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INVERSIVE CONGRUENTIAL GENERATOR OF THE COMPLEX
PSEUDO-RANDOM NUMBERS

Tpan Txe Biub, Bap6aneus II. JI. InBepcHuii KoHrpyeHuiiinuii reHeparop
KOMIIJIEKCHUX IICEBJOBUIIAIKOBUX YMCeJI. PO3rIgamgaeTbcd pO3NOIiIeHHs eIeMeHTIiB
TOCJTI JOBHOCTI TICEBIOBUIIA/TKOBUX KOMILJIEKCHUX YHCEJI, TOPO/KEHUX JIHIHO-IHBEePCHUM Te-
HEPaTOPOM 3a MOJY/IeM cTerneHi nmpocroro uncia p, p = 3 (mod 4), B cekropiaapHnx 06J1a-
CTAX OJUHUYHOTO KOJIa KOMILIEKCHOI miaomwuHu. IloOymoBamo anasior HepiBHOCTI Typana
Epapoma—Kokcmu, 1o 7103B0JIsi€E OTPUMATH HETPUBIAIbHI OIIHKY AUCKPinaHTHONW byHKIHT

DS)(XO, ..., Xn~n-1). Iokazano, mo nocainosHicTs {Wy}, Wy = 23, TOPOJIKEHa PeKypci€io
Zn41 = @z '+ B4z, (mod p™), n =0,1,2,...3a BianoBimHEX yMOB Ha KoedimenTn o, 3,

~ 1 ininiampHe 3HAYEHHS Zo, MA€ MAKCHUMAMbHUN mepiog 7 = 2p™ Y, v = vp(B) 1 npoxomurs
S-MipHWIT TeCT Ha PIBHOPO3IOIIIEHICTh Ta HETTEPEIDATYBAHICT.

Kuro4oBi cjioBa: IICeBIOBUIIAIKOBI YHC/IA, MUCKPIMAHCIiA, €KCIIOHEHITHHI CyMH.

Tpau Txe Bunn, Bap6anerny II. /1. IluBepcHBbII KOHTPYEHTHBIN reHepaTop
KOMIIJIEKCHBIX IICEBJOCJIYYaMHbIX 4YHcesl. PaccMarpuBaeTcs pachpejiesieHue 3eMeH-
TOB IOC/IEJOBATEIbLHOCTH [ICEBIOCAYYAaUHBIX KOMILIEKCHBIX YUCEs, IOPOXKJIAEHHBIX JTMHEHHO-
WHBEPCHBIM TEHEPATOPOM TI0 MO/IYJIIO CTEMEHH MPOCTOro uucaa p, p = 3 (mod 4), B cekTopw-
ATHHBIX 00JIACTSIX €IMHNYHOTO Kpyra KOMTIIEKCHOMH TmockocTr. [TocTpoen anasior HepareH-
crBa Typana—39paéma—Kokcmbl, mO3BOMA0mMKI 10/ Iy9UTh HETPUBUAIBHBIE OLEHKHU JIECKPU-

TMaHTHOW dyHKIMM DE\?)(XO, ..., Xn_1). [loka3aHo, 9TO TOCIETOBATENBHOCT {Wn }, Wy =

;,”;, TIOPOKIEHHAS PEKYPCHeit 211 = a2y, * + B +v2zn (mod p™), n =0,1,2,... npn onpee-
JIEHHBIX YCIOBUAX Ha KO3(DHUIUEHTH v, 3, ¥ M MHUNHATHHOE 3HAYeHHE 20, IMeeT MaKCAMAIhb-
HBIH epron 7 = 2p™ Y, v = 1,p(f) m IPOXOAMT S-MEPHBIIl TECT HA PABHOPACTIPEIETIEHHOCTh
W HENpeICKa3yeMOCTh.

KuaroueBble cjioBa: TCEBAOCTyYailHbIe YUCTA, TECKPUTIAHCHS, SKCTIOHEHITUATBHBIE CYMMBI.

Tran The Vinh, Varbanets P. Inversive congruential generator of the com-
plex pseudo-random numbers. Consider the distribution of elements of the sequence
on pseudo-random complex numbers generated by linear-inversive generator modulo prime
power number p, p = 3 (mod 4), in sectorial regions from unit ball of complex plane. We
constructed an analogue of Turan-Erdos-Koksma inequality that make it possible to derive
non-trivial bounds for discrepancy DE\?)(XO, ..., Xn—-1). It is shown that the sequence {wn},

wp = ;,’:L , produced by the recursion z,41 = az,* 4+ B+7vz, (mod p™), n =0,1,2,... under
certain conditions to coefficients «, 8, v and initial value zp, has maximal period 7 = 2p™ ™",
v = 1p(f), and it passes the s-dimensional test on equidistribution and unpredictability.
Key words: pseudo-random numbers, discrepancy, exponential sum.

