpasedauso caedyrousee nepasencmeo

D(R(t.e), R(t,e)) <, (6)

2de R(t,e),f%(t,s)— R- pewenus sxarovenutd (3) u (4) coomsememsenno, R(0,e) =

R(0,¢).
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JokazaresbcTBo. W3 yenosmit 1), 2) ciemyer, 9To HedeTKoe oTobpaxkenue F
G — E" pasaomepno orpanuueso nocrosuaoit M (1 + d) u ymoBieTBOpsier yCIoBHIO
Junmuna ¢ mocrostanoit A(1 + d).

eilicTBUTEIHHO,

- R - 1 t+T 1
D(F(x),{0}) <D (F(z),T/t F(tx)dt + o > Ii(ar)> +

t<T;<t+T

t+T t+T
+D<; / Flta)i+ 7 Y fi<x>,{0}><6+; / D(F (s,z),{0})ds+

t<T; <t+T

+% N D(Li(@){0}) < 6+ M +dM = § + M(1 + d);

t<T; <t+T

~

- - t+T

t<T;<t+T

1 t+T 1 1 (T )
+D T/t F(t,x,)dt + T 2 Ii(zq), T~/t F(t,x9)dt + 7 Z Ii(xo) | +
t<T;<t+T t<r<t+T

t+T
+D (;/; F(t,acg)dt—i-% > Ii(xg),ﬁ(x2)> <

t<Ti<t+T

t+T

1

<25+ T/ D(F(s.21), F(s,w2))ds + > DUi(m1) Li(x2)) <
t t<T<t+T

< 20 + M|z — 22| + M|z — 22]| = 26 + M1 + d)||z1 — 22,

rie d MOXKeT OBITh CIEJIaHO CKOJIb YIOJHO MaJibIM 3a cuer BbiOopa 1. Takum obpaszom,
D(F(2){0}) < M(1 +d), D(F(x1), F(2)) < M1 + d)[[21 — 2|

Kpowme toro, neuerkoe orobpazkenue F'(x) sBisierca BOrHyTo3HAYHBIM. Boibepem
upousBosibhble «, 8 € [0,1] 2,y € G. Torga

BIE(x)]* + (1= B)[F(y)]* =

1 t+7T 1 o
— 5 gim (1 /t Fitayde+ = S L@ || +
t<Ti<t+T

t+T *
+(1-5) nggo (;/t F(t,y)dt+% > Ii(?J))] =

t<T<t+T

i (; [ e + o - sFearas

t7 % (B[Ii(x)]“+(1—5)[1i(y>]“>>C

t<T; <t+T
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) 1 t+T 1
c lim (T/t [F(t,8z + (1 — B)y)]“dt + T 2 [L;(Bx + (1 = B)y)] > -

T—0
t<Ti<t+T

= [F(Ba + (1 - B)y)]*.

B cuy ycsnosuit Teopemsbl R - pemenust Britouenuit (3) u (4) cymecTByor.
st moboro menoro m > 1 pazobbem orpesok [0, Le 1] ma m pasubIx wacTeit
TOUKaMU tj = 57517 k= 0,m.

ITocrpoum neverkme orobpaxkennst R™(t,e) u R™(t,¢) takue, 410

t

(Rl = r4e / [F(s,2)]*ds +2 Y [L(2)] ¢ [R™(0.6)]" = [Xo],

ze[R™ (tg,e)]™ i te<Ti <t

ol = | {y+elt - wlFe)lds}, B0 = [X0]7,

ye[R™ (tx.)]*

st Beex « € [0,1], t € (tg,trs1], k =0,m — 1.
Ipu t € (tg,trx+1] cupaBeuBa OlEHKA

