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ON A STRESS-STATE OF AN ELASTIC SEMI-STRIP UNDER
MECHANICAL AND THERMAL STRESSES

The new methodic of plane elasticity problems’ solving for the semi-infinite strip under the
mechanical and thermal pressures is considered in the article. The sense of it is the applying
of the integral Fourier transformations directly to the Lame’s equations. It leads the initial
problems to the one-dimensional ones which are solved with the help of the matrix differ-
ential calculation and Green’s matrix apparatus. The problems’ solving is reduced to one
integral and one integro-differentional equations with regard to the unknown function of the
displacement correspondingly. These equations are solved approximately by the orthogonal
scheme. The normal stresses’ absolute values are analyzed.
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INTRODUCTION. The plain elasticity problems for a semi-strip have been solved
by many authors, this can be explained by the importance of these problems as
the model example for different engineering applications. The methods, proposed in
works G. V. Kolosov [1], N. L. Muskchelishvili [2], are based on the use of the com-
plex variable functions’ theory and Koshy-type integrals. The wide rewiev, dedicated
to the integral transformation method, is given in Ya. S. Uflyand’s monograph [3].
I. I. Vorovich, V. V. Kopasenko [4] considered the problem on the symmetrically
loaded semi-strip fixed by the short edge. The solving is reduced to the Fredholm’s
integral equation of the first kind with regard to the normal stress at the fixed edge.
With the help of the stress function, in [10] the problem was solved for the semi-strip
with the free longitudinal sides, when the selfequilibrium loading influences at the
short edge. The application of the sin-transformation to the equation relatively a
stress function reduced the problem of the semi-strip’s strain with the free longitudi-
nal edges and fixed short edge to the infinite system of the linear equations in [11].
Often, the stress function is performed as the combination of the Fourier’s integrals
and series. The analogical approach is used by C. B. Ling, F. H. Cheng [12], G. Pick-
ett, K. T. S. Jyengar [13] for the problems on a semi-strip. In [14] the problem for a
semi-strip with the free lateral edges and short edge loaded by the displacements is
considered. It is supposed that the displacements have the form of the polynomials.
When the lateral edges of the semi-strip are free and short edge is under the con-
centrated force, the problem solving can be based on the energetic method, which is
proposed by P. Thecaris [15]. The variation method is used for the analogical prob-
lem in L. P. Trapeznikov’s work [16]. V. G. Suchevan solved the mixed elasticity
problem with help of the variation Castigliano method [17]. Another big class of
problems on the solving of elasticity problem for a semi-strip is based on the use of
Fadle-Papkovich functions [18,19]. With the aim to avoid the different shortcoming’s
of the known methods, the new approach, which was proposed by G. Ya. Popov [5],
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is used. Accordantly to it, the integral transformations are applied directly to the
equilibrium equations and boundary conditions, which leads to the one-dimensional
boundary problem in the transformation’s domain. The last one is formulated as
the vector boundary valued problem and solved with the apparatuses of the matrix
differential calculations and Green’s matrix function. The following solving is based
on the approximate solving of the singular integral or integro-differential equations.

MAIN RESULTS
1. The statement of the problem. The elastic (G is a share module, y is a
Poison’s coefficient) semi-strip, 0 < & < a, 0 < y < oo is loaded at the edge y = 0,
0<z<a
Oyly=0 = —p(2), Tyaly=0 = 0,0 <z < a (1)

where p(x) is the known function. At the edges x = 0, 0 < y < o0 and z = a,
0 < y < oo the two variants of boundary conditions can be considered. The first one
is the condition of fixing on the both lateral sides:

Ug (0’ y) =0, ug (a> y) =0,uy 0,y) =0, Uy (a7 y) = 0. (2)
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Fig. 1. Statement of the problem

The another one is the fixing condition at the lateral side x =0, 0 < y < co and
condition of the first main elasticity problem at side x = a, 0 < y < oo:

Uz (0,y) =0,uy (0,y) = 0,0, (a,y) =0, Tzy (a,y) = 0. (3)

The equilibrium equations are written in form

8%u(z, 8%u(z, v(z,
pe o) + agﬂ 2+ pg am(ayy) +p5e =0,
> > K (4)
97v(z,y) 0% v(z,y) 9% u(z,y)

oT __
T—i_'u’* Oy? + Ko dx0y +p87y70’