INTRODUCTION. Let p be a prime number, m > 1 be a positive integer. Consider
the following recursion

Yn+1 = ay;1 +b (mOd pm)v (av be Z)v (1)
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where g, is a multiplicative inversive modulo p™ for y,, if (y,,p) = 1. The parameters
a, b, yo we called the multiplier, shift and initial value, respectively.
In [4] there was constructed the linear-inversive congruential generator

Yntl = ay;1 +b+cy, (modp") (2)

with (a,p) =1, b=c¢ =0 (mod p), such that the sequence {I")’;ﬁ,} passes serial test on

equidistribution and statistical independence (unpredictability as well).
Our purpose in this work is to show a passing the tests on equidistribution and

unpredictability for sequence {w,}, w, = 1%’ where z,, produced by the recursion

Zns1 =0z, + B+7z, (modp™), (3)

a, B, v are the Gaussian integers, p is a prime rational integer, p > 2, m € N, m > 3.
Hence, the main point to be shown is the possibility for such sequences of complex
numbers to be used in the problem of modeling the real processes and in cryptography.
We consider the sequence of complex numbers {2z, }, |2, < 1. Let 0 < & < & < 1,
0 < 1 < 2 <27 and let P(&, @) denotes the sectorial region of unit ball |z| < 1

P&, ) :={2€C: {& <N(2) <&, p1 <argz < pa}. (4)

Denote by § the collection of sectorial region P(&, @) for all £ and .

The sequence {z,} calls the pseudo-random in unit circle if it induces by a deter-
minative algorithm, and its statistic properties are ”similar” on property of sequence
of the random numbers. The ”similarity” means that this sequence closely adjacent
to uniformly distributed in the disk |z| < 1, and its elements are uncorrelated. On
these properties of the sequence of pseudo-random numbers (abbreviation: PRN’s)

can destine by value of discrepancy Dy of the points 21, 29, ..., 2N
An(P
Dn(z1,292,...,2N) := sup #—|P| , (5)
PCC
where Ay (P) is the number of points among z1, ..., zy falling into P, |P| denotes

the volume P; supremum is extended over all sectorial region P of unit circle |z] < 1.
The similar definition of discrepancy Dy has for the s-dimensional sequence of
complex points fo) = (ng)7 e zﬁf)), zj € C.
We say that the sequence {z,} passes s-dimensional test on uncorrelatedness if it
passes /-dimensional test on equidistribution, i.e.

D%) (zie),...,z%)) —0at N — o0,

for £ =1,2,...,s.

NOTATION. Let G denotes the ring of the Gaussian integers, G := {a+bi : a,b €
Z}; N(z) = |z]? calls the norm of z € G. For v € G denote G (respectively, G )
the complete system of residues (respectively, reduced residue system) in G modulo
~; p is a prime number in Z; p is a Gaussian prime number. If ¢ is a positive integer,

2w L

g > 1, then we write e,(z) = e“™"¢ for z € R. Symbols "O” and ”<” are equivalent;
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vp(a) =k if p¥la, pPH1 Jfa.

Let M > 1 be a positive integer and let y1,y2,...,yn be some sequence of points
form Gy and let Yy = {43}, n = 0,...,N — 1. For P € § denote A(P,Yys) the
number of points from Y); contained in P.

We will adapt the proof from [2] for a construction of an analogue of the Turan-
Erdos-Koksma inequality.

We define the adequate approximation of sectorial region P € §,

P:_{Z: N; < N(2) < No, O<g01<argz<<p2<27r}, g € IN.
q
The set S(P) calls the adequate approximation of P if
(i) A(P,Yn(M)) = A(S(P), Yx (M) + O (N*}),
(ii) volumes |P| and |S(P)| are ”similar”,

(iii) A(S(P),Yn(M)) has a representation by an exponential sum.

Let Nl, No, gol, o are the parameters in the definition of P. For r,s € Zj; we set
T= 5=

M’ M
Determine
B aeCu F<N@B) <T+—, 25 < <o (542 (6)
=gt =— , < v rga & o :
i o M, T T U TS < arg o TS i
Put
S(P): S?,g
Sjégc)P

It is obvious that S(P) = P(N1, Na,91, 1), where

lemin{%,aezMi Ny <%};
Wgzmin{%,bEZMi N2<%}7
2ma 2ma

= i —_— 7. : < A D
P mm{M,aE MU M}
2mh

T mm{ y b€ Zipr 2 2 < }

We proved the following analogue of the Turan—Erdos—Koksma inequality (see,[3])

AUXILIARY ARGUMENTS.