D <Rm(tk,s),Rm(t,5)> —

— sup h([Rm(tk,e)]a, U x+a/[F(s,:U)]°‘ds+s S L) )<

OLE[O,l] IG[R”l(tk,E)]a i t<Ti <t

ML(1+d
<eM(t—tg) +eMd(t —t) < ﬁ
m

Amnanormano ML 0
~ ~ 1+
D (¢ (¢ < —
(R (te).R7 (1e)) < ===
ML(1+d
D (R(tg,e),R(t,e)) < 7(m+ ),

D (R(tre) Bite)) < ML +d)

m

JlokaxkeMm, 9TO

lim D(Rm(t,s),R(t, 5)> =0, lim D(ﬁm(t,s)ﬁ(t,a)> = 0.

m—00 m—00

Iycrs t € (tg,trs1]. OBosHAYTMM Uepes T{“JQ’“, . ,TZ’f MOMEHTBI MMITYJILCHBIX BO3-

JleficTBuil T; Ha IPOMEXKYTKE [k, tx+1]. Torma aust Beex a € [0,1] umeem

t

[Rtol” = | | y(t) =z + < / o(s)ds b, th<t<h,
w€[R(tk,e)]™ v(s)e[F(s,y(s))]™ i
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t

[R(t.e)]* = U U y(t) =z + s/v(s)ds Cy :vbé‘:)_ iTEF(i7Z(E}ZE(Z;‘)]a

ze[R(TF,2)]* v()r i

k k
Ty <t<7.y, ¢=1p.

IIycrs 6 = D(R(tk,s), Rm(t;wg)). Torma upu t € [ty, 7F], a € [0,1] momyunm
n(trear m e ) -
t t
= h( {y(t) = ;v-i—a/v(s)ds}, U {z-i—s/[F(s,z)]o‘ds}) <
z€[R(tr,e)]> v(s)E[F(s,y(s))]* i ZE[R™ (tg,€)]™ .
t t
< sup p (x +5/v(s)ds,z + 6/[F(s,z)]o‘d8) <
z,z,v(+)
tr tk

z,2,v(-)

< sup (|x—z|+a / p<v<s>,[F<s,z>]a>ds)<

123
t

<0+ 6/ sup h([F(s,y(s))]%[F(s,2)]%)ds) <

z,z,v(:
L0

¢
L L
< Op +5/\/ lsup lly(s) — x| +6k] ds < 6 + e [5M+6k] — =
20(-) em em
tr

AL AML?
=0, |1+ — | + 5
m m

Ipu t € (t5,t5+1], o € [0,1] mmeenm

(iRt (o)) -

te<Ti<t

¢
= h( U U {y(t) =x+ E/’U(S)ds +e 2 A;, Ay e [Iz(y(tz))]“} )
z€[R(t,e)]™ v(s)E[F(s,y(s))] in

U {era/[F(s,v)]adere > [Ji(v)]a}><

vE[R™ (T1,€)]™ T TRt <t
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t t

< sup p x—f—s/v(s)ds—i—s Z Ai,v—k&/[F(sm)]“dS—ks 2 [L;(v)]®

z,v,0(-) te<Ti<t te<Ti<t
ty

N

tk

t

< sup [fle—vll+e / o) [Fs)™ds +e S p(An L)) | <

z,v,0(+) t te<Ti<t

z,v(: z,v(+)

t
AdL
< 5k+5)\/ <sup lly(s) — x| +5k> ds + o (Sup [ly(t;) — || +5k> <
tk

AL A\dL L L L L L L
< I (1 + —+ )+€)\ (eM +5dM)+/\d <5M +adM> =
m m em em em m em em

AL(1+d AMIL2(1 + d)?
—5k<1+ (+)>+ (2+).

m m
Torma
AL(1 +d AML?(1 + d)?
5k+1<5k<1+ ( )>+ (2+),60:0.
m m
CirenoBaTesbHO,
k
AL(1+d)
5. < AML2(1 +d)’ (1 T ) -1 _MLO+d) (s
kS m2 ' AL(1+d) = m (6 - ) :