Ho = 1/(1 - 2”)7#‘* =1+ M07um($7y> = u(w,y),vm(x,y) = v(xay)7 T(%Zl) is tem-
perature, which is the solution of the thermal conductivity problem for a semi-strip,
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which was found in [9]. After the expression of the constants pg, u. through the
Muskchelishvili constant x = 3 — 44, one obtains the system (4)

Pu(zy) | we1lulew) | 2 0v(zy) _
Ox2 + "+l Oy? + "+l dxdy + N+1p% - 0’ (5)
82”(?“ v) 4 Bl Po(zy) 2 u(zy) 4 Bl 0
k—1 0Oy? T k—1 Odzdy K— lpay -

where p = 2 1”_+21 oy, oy is a linear expansion coeflicient. The boundary conditions (1)

are reformulated in the form

2G o (#au(z 0 41— M)M) = —p(2)
Bu(;v 0) + Bv(w 0 _ 0 (6)

The stress state of the semi-strip should be found.

2. The obtaining and solving of the one-dimensional boundary problem.
The Fourier’s transformation is applied to the system of Lame’s equation and to the
boundary conditions by the scheme

[uﬁ (2) ,Tm)} B 70 [u (&) T(o yq [ ﬁy} dy (1)

vg () sin By

with the inverse formula

{u (z, y)} 2 7" 5 () cos Bydﬁ. (8)
v(z,y)] T vp(x)sinByds
For the first case of the conditions on the lateral sides (2) equations (5) have the form:
d?ug(x) B2 (k—1)ug(z) 2B dvg(z) _ 3— 5 dT,
d2d£(2) B ”f)lﬁ( ) Y %) = X (@) + 7 (),
vg(x K+1)vg(x ug(x K
o — el 2B e — bl (x) — 25T (x) (9)
up(0) = 0,up(a) =0,
vg(0) = 0,v5(a) =0
where p = p,{+1 Here the new unknown function is inputted x(x) = v(z,0), x'(z) =
v'(x,0). As it is seen from the second boundary condition (6) %Z’O) = —x'(z), so

the second condition is satisfied automatically.
With the aim to reduce the problem to the vector boundary problem one must
input the vectors and the matrixes

(@) po )+ )
yﬁ( )= (Uﬁ(.%‘))’f( )< §K+1 ( ) — +ﬁpdTﬁ($)>>

k=1 0 0 1 1 0
— k+1 _ k+1 —
= a)e=(h 1) a=( 1)

As a result the vector boundary problem is constructed:

Lagis(x) = f(=)
I§5 (0) = 0,I§5 (a) = 0 (10)

Loys () = Igj"ﬁ’ (x) + ZBQ;J'B () — B2Pys (z), I is an identity matrix
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and

_(1=n O _ (0 wBY - _ (px(@)
hereA—< 0 —1)’3_(5 0 ) 9=
The solution of the vector boundary problem will be searched as the superposition
of a homogenous vector equation’s general solution gg(x) and a particular solution of
the inhomogeneous one gj’é ()
Galw) = 75(2) + 7h(2) (12)
These solutions will be constructed with the help of the matrix differential calcu-
lation apparatus as it shown earlier [9)].
The solution of the matrix homogenous equation is constructed in the formula

Y (2) = o

=5 Ce@Mfl(g) dé¢ (14)

where M ™! is the inverse matrix to the matrix M (¢). The closed contour C covers
all singularity points of the matrix A ~!. With the help of the residual theorem and

after the calculations of the residuals, one obtains the following matrix system of the
fundamental matrix solutions

k—pPx T
so [ Bim1)  mil
Yl (SC) = GT (,3(11) nJrE—:rl ) 9 (15)
K—1 B(k+1)
B —n—l—ﬁx _xr
Y (@) = S5 (ﬁ_” i ) . (16)
r—1 B(k+1)
The solution of the vector equation (10) can be rewritten
_ & C _
o0 =) () 436 (&) + 1 o) i

where constants c;,7 = 1, 4 are founded from the boundary conditions.

For the obtaining of the vector boundary problem’s particular solution, one needs
to construct the Green’s matrix function. It can be done with the help of the matrix
integral transformations’ method [7] The construction of the Green’s matrix function
is done by the method which is proposed in [9]:

oo

2

G ==Y 'H J'H 19
(I7£) ango (:Caan)wﬁ (Ev%) ( )
where _
H (2,0) = (smoanx cos?%nx) Lo =T =0,1,2...