Theorem 1. Let M > 1 be integer. Then for any sequence {yn}, yn € G, the
discrepancy Dy of points { ¥} satisfies to inequality

D <2(1_<l_2ﬂ>2)+
N X M

+% Zmi <|sm1r%h |~71r\sh|> (‘SN|+O( %))’

h e Gy
h#0
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N-1
where Sy = > ear(R(hyn)).

n=0

Proof. By an analogue with the work[2] we infer

R(s(P) = 28PN 50 Zmp) g - ISP

where x, = 4%, xa is the characteristic function of the set A.

By the equality

Xsys(2) = Z Z em(h(a — )

a€ESr s hGGM
we get
|Rn(S(P))] <
1 1= ®)
< Z e Z er (—R(hz(r,s))) Z e (R(hyn))|,
0£heG M z(r,s)ESF 5 n:O
where z(r, s) is the complex number such that
N((r8) = -, argz(r,s) =
= —_— I = —_—
z(r, s iR arg z(r, s i

In order to calculate the first inner sum over Sy s one needs an estimate of the

S = S en®(hw), (0#heGa). )

M Ni<N(w)<Na3,
p1<argw<pa

The sum ) ,, can be considered as asum of coeficients of Dirichlet series for the
Hecke Z-function over the Gaussian field Q(¢):

Z 271'1§R(w<51) i
Zmn(8,00,01) = eXmrATE Y (s > 1).
0#weG N(w + 50)9
Putting §g = 0, §; = M, we obtain for any T > 1 by a standard way the following
estimates:
1
Z eym (hw) = (902—901)2]\7 < zepy (hw) + O T Z 1|+
N(w)<z N(w)<z (10)
T
+O | (p2 —¢1) Z en (hw)etmiarse
m=1|N(w)<z
. x%+5 .
2 en(h)e ™ T £ M (] +3) (1)
1

N(w)<z
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(for the details, see Chapter 2 of [1], for example).
Next, we have a simple analogue of the estimate of linear exponential sum over G
’ZN1<N(W)<N2 227ri§R(ocw) <

12
< (N3 — Ny)? min ((Nngl)% (12)

1
’ |sintRal’ |sin 1S« ) :

Now by (6)-(11), putting 7 = 23 and taking into account that |P| = L2221 (Ny — Ny),
we obtain our assertion. |

Theorem 1 shows that the estimates of discrepancy are essentially depended on
estimate of the special exponential sum on the sequence of pseudo-random numbers

{Wn}-

To construct such estimate we need the following lemmas.

Lemma 1. Let f(z) = A1z + Asx® +p(Azx +--+) be a polynomial over G, and
let (A, p) = 1. Then, for any A € G, we have

Azt f(z— 1) n
IS(fipM) =] D ¥ < 2p¥,

TER},

where =1 denotes the multiplicative inverse of x in R},.

Lemma 2. Let {y,} is the sequence of PRN’s generated by the recursion (3)
with conditions (yo,p) = (a,p) =1, 0 < vp(B) < vp(7y). There exist the polynomials
Fo(u,v,w), Go(u,v,w) over Z such that for any k > 2m + 1 the relations

Yo = kB + kayyy ' + (1 — k(k — L)™' 8%)yo + (—ka ' B)yd+

" B B (13)
+ (—ka 27 + K 252)3/3 +p“Fo(k, 0,9 1),

Yorr1 = (k+ 1B+ (o — k(k + 1)8%)yg " + (—kaB)yy >+
+ (—=ka®y + kK2 aB?)ys® + (k + Dyyo +p*Go(k, yo, 90 1),

where o := min (v,(8%),,(87)); Fo(u,v,w), Go(u,v,w) € Zu,v,w], and further-
more, the coefficients of the polynomials Fy, Go depend only on of, 8, v¢, (e~ 1),
i=1,2,...,2m + 1, hold.

(14)

Corollary 1. For the sequence {y,} generated by (3) we have

Yo = yo + k [B(1— a7 ') + a7 B0 + ayyy (1 — a7 Pyg)] +
+ & [—a ' BPyo(1 — a7 y3)] + p*Fo(k, o),
Yart1 = (B+ 790 — ayo) + k [B+ 0 — By~ — aByy® — vy +
+ K [=B%y5 "+ 2 Bys ] + p“Golk,yo, y5 ')

where k > 2m + 1, a := min (v,(8%), v,(87)), and the coefficients of polynomials Fy,
Go depend only on o, B¢, 4%, (a™1), i=1,...,2m+ 1.

