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ON EXPONENTIAL SUMS CONTAINING THE DIVISOR FUNCTION
OF THE GAUSSIAN INTEGERS

B poGoTi snafiacHo aCHMATOTHYHI HOPMY:TH 1 PUTOHOMETPHUHNX CYM CNENLiaIbHOro BUIARAY. SKi MICTATH
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Asymptotic formulas are found for the trigonometric sums of the special form containing the divisor

., function of Gaussian intcgers. These results gencralize the investigations of M.Jutila. o
. 11 .€ ascunsy:

1. Introduction and preliminary results. Let t(ot)denote the divisor function of Gaussian
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The object of this paper is to consider sums of the form ... .+ wr &
wd
¥ tlo)s(@), | (11
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where g(ot) is a weight function.
G. Voronoy {1}, {2] developed a method of summation for the values of an arithmetical

function defined for ne N . M.Jutila [3). [4] and T.Mecurman (5] generalized Voronoy’s method
and considered the exponential sums of type . nf (n)g(n), where f(n) is the divisor function

1(n) or the Fourier coefficient a(n) of a modular form and g(n)= exp(2mi hn q) (h.q)=1.
We investigate similar sums in the ring of the Gaussian integers in the case

Midu.” g(oz) = exp(Zm' Re((aB)y"' )) or g(a)= K(Y:L (1): , Ecxp(2m' Re((8 + aS'}y'l ))
-'!'m? 1)
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The sum Z N(Q)Sxt‘:prm' Re((aﬁ)y"' )) can be used for a study of the summatory function

S . _ (1.2)
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and the sum Z.V(a)s.\ (oK (vl ) appears in the representation of the error term of the
asymptotic formula for (1.2).

In the present paper, standard notation is used. ['(s) is the gamma-function; E is Euler’s
constant; g is a positive constant. not necessarily always the same. which can be taken arbitrarily
small;

fix) = 0(g(x)) andf{\) << g(x) both mean |f(x)]| < Cg(x) for some C > 0 and
x2 xo, ¢(x)= exp(2mix); 8 denote that §-8 = I(mod ) for corresponding B ;

Q(#), Z[{] denote the ficld of Gaussian numbers and the ring of Gaussian integers; N((x)
is a norm of a, N(a)=la 2 For a.pe Z[i] (c..B) denotes the greatest common divisor of

aand B.
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imlsoB)= Ee(Zmn" arg(w + o)+ Re(Bw))- Nw+a)*. )
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Lemmal. If m# 0, then £, (s:c.B) is an entire function. If m = 0. and B is not a Gaussian

szeger. then the function €, (s; 00, B)is entire; if m = 0 and B is a Gaussian integer, then gm (s:0.,B)

. uweomorphic except at s = 1, where it has a simple pole with the residue .
The functional equation T Y

-8 r(flml + S)“;m (nap)=qa (-9 F(%Iml +i- S)F’m (1- 5:, (- Re{aB) ;.W)VE

* »23 1n both cases. iy o
For a proof in the case & (5:0,0), sce [6]. The proof in the general case is similar.

_et o, ve Z[i} (0tg.¥)=1. For Re 5 > |, we consider the series

'm(S;aoY")= Zt(w)N(w)"e(zmn"arg w+ Re(aowy")). w” '1 mz”
we Zl
N(u‘ o 4 oo A apat ,_A.’l eI, R

Lemma2. The function F, (s oY ') is entire for m# 0. Form = 0, it is holomorplnc
Shd

- 2t s = 1, where it has a second order pole with an expansion

= [y J=r MY (s =172 +a(y) (2Bm+8L (1, xs )~ 2miogN(Y s —1)" + Ag +--
.er, the functional equation

A

N 2 ~ L, wkﬂ.\-

T 1'7{51’";”)”(")' F,,,(s;aoy-l) -21- v)rz( |ml+l—.x)\'(y)' F (—s—aoy ) o

. N W A B
wex 1n both cases. This lemma follows from Lemma 1. & iemdy

Corollary, Let 0<¢),€,<1. Then, in a rectangle -€, <Res<1+¢,, we have A
’f":".

u-!)zf;,,(s’;o.oy )<<sz ,:i,,"fl.—,(u,,# +12 l“"',’-‘tz(lw ) ,,,(O;aoy"‘)<<l+n12.

2.An exponential sum containing the divisor function. Now we consider the sum

RTINS A

2. Perron’s formula, we get oy
8 < oWk chee{ele

e oy )= (2mi) [F Folsiogy™ Jts'ds + ofx o116 "2), 2.1

-sform the integral in (2.1), we move the segment of integration to Re(s)=—¢,. By
-5 residue theorem, Lemma 2, and Corollary, we get that

5 [xogy™ )= a2 xlog xMy)™ + 2m{Er+ 41, x4 )- L - mlog My)W(r) ™ +

- (2mi) J‘t Hr (saoy )\”s 'd9+0( '”T’"'e‘z). oo g nf..mo - eu'ﬂ

By Suirling’s formula for —I<Res$l/2,f1ms!-)°° we have S ’me
1 u{ _L) .=("\-.,n::..‘/s

f:(l - s’-—l(.‘)‘—l = (27{)_”2 r(3/2 - 45)’ 2 (‘ + 06.\1-' )), .'I"%:‘)b W '{3_’) werd

Therefore from the functional equation for Fo(s;aoy"), we get 0 ) TmoteadY

\'\;\ i3 «'.lA!
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where y=n*xN(@N2(y). I(0)=(2m])" Ir(s)z"”‘/zy_“ds
) Yaude,-iT
HAARNG kD v ~ R N
Now we have ™ A ey

=AI-A2-A3—A4"A5.