Takum obpazom,

D(R(te), R™(te)) <
< D(R(t7€)aR(Tka E)) + D(R(Tka E)a R™ (le E)) + D(Rm(TfW E)aRm (t,E))

N

< 2ML(1 + d) N ML(1+d) (e)\L(1+d) _ 1) _ ML(1 + d) (eAL(Hd) + 1) (7
m m m

AHaJIOrT9HO MOXKHO TNOJIYy9IUTH OLCHKY

D(E(t,@ﬁm(t,s)) < W <eAL(1+d) + 1) . (8)

~

O6oznauum vepes o = D(R™(ty,e),R™(tr,e)). lpu t € (tg,tr+1],k = 0,m — 1,
a € [0,1] onernm

h([R™ (t.2)]%[R™ (t.e)]%) = h( U {x +e / [F(s,2)]"ds+

ee[R™ (tr,e)]* t
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t
+e }][nuw}, U e [IFwra ><

tp<Ti<t ye[ﬁm,(tk’s)]a .

t t

<ow (e —all+on | [IFearas s X mene, [iFwre) | <
x,Y tp<Ti<t

tr Tk

t t

<qu§<|x—yl|+€h /[F(&m)]ader > [Ii(w)]a7/[F(S,y)]°‘ds+ >, L™ |+

te th<Ti<t i tr<Ti<t

seh | [FGads + Z[MM%/@@P@><

te<T; <t

Lk 123

t
L L
< sup |\x—y||+5)\/|\1:*deers)\d—Hz*yH el <
2y em em

tr

k+1
AL(1+d) B
o (14 AT ) +@<@.(1+7m ) 1<
= Ok m m . om AL(1+d) =
m (ekL(l-f-d) _ 1)
< . 9
A1 +d) ©)

N3 (7)-(9) mmeem

AL(1+d) _
n (e 1) L 2ML(1L+d)
M1+ 4d) m

D<R(t,e),fz(t,e)) <

Buioupas

(eAL(”d) v 1) . (10)

AML(1 AL(1+d) 1
_ (1+4d) <e + < A+ dyn
m 7 u m 2(6)‘L(1+d)—1)7

nosyanm u3 (10) yTBepKieHne TeOpeMBbI.

Sameuanne 1. Ecau exatouenus (3),(4) nepuodunms, no epemenu, mo oyenka
(6) npurumaem eud

D(R(t,e)ﬁ(t,z—:)) < Ce.

SAKJIIOUEHUE. Takum o6pa3zom, B JaHHOI craTbe OOOCHOBAHA BO3MOXKHOCTH
[IPUMEHEHUsI CXEMBI TIOJIHOTO YCPETHEHNUSI [Tl MMITYJIbCHBIX T depeHITnaTbHBIX BKIIIO-
YeHnil ¢ HEYETKON MPABON JACTHIO HA KOHEYHOM IIPOMEXKYTKe B TepMuuax R - perre-
unii. Iloydennbsle pe3ysibTaTsl 0000MIAIOT AHAJIOIMYHBIE PE3YIBTATHI JJIs MMILYJIbC-
HbIX nuddepeHnuaIbHbIX BRIdeHnit [11].



96

Crxpunnux H. B.

N

10.

11.

12.

13.

14.

15.

16.

17.

18.

Zadeh L. Fuzzy sets / L. Zadeh // Inform. Control. — 1965. — Ne 8. — P. 338 — 353.

Kpsuios H.M. Beenenue B nesmneiinyio mexanuky / H.M. Kpbutos, H.H. Boromo6os.
— K.: Usn-80 AH YCCP, 1937. — 363 c.

Boroao6os H.H. Acumnrorndeckue MeTOAbI B TEOPUU HEJMHEHHBIX KojebaHuit /

H.H. Boromo6os, FO.A. Murpomnonbckuii. — M.: Hayka, 1974. — 503 c.

