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Tran The Vinh, Varbanets P. Inversive congruential generator of the com-

plex pseudo-random numbers. Consider the distribution of elements of the sequence

on pseudo-random complex numbers generated by linear-inversive generator modulo prime

power number p, p ≡ 3 (mod 4), in sectorial regions from unit ball of complex plane. We

constructed an analogue of Turan-Erdos-Koksma inequality that make it possible to derive

non-trivial bounds for discrepancy D
(s)
N (X0, . . . , XN−1). It is shown that the sequence {ωn},

ωn = zn
pm

, produced by the recursion zn+1 ≡ αz−1n +β+γzn (mod pm), n = 0, 1, 2, . . . under

certain conditions to coefficients α, β, γ and initial value z0, has maximal period τ = 2pm−ν ,

ν = νp(β), and it passes the s-dimensional test on equidistribution and unpredictability.

Key words: pseudo-random numbers, discrepancy, exponential sum.

Let p be a prime number, m > 1 be a positive integer. Consider
the following recursion

yn+1 ≡ ay−1n + b (mod pm), (a, b ∈ Z), (1)
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where yn is a multiplicative inversive modulo p
m for yn if (yn, p) = 1. The parameters

a, b, y0 we called the multiplier, shift and initial value, respectively.
In [4] there was constructed the linear-inversive congruential generator

yn+1 ≡ ay−1n + b+ cyn (mod pn) (2)

with (a, p) = 1, b ≡ c ≡ 0 (mod p), such that the sequence { yn
pm
} passes serial test on

equidistribution and statistical independence (unpredictability as well).
Our purpose in this work is to show a passing the tests on equidistribution and

unpredictability for sequence {ωn}, ωn =
zn
pm
, where zn produced by the recursion

zn+1 ≡ αz−1n + β + γzn (mod pm), (3)

α, β, γ are the Gaussian integers, p is a prime rational integer, p > 2, m ∈ N, m > 3.
Hence, the main point to be shown is the possibility for such sequences of complex

numbers to be used in the problem of modeling the real processes and in cryptography.
We consider the sequence of complex numbers {zn}, |zn|  1. Let 0  ξ1 < ξ2  1,

0  ϕ1 < ϕ2  2π and let P (ξ, ϕ) denotes the sectorial region of unit ball |z|  1

P (ξ, ϕ) := {z ∈ C : ξ1 < N(z)  ξ2, ϕ1 < arg z  ϕ2}. (4)

Denote by F the collection of sectorial region P (ξ, ϕ) for all ξ and ϕ.
The sequence {zn} calls the pseudo-random in unit circle if it induces by a deter-

minative algorithm, and its statistic properties are ”similar” on property of sequence
of the random numbers. The ”similarity” means that this sequence closely adjacent
to uniformly distributed in the disk |z|  1, and its elements are uncorrelated. On
these properties of the sequence of pseudo-random numbers (abbreviation: PRN’s)
can destine by value of discrepancy DN of the points z1, z2, . . . , zN :

DN (z1, z2, . . . , zN ) := sup
P⊂C

∣

∣

∣

∣

AN (P )

N
− |P |

∣

∣

∣

∣

, (5)

where AN (P ) is the number of points among z1, . . . , zN falling into P , |P | denotes
the volume P ; supremum is extended over all sectorial region P of unit circle |z|  1.
The similar definition of discrepancy DN has for the s-dimensional sequence of

complex points Z
(s)
n =

(

z
(s)
1 , . . . , z

(s)
n

)

, zj ∈ C.

We say that the sequence {zn} passes s-dimensional test on uncorrelatedness if it
passes ℓ-dimensional test on equidistribution, i.e.

D
(ℓ)
N

(

z
(ℓ)
1 , . . . , z

(ℓ)
N

)

→ 0 at N →∞,

for ℓ = 1, 2, . . . , s.

Let G denotes the ring of the Gaussian integers, G := {a+ bi : a, b ∈
Z}; N(z) = |z|2 calls the norm of z ∈ G. For γ ∈ G denote Gγ (respectively, G

∗
γ)

the complete system of residues (respectively, reduced residue system) in G modulo
γ; p is a prime number in Z; p is a Gaussian prime number. If q is a positive integer,
q > 1, then we write eq(x) = e2πi

x
q for x ∈ R. Symbols ”O” and ”≪” are equivalent;
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νp(α) = k if pk|α, pk+1 ) |α.
Let M > 1 be a positive integer and let y1, y2, . . . , yN be some sequence of points

form GM and let YM = {yn
M
}, n = 0, . . . , N − 1. For P ∈ F denote A(P, YM ) the

number of points from YM contained in P .
We will adapt the proof from [2] for a construction of an analogue of the Turan-

Erdös-Koksma inequality.
We define the adequate approximation of sectorial region P ∈ F,

P :=

{

z

q
: N1  N(z)  N2, 0  ϕ1 < arg z  ϕ2 < 2π

}

, q ∈ N.