24000 If2-4iT  3f2+4€,~idT  Y2+i4T Y2+ i
Y2=iee  1f2-im 12-idT 32edey+il  Yf2-iAT
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_Nis
o, Since Ee"”y"'dy: I(s)e 2 ,(Re(s)>0), then, by Mcllin’s transformation,
' _ (pe Y1 {2 —risf2( 1aY ~miy/4 oL
A =(2m) f.,.z.-h,l“(s)e 2y ) " ds = 7 o (2.3)
Y
The Integrals A,, A,, A, A, can be estimated by use of Lemmas 1.4.3 and 1.4.5 in [7};

wi Az} 45| <<y min((log XN(w)")' ,T'/z], IVRE (=21 ATy (2.4)
i |As) JAg| << THE NG Y (v () Ve (2.5)

" Therefore, for N()< X =(4/n)' T N (yx™" we get
z

RTINS

-1 3/8+e,
{w)= e-m;.w +0(_v-'/3 min{(log N{w)) .T‘/Z]]i.o[rhul[%} ] (2.6)

Moreover, we have that v ;'-H'm"‘ snniyib ~at onim mogxs nl .S

Hw)<c y Magian min((log XN (w)")',r"’z)logr 5 SN 4 Ty 27)
if N()> X .Weput € =(logx)" and obtain

Tienet .
I 1

\
R Sr] ?
Do(r, (xoy" )= n’x log xN(Y)_' + 21L\'(E1t + 4L'(I. X4. )"’% n—Tlog N(Y))N(y)'l +

37
+10 22 AN () % 1((1));{1(xN(u))N(\()'z}/4 +Re(a°ury“))~N(w)+ (2.8)
4 N{wk X 2 ' vy L. ¥‘_
bint s e e
< +0(TN( )Iogx)«i»O(xlog2 xT"). Y SO N N

N

Thus, we obtam an analogue of a truncated form of the Voronoy identity for A(x oY~ )
where o sihine vl
A(x.%y")= D(,(x;%v")— nxlogxMy)” —21r.v(E1t +4L'(l,x4)—%1c—1tlogN )N(Y
From (2.8), we derive the following result:
¢ Theoreml. For x — oo, A(x; aoy")= OLrysN(y)w log? x), it ot o 2019994 i
Also, for m#0,
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,,,x(xoy ) &(a)r(znm arga+Rc(aﬂay ))<<N Ve + Ny Iogzx.dr

YN
And then the standard method yields the following N
n |
Theorem2. For ¢, - @ 2 x 25 N(y)" -
2 t(“‘)“(R" ("‘o"‘Y_l ))= (0 -o Jor)'x et 10t oo

L ;ﬂ;i’z
3 \ H
x(n’xlog N+ 2u{ En+4L(l.x, )—%n—nlog N(Y))N(y)" )+ 0[::5 N(y)s log? x]. Ay

3. The divisor function weighting by Kloosterman sum. We consider Klloo;stqman‘s

sem in Z[i}, K(y,e.B)= s (Re((aﬁ+(38)( )) ;11 nod T lc( YY) Hudereupe

IR0t -I(mody)

If (@y)=tor B.y)=1) then Kfy:cu.B)=K(y:La)= KysoBy). (r10Rle (g1,

If Y=Y, Y2, (y1.¥2)=1 then K(v;aB)=K(y,:00B,) Klyz:.B,), ‘doi (3.2)
‘ 2w
where B,.B, satisfy the congruence condition BEB,yzz +Bzy,2(mody). ' (3.3)
Let us now establish an asymptotic formula for the sum K(x.v)= ¥ tw) K(y:Lw).
Nw}sx
We first prove the following statement: | Ve rawv

Lemma. Let y=Y,-Y;.(Y;.Yo)=1 where Y, be squarefree and Yy, be squarefull
sombers. Let (w,y)=8,8,where 8,|y,,8,]y». Then for N((§,8,)) > Iwe have

Lw)= {RO KIS w8 ) if N(B NI
K(y:L w) {0‘ [ ( 1 ] ) lfN82 I G (3.4)
Proof. By (3.2), it suffice to show that o 3) nodT . IY‘B 0. .loord
K(Yl:l,(o)=p(&,)l((y&,";l.m&,zl if (@.y,)=8,, N()>1 ” .
and K(yLw)=0. if (0.y,)=8, N(8;)>1. - <

Let (w.¥2)=8,.N(8;)>1. Then by (3.2) it suffice to consider the case whcr;
Y =p".m>138, =p',121,pis a Gaussian prime.