I'peGennnkos E.A. Meroz ycpenaenus B IpuKIaaHbIx 3anadax / E.A. I'peGeHHUKOB.
— M.: Hayka, 1986. — 256 c.

MuTtponoasckuit FO.A. Meroz ycpeanenns B HenmHennoit mexanuke / FO.A. Mur-
ponoseckuit. — K.: Haykosa mymka, 1971. — 440 c.

Murpomnonbckuii FO.A. Maremarnyeckoe 060CHOBaHUE aCUMIITOTHYECKUX METOIOB
nesmueitnoit mexanmku / FO.A. Mwurpononscknii, I.JI. Xoma. — K.: Haykosa gymka,
1983. — 216 c.

Mowncees H.H. Acumnrorndeckue MeToasl HeiauHeitnol mexanuku, H.H. Moucees.

— M.: Hayxka, 1981. — 400 c.

ITepectiok H.A. Nmnynbcuble mpuddepeHnpaibible ypaBHEHUSI ¢ MHOIMO3HAYHOU ¥
paspeiBHO# npaBoii wactbio / H.A. Ilepectiok, B.A. Ilnoraukos, A.M. CamoiireHko,
H.B. Ckpumnnuk. — K.: Uuc-t maremaruku HAH Vkpaunsr, 2007. — 428 c.

IlnoruukoB A.B. [luddepenimanbube ypaBHeHus ¢ "deTkoil' u HeIeTKOI MHOrO3Ha -
HOH npaBoii wacTho. Acumnrornaeckue meroas / A.B. Ilnorankos, H.B. Ckpunaux. —
Opecca : Acrpoupunt, 2009. — 192 c.

ITnornuxkoB B.A. Merox ycpennenus B 3anadax ynpasienus / B.A. Ilnoraukos. —
Kues-Ognecca: "JIsibuas”, 1992. — 187 c.

ITnoruukos B.A. Iuddepennmanbibie ypaBHEHUsI ¢ MHOTO3HAYHON IIPABOl 9aCThIO.
Acumnrornaeckue meroast / B.A. Ilnoraukos, A.B. Ilmoraukos, A.H. Burtiok. — Omecca:
Acrpollpunt, 1999. — 354 c.

Cawmoitnienko A.M. Jludbdepennnaabable ypaBHEHUS C UMILYJIbCHBIM BO3IEHCTBUEM
/ A.M. Cawmoiinenko, H.A. Ilepectiok. — K.: Buma mx., 1987. — 288 c.

®PunaroB A.H. Acumnroruyeckue MeTonnl B Teopun uddepeHualbHbIX 1 HHTEIPO-
nuddepenimanbubix ypasaenuit /| A.H. @unaros. — Tamkent: an, 1974. — 216 c.

Yepuoycbko ®@.JI. Yupasienne kosnebanusamu / @.JI. Yeproycoko, JI.II. Axynenko,
B.H. Cokomos. — M.: Hayka, 1980. — 384 c.

Gama R. Stability and optimality of solutions to differential inclusions via averaging
method / R. Gama, G. Smirnov // Set-Valued and Variational Analysis. — 2014. — Vol.
22, Ne 2. — P. 349-374.

Klimchuk S. Overview of V.A. Plotnikov ’s research on averaging of differential
inclusions / S. Klimchuk, A. Plotnikov, N. Skripnik // Physica D. - 2012. - Vol. 241, Ne
22. — P.1932 - 1947.

Perestyuk N.A. Differential equations with impulse effects: multivalued right-hand
sides with discontinuities (De Gruyter Studies in Mathematics: 40) / N.A. Perestyuk,
V.A. Plotnikov, A.M. Samoilenko, N.V. Skripnik. - Berlin/Boston: Walter De Gruyter
GmbHCo., 2011. - 307 p.

Samoilenko A.M. Impulsive differential equations / A.M. Samoilenko, N.A.
Perestyuk. - Singapore: World Scientific, 1995. — 462 p.