The representation (19) is the bilinear expansion for the Green’s matrix function.
One can be sure that all properties of Green’s function are executed.
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The solutions of the inhomogeneous boundary problems are constructed in the

form
zw):n(x)( )+Y2 () /Gxg (20)

Accordingly to the constructed solution (20) the displacements’ transformations
formulae for the first case of the boundary conditions (2) will be the following

up (x) =Y (z) c1 + Y72 (2) co + Y5 () e3 4 Y52 (2) ca,
x z) e +Y122 (:c) + Y5 (@) es + Y57 (@) eat

)
+%Of G (z,€) X' pf 26 (w,€) T (€)dE+ (21)
1

| gkl f¢ (2,€) x (€) de — 6;»3[022 ., €)T5(€)de.

where G (z,€) is the Green’s matrix function element in a ¢ row and j column,

¢*(x,€) = [ G**(x,£)dE.
The expressions of the displacements’ transformations for the second case of the
boundary conditions (3) have the next form

ug () =Y111 (7)1 +Y112( )02+Y211( )es+ Y52 (z) ey
+i+’if0”(w»£) £) dé — pfa (,€)Tp(€)dé

—pet {Gu (2,€) x (£) dé — ﬂpg’G” 2, )T3(€)ds,
v (1) = VP! () €1 + VP2 (1) €2+ VF! () €5+ Vi2 () cat
+3x f G @ OX (©ds—p] OE (w,&)Tp(€)de+

1 gt Ofa¢22 (2,€) x (€) dé — /spOfG”(x, €)T5(€)de.

The formulae (21), (22) would be the final ones if the unknown function x/(§) is
known. For its finding one must satisfy the boundary condition (6) which is unsatisfied
yet. With this aim the inverse integral transformations’ formulae should be applied
to the displacements’ transformations (8). The final formulae for the displacements
in the case of the conditions (2) will be

u(z, y) :67 f f1(@,€, B) cos(By)df+

i fT(E,n)? fo(@.€, B) (COS(ﬂ(y+n))+COS(ﬁ(y m) dﬁdn} de
0 0 ar (23)
v(z,y) = [ |X'(§) 491(3:,576) sin(By)dB+

0
+ T m) T ga(e, €, p) EnBrn) sins ) dﬁdn] de
0

The formulae for the conditions (3) have the analogical structure where functions
filz, &, 8),gi(x,&,8),i = 1,2 should be changed by another ones.
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It should be taken into consideration that integrals in these correspondences are
conditionally convergent integrals. So, before the differentiating of the displacements’
expressions, at first one must extract the weakly convergence parts at these integrals
[9].

3. The solving of the singular integral equations. The singular integral
equation for the first problem, for example, can be written as

[ 10 [ + 6] de = r(o) - [ [T mg(en andc.o e o) (21

here x(&) = x'(a&), r(x), f(§,2),9(¢,n,x) are the known regular functions. The
integral equation is solved approximately by the orthogonal scheme [6]. This method
allows taking into consideration the real singularities of the solution at the ends of
the integration interval. The order of singularities is found from the known solution
for an edge with the angle of openness /2 [3], [20]. With regard of it, the function
is expanded in the series by the Jacobi’s polynomials

(O = X e (19" Pp7 (1-29) (25)
The infinite system of the linear algebraic equations relatively to the unknown coef-
ficients ¢;,1 =0,1,2, ...

o0

Zoénd,,m = fm,m=0,1,2... (26)
is obtained and solved by the reduction method. The substitution of the founded
constants in the formula (25) and following using of the formulae (23) completes the
construction of the first problem’s solution.

For the case of the boundary conditions (3) the integro-differential equation is
constructed

£ RO [ + 7)) e =
dzo - )

o o0 (27)
— [ [ T(&n)g(&, n, x)dndé — x(a)h(z),z € [0,1]
00

here ¥(&) = x'(a&), r(x), f(&,2),9(&,n,x), h(z) are the known regular functions. The

function x (&) is presented as X (&) = x1(£) + x(a)x2(&), where the functions x;(§),7 =

1,2 are expanded in the series by the Jacobi’s polynomials

o)

W= ae (-9 Pl 1-29,i=1.2 (28)

The infinite systems of the linear algebraic equations type (26) relatively to the

unknown coefficients ¢;,,n = 0,1,2,...,% = 1,2 is obtained. The substitution of the

founded constants in the formula (28) and following using of the formulae for the
displacements complete the construction of the second problem’s solution.

4. The results of the numerical analyses. The calculations were done for
the elastic half-strip (G = 82.03125 * 109 Pa, p = 0.28) with the length of the edge
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Fig. 4. Normal stresses o, (5,y) for the first
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Fig. 5. Normal stresses o, (5,y) for the
second problem

stresses 0, (5,y) (Fig. 2, Fig. 3) and o,(5,y) (Fig. 4, Fig. 5) were analyzed at the
line x = 5,0 < y < oo of the semi-strip.

temperature different values.