The set S(P ) calls the adequate approximation of P if

(i) A(P, YN (M)) = A(S(P ), YN (M)) +O
(

N
1
2

)

,

(ii) volumes |P | and |S(P )| are ”similar”,

(iii) A(S(P ), YN (M)) has a representation by an exponential sum.

Let N1, N2, ϕ1, ϕ2 are the parameters in the definition of P . For r, s ∈ ZM we set
r = r

M
, s = s

M
.

Determine

Sr,s :

{

β =
α

M
: α ∈ GM , r < N(β)  r +

1

M
, 2πs < argα  2π

(

s+
1

M

)}

. (6)

Put
S(P ) :=

⋃

r,s,
Sr,s⊂P

Sr,s.

It is obvious that S(P ) = P (N1, N2, ψ1, ψ2), where

N1 = min{
a

M
, a ∈ ZM : N1  

a

M
},

N2 = min{
b

M
, b ∈ ZM : N2  

b

M
},

ψ1 = min{
2πa

M
, a ∈ ZM : ψ1  

2πa

M
},

ψ2 = min{
2πb

M
, b ∈ ZM : ψ2  

2πb

M
}.

We proved the following analogue of the Turan-Erdös-Koksma inequality (see,[3])

Theorem 1. Let M > 1 be integer. Then for any sequence {yn}, yn ∈ GM , the
discrepancy DN of points {yn

M
} satisfies to inequality

DN  2

(

1−

(

1−
2π

M

)2
)

+

+
1

M

∑

h ∈ GM

h != 0

min

(

1

| sinπℜh|
,

1

| ∼ πℑh|

)

1

N

(

|SN |+O
(

N
1
2

))

,
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where SN =
N−1
∑

n=0
eM (ℜ(hyn)).

Proof. By an analogue with the work[2] we infer

RN (S(P )) :=
A(S(P ))

N
− |S(P )| =

1

N

N−1
∑

n=0

χS(P )(xn)− |S(P )|, (7)

where xn =
yn
M
, χ∆ is the characteristic function of the set ∆.

By the equality

χSr,s(x) =
∑

α∈Sr,s

1

M2

∑

h∈GM

eM (h(α− x))

we get

|RN (S(P ))|  

 
∑

0 $=h∈GM

1

M2

∣

∣

∣

∣

∣

∣

∑

z(r,s)∈Sr,s

eM (−ℜ(hz(r, s)))

∣

∣

∣

∣

∣

∣

·

∣

∣

∣

∣

∣

1

N

N−1
∑

n=0

eM (ℜ(hyn))

∣

∣

∣

∣

∣

,
(8)

where z(r, s) is the complex number such that

N(z(r, s)) =
r

M
, arg z(r, s) =

2πs

M
.

In order to calculate the first inner sum over Sr,s one needs an estimate of the
sum

∑

M

=
∑

N1<N(ω)<N2,
ϕ1<argω6ϕ2

eM (ℜ(hω)), (0 )= h ∈ GM ). (9)

The sum
∑

M can be considered as asum of coeficients of Dirichlet series for the
Hecke Z-function over the Gaussian field Q(i):

Zm(s, δ0, δ1) =
∑

0 $=ω∈G

e2πiℜ(ωδ1)

N(ω + δ0)s
e4mi argω, (ℜs > 1).

Putting δ0 = 0, δ1 =
h
M
, we obtain for any T > 1 by a standard way the following

estimates:

∑

N(ω)6x

eM (hω) = (ϕ2 − ϕ1)
∑

N(ω)  xeM (hω) +O





1

T

∑

N(ω)6x

1



+

+O



(ϕ2 − ϕ1)

T
∑

m=1

∣

∣

∣

∣

∣

∣

∑

N(ω)6x

eM (hω)e
4mi argω

∣

∣

∣

∣

∣

∣



 .