Vepednerue uMnysbCHBT HEMEMKUT 8KAOUEHUT 97

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Park J.Y. Existence and uniqueness theorem for a solution of fuzzy differential
equations / J.Y. Park, HK. Han // Int. J. Math. Math. Sci. — 1999. — Vol. 22, Ne 2. —
P. 271 — 279.

Baiinocos B.A. lubdepennmanbabe BKIIOYEHUS ¢ HEIETKON TpaBoii gacTeio / B.A.
Baiigocos // Hoknanst AH CCCP. — 1989. — T. 309, Ne 4. — C. 781 — 783.

Baiinocos B.A. Heuerkune quddepennmanbabie riatodenns / B.A. Baiinocos // Ilpu-
KJI. MaTeM. u Mex. — 1990. — T. 54, Bpm. 1. — C. 12 — 17.

Aubin J.-P. Fuzzy differential inclusions / J.-P. Aubin // Probl. Control Inf. Theory.
—1990. — Vol. 19, Ne 1. — P. 55 — 67.

Hullermeier E. An approach to modelling and simulation of uncertain dynamical
system / E. Hullermeier // Internat. J. Uncertainty, Fuzziness Knoeledge - Based
Systems. — 1997. — Ne7. — P. 117 - 137.

Plotnikov A.V. A Procedure of complete averaging for fuzzy differential inclusions
on a finite segment / A.V. Plotnikov // Ukrainian Math. J. — 2015. — Vol. 67, Ne 3. — P.
421-430. doi: 10.1007/s11253-015-1090-4

Plotnikov A.V. The averaging of fuzzy linear differential inclusions on finite interval
/ A.V. Plotnikov, T.A. Komleva // Dynamics of Continuous, Discrete and Impulsive
Systems, Series B: Applications and Algorithms. - 2016. — Vol. 23, Ne 1. - P. 1-9.

Guo M. Impulsive functional differential inclusions and fuzzy population models / M.
Guo, X. Xue, R. Li // Fuzzy sets and System. — 2003. - Vol. 138. — P. 601 — 615.

Plotnikov A.V. The partial averaging of differential inclusions with fuzzy right-hand
side / A.V. Plotnikov, T.A. Komleva, L.I. Plotnikova // J. Adv. Research Dyn. Control
Systems. - 2010. — Vol. 2, Ne 2. — P. 26-34.

Plotnikov A.V. On the averaging of differential inclusions with fuzzy right-hand side
when the average of the right-hand side is absent / A.V. Plotnikov, T.A. Komleva, L.I.
Plotnikova // Iranian journal of optimization. - 2010. — Vol. 2, Ne 3. — P. 506-517.

Ckpunauk H.B. Ycpemuenne nMmynibCHBIX qudHepeHITnaTbHBIX BKIIIOYSHUH C HedeT-
koit npasoii gacteio / H.B. Ckpunruk // YKp. mar. xkypu. - 2014. - T.66, Nell. - C.
1563 - 1577.

Ckpunuuk H.B. Cxema 4acTHYHOIO ycpeIHEHUs JJIsl UMILYJIbCHBIX auddepeHipaib-
HBIX BKJIIOUEHUH ¢ HedeTKoii npasoii gacteio / H.B. Ckpunuuk // Mar.crymuu. - 2015.

- T.43, Ne2. - C. 129 - 139.

Skripnik N. Averaging of impulsive differential inclusions with fuzzy right-hand side
when the average is absent / N. Skripnik // Asian-European J. Math. - Vol. 12, Ne 4. -
2015. - P.1550086-1 - 1550086-12.

Skripnik N. Step scheme of averaging method for impulsive differential inclusions
with fuzzy right-hand side / N. Skripnik // Contemporary Methods in Mathematical
Physics and Gravitation. - Vol. 1, Ne 1. - 2015. - P. 9 - 26.