At the Fig. 2, Fig. 3 the stresses 0,,(5,y) are shown in dependence of the applied
As it seen, in the case when the conditions of the
first main elasticity problems are given the values of stresses are greater. With the
temperature increasing, the values of stresses are also increasing. The analogical

behavior one can note at the Fig. 4, Fig. 5 when the stresses o,(5,y) are shown at
the line z = 5,0 < y < c0.

CONCLUSION.

1. The problem for the elastic semi-strip with two types of the boundary condi-
tions on the lateral sides (the conditions of ”fixing/fixing” or ”fixing/first main
elasticity problems”) is solved. The method allows the reduction of the prob-
lem to singular integral or integro-differential equations in dependence of the

boundary conditions’ type at the lateral sides.
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11.

12.

13.

14.

15.

16.

2. The investigation of the normal stresses’ absolute values showed that tempera-
ture influence is more significant while the given conditions of the main elasticity
boundary problem on the lateral side in comparing with the condition of the
fixing.
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2Kypasavosa 3. IO.
HANPY>KEHUI CTAH NPY>KHOI MIBCMYTHU MIJ{ AIEI0 MEXAHIYHOI'O TA TEMIIEPATYPHOI'O
HABAHTAYKEHb

Pesrome

Y poboTi po3ryIsHyTa HOBA METOAWKA DPO3B’S3aHHS IIOCKHX 3aJa4 Teopil HPYKHOCTI JIst
MiBCMYTH IIiJ] Ji€I0 MEXaHIYHOIO Ta TEMIIEPATyPHOI'O HaBaHTaKeHb. BoHa moJisarae y 3acrocy-
BaHHI iHTerpasbHOro eperBopenus Pyp’e He3mocepenano 10 piBHsAHb Jlame. Ile mpuBoauTh
BUXIHI 33184l JI0 OJJHOBUMIPHUX, sIKi PO3B’sSi3aHi 3a JIOIMMOMOIOI0 alapariB udepeHIiaib-
HOro ymcyeHHs Ta Marpuri-byekuil ['pina. Po3p’sizyBanHs 1BOX 3a/1a49 3BEJEHO IO OIHOTO
IHTErpaJIbHOTO Ta OJHOTO iHTErpo-AudepeHIiaIbHOr0 PiBHIHD BiIHOCHO HEBioMOl DyHKITIT
3MillleHb BiJIIOBiIHO.

Karonuosi carosa: nigemyza, 3GUWEMACHHA, NEPUA OCHOBHA 300440 MEOPTE NPYHCHOCMIE, M-
mpuuya I'puna, nepemsoperns Pyp’e.

Kypasaésa 3. FO.
HANPSYKEHHOE COCTOSHUE VITPYTOM MOJIVIIOJIOCH! O/T JIEMCTBUEM MEXAHUYECKO
1 TEMITEPATYPHOI HATPY30K

Pesrome

B pabore paccMoTpeHa HOBasi METOAUKA PEIIEHUs IJIOCKUX 3aa4 TEOPUU YIPYTOCTH JIJIs TI0-
JIYITOJIOCHI TIOJT JIEACTBUEM MEXaHUYIECKON U TeMIIepaTypPHOil Harpy30K. OHa COCTOUT B IpUMe-
HEHWV WHTErpaJIbHOTO mpeobpazoBanust Oypbe HEMOCPEICTBEHHO K ypaBHeHUsiM Jlame. D10
IIPUBOJIAT UCXOJHBIE 38JIa9U K OJJHOMEPHBIM, KOTOPbIE PEIIEHBI C MOMOIIBIO AlIapaToOB Jud-
depeHImaIbHOTO NCYNCIeHsT U MaTpuIlbl-dyHKun ['puna. Pemnrenne nByx 3amad cBeieHo K
OJHOMY MHTErPAJIHLHOMY U OJHOMY MHTErpo-anddpepeHnraaIbHOMy YPAaBHEHUAM OTHOCUTE b=
HO HEM3BECTHON (DYHKINU MEpEeMEIEeHnil COOTBECTBEHHO.

Karouesvie cao6a: NoAYNoAoCa, 3aGUWEMACHUE, NEPEAA OCHOBHAA 3a0a4a MEOPUL YNPY20CMU,
mampuya I'puna, npeobpadosarue DPypoe.
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