(10)

∑

N(ω)6x

eM (hω)e
4mi argω≪ε

x
1
2+ε

M
1
4

+M
1
2 (|m|+ 3)1+ε (11)
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(for the details, see Chapter 2 of [1], for example).
Next, we have a simple analogue of the estimate of linear exponential sum over G

∣

∣

∣

∑

N1<N(ω)<N2
22πiℜ(αω)

∣

∣

∣  

 (N2 −N1)
1
2 min

(

(N2 −N1)
1
2 , 1
| sinπℜα| ,

1
| sinπℑα|

)

.
(12)

Now by (6)-(11), putting T = x
2
3 and taking into account that |P | = ϕ2−ϕ1

2 (N2−N1),
we obtain our assertion. !

Theorem 1 shows that the estimates of discrepancy are essentially depended on
estimate of the special exponential sum on the sequence of pseudo-random numbers
{ωn}.
To construct such estimate we need the following lemmas.

Lemma 1. Let f(x) = A1x+A2x
2+ p(A3x

3+ · · · ) be a polynomial over G, and
let (A2, p) = 1. Then, for any A ∈ G, we have

|S(f ; pn)| :=

∣

∣

∣

∣

∣

∣

∑

x∈R∗

n

e2πi
Ax+f(x−1)

pn

∣

∣

∣

∣

∣

∣

 2p
n
2 ,

where x−1 denotes the multiplicative inverse of x in R∗n.

Lemma 2. Let {yn} is the sequence of PRN’s generated by the recursion (3)
with conditions (y0, p) = (α, p) = 1, 0 < νp(β) < νp(γ). There exist the polynomials
F0(u, v, w), G0(u, v, w) over Z such that for any k > 2m+ 1 the relations

y2k = kβ + kαγy−10 + (1− k(k − 1)α−1β2)y0 + (−kα
−1β)y20+

+ (−kα−2γ + k2α−2β2)y30 + pαF0(k, y0, y
−1
0 ),

(13)

y2k+1 = (k + 1)β + (α− k(k + 1)β2)y−10 + (−kαβ)y−20 +

+ (−kα2γ + k2αβ2)y−30 + (k + 1)γy0 + pαG0(k, y0, y
−1
0 ),

(14)

where α := min (νp(β
3), νp(βγ)); F0(u, v, w), G0(u, v, w) ∈ Z[u, v, w], and further-

more, the coefficients of the polynomials F0, G0 depend only on αi, βi, γi, (α−1)i,
i = 1, 2, . . . , 2m+ 1, hold.

Corollary 1. For the sequence {yn} generated by (3) we have

y2k = y0 + k
[

β(1− α−1y20) + α−1β2y0 + αγy−10 (1− α−2y40)
]

+

+ k2
[

−α−1β2y0(1− α−1y20)
]

+ pαF0(k, y0),

y2k+1 = (β + γy0 − αy0) + k
[

β + γy0 − β2y−1 − αβy−20 − α2γy30
]

+

+ k2
[

−β2y−10 + α2β2y30
]

+ pαG0(k, y0, y
−1
0 )

where k > 2m+ 1, α := min (νp(β
3), νp(βγ)), and the coefficients of polynomials F0,

G0 depend only on αi, βi, γi, (α−1)i, i = 1, . . . , 2m+ 1.

Corollary 2. The maximal period of the sequence of PRN’s {yn} produced by (3)
is equal to τ = 2pm−ν if and only if y20 )≡ α (mod p).
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Having prepared the necessary background presented above, we
can obtain the main result of our paper.

Let {zn} be the sequence produced by the recursion 3. For h ∈ Z, we denote

SN (h, z0) :=

N−1
∑

n=0

e2πi
hzn
pm

Theorem 2. Let the linear-inversive congruential sequence generated by the re-
cursion 3 has the period τ , and let νp(β) = ν, νp(α − z20) = ν0, νp(h) = s 2ν  m.
Then we have the following bounds

|Sτ (h, z0)|  















O(m) if p > 2 and ν0 < ν, s < m− ν − ν0
or p = 2, ν0 < ν, ν2(h) < m− 2ν;

4 · p
m+s
2 if ν0 > ν, s < m− 2ν;

τ else.