Corollary 2. The mazimal period of the sequence of PRN’s {yy} produced by (3)
is equal to T = 2p™ " if and only if y2 Z a (mod p).
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MaIN REsuULTS. Having prepared the necessary background presented above, we
can obtain the main result of our paper.

Let {z,} be the sequence produced by the recursion 3. For h € Z, we denote
N-1o
Sn(h,z0) ==Y ¥
n=0

Theorem 2. Let the linear-inversive congruential sequence generated by the re-
cursion 3 has the period T, and let v,(B8) = v, vp(a — 23) = vy, vp(h) = s 2v < m.
Then we have the following bounds

O(m) if p>2and vy <v, s<m-—v—1uy
or p=2, vy <v, va(h) <m—2v;

S-(h < mts
|97 (h, 20)] 4.p"F" if vg = v, s<m—2u;

T else.

Proof. Lemma 2 and its corollaries show that the behavior of the exponential
sums on the sequences of PRN’s are identical. Thus we consider the sequence gener-
ated by 3. And without loss of generality we can assume that 7 = 2p™~". By the
Corollary 1 we have

.20 =[S <}Z:>‘ - Pile (?)

n=0

N
MN

i hz L hz
2k, 2%1+1
el — ||+ e = 15
(pm> Z ( pm ) (15)

k1= k1=0
k=2k, k=2k1+1

[T ()] [ () o

where

29k — F(k}) = AQ + Alk + A2k2 + Agks,

zoks1 = G(k) := By + Bik + Bok® + Bsk?,
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with

Ag = Ao(20) = 20 (mod p*)

Ay =A1(20) =B —a'2d) +a 18220 +ayzo (1 —a™22))  (mod p?)
Ay = Asx(20) = —a™ %20 + a72B%23  (mod p®) = —a 1 B%20(1 — a7 122)
By = Bo(z0) = B+ az ' +7z (mod p*)

By = Bi(20) = B(1 —azy?) — 220" — 207(1 — a®2~*) (mod p*)

By = Ba(z0) = =20 ' + a2 (mod p*) = =%z (1 — azp %)

A3 :AS(ZOak) EB?)(Zka) :B3 =0 (HlOd pa)v
where a := min {Vp(ﬁ3),1/p(ﬂ,’y)}.
In the last part of the formula (15) we take into account that the representation
zn as a polynomial on k holds only for k > 2m + 1.
Thus by Lemma 2 from[4] we easy obtain

O(m) if p>2, yy<v, s<m-—v-—1u,

O(m) if p=2, vy <v, vra(h) <m—2v,

S <
4p 2 if Vg =2 v, s <m—2v,
T else.
The constants implied by the O-symbol are absolute. ]

As we said in above, the equidistribution and statistical independency proper-
ties of pseudo-random numbers can be analyzed based on the discrepancy of certain
point sets in the unit s-dimensional ball.

Theorem 3. Let p =3 (mod 4) be a prime number, zo,a, 8,7 € G, 0 < arg zp <
2,0 <arga,arg B,argy < 5, and let 0 = vp(a) < vp(B) < vp(7), @ # 2§ (mod p).
Then for the sequence Wy, Wy = %, Zi = (Zky, Zht1y -y 2hrs), B = 0,1,2,..,
where are given by recursion (3) whith period T = 2p™ Y, v = vp(f), the discrepancy

Dg\?) = (Wo, Wh,...,Wn_1) satisfies inequality

3
DS_&) < 2p—7n+2u <1 1ng2(7n—u) + 2) + 2p—2(7n+u).
™
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Proof. For s = 1 we apply the analogical reasoning as in the proof of Theorem
4 [4] and take into account the result from Theorem 2. Then we derive at once our
assertion.

If s > 2 we simply get the inequality (see, the proof of Theorem 1 with M = p™
in above)

DE\?)(X07X1:"‘7XN71) g

s 1
<= <
pm pm Z H <|sm 7Rho|’ | sin w%hi>

ReGam i=1
B£(0,...,0)

s 1 . 1 1 (s) 1
<=+ — sY1+0 (N)),
Pm+pm72 mm<|sm7r§Rh| |s1n7r\sh|) (| |+ ’
hEGEm
A£(0,...,0)

where SJ({;) i epm (§RZ hizn+iz1)-

n=0
Next, following to argumont from Theorem 5[4], we derive the assertion of our
theorem for s = 2, 3, 4. [ ]

CoONCLUSION. Theorems proved above show that some methods of construction
of nonlinear congruential generators of the pseudo-random real numbers can be used
in problems generating of the complex pseudo-random numbers.
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