Let & =[m/2] and let a = ao(l +y"’"‘B), where a, runs through the reduced system of
classes (modp"’")ﬁ runs (modp‘)

I a-o'm ). then o= Gal-5*B)ay o = " )“""‘*“*“
Hence, fop 2 )

wbi)e m...(“” { mg] &, f‘)’{ aol+§:3jao(l ""*a)l
)

= e RC(((IO + aow))'" » e\Rella, —aow th=0.
<?:)-g “a)( (( ») OA .
SAmL e A }aZ( d)uz

: i \ - \( ‘w)l ‘n
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Thus we have proved that K{y,;Lw)=0 if (w,y;)#1. Let now (w.y)={w.y,)=8,, N(§,)>1
We denote v, =p;--p,.0, =p;-p;. 1<1<r,p,,---.p, are Gaussian prime. Then

oty it Wiowitnig it Gand wié

K(ylw)= K(S,;l,w( ,"))-K(\(S,";l,w&z). B -
Moreover, for w=pw, we have K(p:l,w) E Re(rip))=~t=pulp). I K¢
. mﬂd ~.0§;§ﬁw
‘\‘wk’f'" b ":'51:‘} ) lD " "ja )
Hence we obtain 1/ , \ v

e S A )
K(y:l,w)= n;-l (p;l‘m(yﬁjs,")’)-K(YS,";l.wS,2)=M(S.)((YS,":l.mS,z). ﬂJ

Corollary. LetY be a Gaussian integer, y=y,y,. where ¥, is squarefree and Y,
. . XA B 6iomu.
squarefull, (y;.¥,)=1. Then the following relation holds for Res>1:

3 () (vl IV (w) Zu(S Y dwn( (gl wS’) (3.5)

uEZ[;] Yl
w20 (e A@ o)A o P={ v ¥y veEo M
Let us now prove the following statement:

Theorem 3. Let Y€ Z[[} N(y)> 1. Then

fw.bvdi {od, s sootgmves ny daddedes von 2u sad
;r(w)K(yl w)=T “(Yko(Y()f)(Y)"k’g x P»(Ykiu()‘{)" +O( ‘N(y)‘ﬂ’(y)log X)
N{w)e N

where Cy(y)= qu (2-¢(Y)N'2(Y)) 1< Coly)s 2vln), SEIPS SRV OX | aremd
. L) 1l oviduman

Ci(r)=nE - L kel 2 ()3, LORE) oq n(s)

IR oWy i
Proof. Let Bly; . Then (5,457 )=1. We have s o oifivs £ (2.1 48 Joard
NS Yo =ia
z a.w,ﬁ 5 N N, ) " "}J‘,()g (LA
€2y 27/ 5 )l U eI ba
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: (w. y)=6 Y :H ,

On the other hand. the left-hand side (3.6)is " = | o

ISR = ‘ )’!‘...‘;(.'U‘”! AN b

2 E E Re (_I_Lﬁgﬁ]N(w,)_’w;_% ) ‘.;q- . '};(n' ;‘:’ﬁ,b W
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Thus for Res >1: Fs)= z K (W) = sy HOF(sv.ONG)*. 08)

i

F s: '8 = u(ﬁ )“'(62) g (s;O,a'S'B'S}n(s;O,azszﬁsz
( ! ) ﬁl-ﬁzzh/5 N(Blﬁz)‘ ulazE-:I(yls)slgxﬁ ’ Y Y/5

By using estimates for &, (s;cB). we get immediately that *a°® S¥RFNTOTIUNIA MK

i.e frenios sW
y ‘%“02_0(»‘6&) (2+4aq)1+ag-0) ;mnm luse w: msl g vshienos s
F(O’ + it)<< Cp N(y) 1420, M 1+20g ('Y) AW)od or i3 101

| — 1
fr 0, <Res<i+0y, |Im,s| _ltl 21, (0 <06y ‘z') 1 otensy Mt roNde annsssad
Therefore by Perron’s formula

[TRTIRTAS | FREE A M

-uo +T BL

Zt(w)K vl w) res(F( )x"s")+ res(F(s)x’s") JF ’s"ds+
sick 520 ~og-iT o Mk
C B Wi
-dl doofrad)! )* OfeN (1} *ofy)iop <7~ J+ Ofe2 (W ()™ - 07171 +4%0). (3.9)
N
Now in the same way as in theorem |, we get e S velY W
Zt(w)K Yilow)= Zres{ "s"}+ y Y u(B, uB,) 3 MONMSt IR
* ks R q"B.-BzI{ 8:52=5  j qn v .3 dosmdart
>
r(w){ Vv ()W VBB, ) *3/8}~”‘N(Y)’"N(B By EN(WY P+
,.}i;ixm ROFICL 1) sn

. wo orydoqroll AT Q 4 soid % A
- 0(77\' (y)e*(v)1og X)* 0(‘3/8N (v Tt“(y)logx). w8 P oo (0)A KR woR

eac: X =T*(4n) N2 (YN8, k™' We put T= x”’N(y)'/5 and that completes the proof
.« e theorem. R o
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