Proof. Lemma 2 and its corollaries show that the behavior of the exponential
sums on the sequences of PRN’s are identical. Thus we consider the sequence gener-
ated by 3. And without loss of generality we can assume that τ = 2pm−ν . By the
Corollary 1 we have

|Sτ (h, z0)| =

∣

∣

∣

∣

∣

τ−1
∑

n=0

e

(

hzn

pm

)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

pℓ−1
∑

n=0

e

(

hzn

pm

)

∣

∣

∣

∣

∣

∣

 

 

∣

∣

∣

∣

∣

∣

∣

∣

pℓ−1
∑

k1=0
k=2k1

e

(

hz2k1
pm

)

∣

∣

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∣

∣

pℓ−1
∑

k1=0
k=2k1+1

e

(

hz2k1+1

pm

)

∣

∣

∣

∣

∣

∣

∣

∣

=

=

∣

∣

∣

∣

∣

∣

pℓ−1
∑

k=0

e

(

hF (k)

pm

)

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

pℓ−1
∑

k=0

e

(

hG(k)

pm

)

∣

∣

∣

∣

∣

∣

+O(m).

(15)

where

z2k = F (k) := A0 +A1k +A2k
2 +A3k

3,

z2k+1 = G(k) := B0 +B1k +B2k
2 +B3k

3,
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with

A0 = A0(z0) ≡ z0 (mod pa)

A1 = A1(z0) ≡ β(1− α
−1z20) + α

−1β2z0 + αγz0
−1(1− α−2z40) (mod pa)

A2 = A2(z0) ≡ −α
−1β2z0 + α

−2β2z30 (mod pa) = −α−1β2z0(1− α
−1z20)

B0 = B0(z0) ≡ β + αz0
−1 + γz0 (mod pa)

B1 = B1(z0) ≡ β(1− αz0
−2)− β2z0

−1 − z0γ(1− α
2z0

−4) (mod pa)

B2 = B2(z0) ≡ −β
2z0

−1 + αβ2z0
−3 (mod pa) = −β2z0

−1(1− αz0
−2)

A3 = A3(z0, k) ≡ B3(z0, k) = B3 ≡ 0 (mod pa),

where a := min
{

νp(β
3), νp(β, γ)

}

.

In the last part of the formula (15) we take into account that the representation
zn as a polynomial on k holds only for k > 2m+ 1.

Thus by Lemma 2 from[4] we easy obtain

|Sτ (h, z0)|  







































O(m) if p > 2, ν0 < ν, s < m− ν − ν0,

O(m) if p = 2, ν0 < ν, ν2(h) < m− 2ν,

4p
m+s
2 if ν0 > ν, s < m− 2ν,

τ else.

The constants implied by the O-symbol are absolute. !

As we said in above, the equidistribution and statistical independency proper-
ties of pseudo-random numbers can be analyzed based on the discrepancy of certain
point sets in the unit s-dimensional ball.

Theorem 3. Let p ≡ 3 (mod 4) be a prime number, z0, α, β, γ ∈ G, 0  arg z0 <
π
2 , 0  argα, arg β, arg γ <

π
4 , and let 0 = νp(α) < νp(β) < νp(γ), α $≡ z

2
0 (mod p).

Then for the sequence Wk, Wk =
Zk
p
, Zk = (zk, zk+1, . . . , zk+s), k = 0, 1, 2, . . .,

where are given by recursion (3) whith period τ = 2pm−ν , ν = νp(β), the discrepancy

D
(s)
N = (W0,W1, . . . ,WN−1) satisfies inequality

D(s)
τ  2p−m+2ν

(

1

π
log p2(m−ν) +

3

5

)3

+ 2p−2(m+ν).
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Proof. For s = 1 we apply the analogical reasoning as in the proof of Theorem
4 [4] and take into account the result from Theorem 2. Then we derive at once our
assertion.

If s > 2 we simply get the inequality (see, the proof of Theorem 1 with M = pm

in above)

D
(s)
N (X0, X1, . . . , XN−1)  

 
s

pm
+
1

pm

∑

h∈Gspm

h "=(0,...,0)

s
∏

i=1

min

(

1

| sinπℜh0|
,

1

| sinπℑhi|

)

 

 
s

pm
+
1

pm

∑

h∈Gspm

h "=(0,...,0)

min

(

1

| sinπℜhi|
,

1

| sinπℑhi|

)

1

N

(

|S
(s)
N |+O

(

N
1
2

))

,

where S
(s)
N =

N−1
∑

n=0
epm(ℜ

s
∑

i=1

hizn+i−1).

Next, following to argument from Theorem 5[4], we derive the assertion of our
theorem for s = 2, 3, 4. !

Theorems proved above show that some methods of construction
of nonlinear congruential generators of the pseudo-random real numbers can be used
in problems generating of the complex pseudo-random numbers.
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