Cxpunwux H. B.
CXEMA MOBHOI'O YCEPEJHEHHS IMIIVJILCHUX JU®EPEHI[IAJILHUX BKJIOYEHbL 3 HEYI-
TKOIO IMTPABOIO YACTHUHOIO B TEPMIHAX R-PO3B’SI3KIB

Pesrome

B po6orax T. O. Komseroi, A. B. ILnoruikosa, JI. I. TlnornikoBoi q0BeIeHO MOXKJIUBICTH
3aCTOCYBaHHS METOJly yCEPEJHEHHs Ha CKIHYEHOMY MIPOMIXKKY Il JudepeHIiaIbHuX BKIIIO-
YeHb 3 HEYITKOI MPaBOK YAaCTHUHOI, IO MICTSITh MaJjdil mapamMeTp, B TepMiHAX MHOKUH
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PO3B’A3KIB (3 IEPEX0I0M JI0 OKPEMUX (—PO3B’sI3KiB IIpH JI0BeIeHH] ), a B poborax H. B. Ckpu-
[MHUK aHAJIONYHI Pe3yJIbTaTh OTPUMAHI JJIsl IMITyJIbCHIAX (e peHIiaJIbHIX BKIIIOUYEHD 3 Hedi-
TKOIO IPaBOIO YacTuHOI0. B nogansmomy B poborax T. O. Komesol, A. B. ITioraikosa BBe-
IeHO MOHATTS R—po3B’s3Ky AudepeHniaaIbHOr0 BKIIIOYEHHS 3 HEYITKO MPABOI0 YACTHHOIO
Ta OOIPYHTOBAHO MOKJIUBICTH 3aCTOCYBAaHHSI METO/Ly YCEPEIHEHHs B TepMiHax R—po3B’s3KiB
(6e3 mepexomy M0 a—po3B’A3KIB IIpy JoBeneHHl). B manuiii ctaTTi i pe3ysbTaTn nepeHeceHo
Ha IMIIyJIbCHUII BUIIAJIOK, & CaMe BBEJIEHO MOHATTS R—POo3B’da3Ky Ta OOIPYHTOBAHO MOKJIV-
BICTHb 3aCTOCYBAHHSI CXEMU MTOBHOTO YCEPEIHEHHsI sl IMITYJIbLCHUX JTU(PEPEeHIaJIbHUX BKJITIO-
9eHb 3 HEYITKOK MPABOIO YaCTUHOK B TepMiHax R—po3B’s3KiB.

Karomo6i crosa: Hewimxi cucmemu, OuBepenyiasvhi 6KAOUEHHA, IMNYADCU, MEMOOD Ycepe-
dnenna, R-poss’asox .

Skripnik N. V.
FULL AVERAGING SCHEME FOR IMPULSIVE DIFFERENTIAL INCLUSIONS WITH FUZZY RIGHT-
HAND SIDE IN TERMS OF R-SOLUTIONS

Summary

In the works of T. A. Komleva, A. V. Plotnikov, L. I. Plotnikova the possibility of applying
the averaging method on a finite interval for differential inclusions with a fuzzy right-hand
side containing a small parameter in terms of solution sets (with a transition to separate
a-solutions in the proof), and in the works of N. V. Skripnik similar results were obtained for
impulse differential inclusions with a fuzzy right-hand side. Later in the works of T. A. Kom-
leva and A. V. Plotnikov the concept of R-solution of the differential inclusion with a fuzzy
right-hand side was introduced and the possibility of applying the averaging method in terms
of R-solutions was justified (without passing to a-solutions in the proof). In this article, these
results are transferred to the impulse case, namely, the concept of R-solution is introduced
and the possibility of using the full averaging scheme for impulse differential inclusions with
a fuzzy right-hand side in terms of R-solutions is substantiated.

Key words: fuzzy systems, differential inclusions, impulses, averaging method, R-solution.
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