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O N  EX PO N E N T IA L  S U M S  C O N T A IN IN G  TH E  DIVISOR FUN C TIO N  
OF TH E G A U SSIA N  INTEGERS

В р о б о т і зн ай д ен о  аси м п то ти ч н і ф орм ули  т р и го н о м етр и ч н и х  сум  сп ец іал ьн о го  ви гляду , які м істять  
ф ун кц ію  д іл ьн и к ів  цілих гаусови х  чисел. Ц і р езу л ьтати  у загал ьн ю ю ть  д осли дж ен н я  М . Ю тіли .

j j '  В р а б о т е  н ай д ен ы  а си м п то ти ч еск и е  ф о р м у л ы  тр и г о н о м ет р и ч е ск и х  сум м  с п е ц и а л ь н о го  в и д а , с о ­
д ер ж ащ и х  ф у н к ц и ю  д е л и тел ей  целы х гау ссо в ы х  чи сел . Э ги  р езу л ьтаты  о б о б щ а ю т  и ссл ед о в а н и я  М . 
Ю ти лы . ' ..............

A sy m p to tic  fo rm u las  a re  found  fo r th e  tr ig o n o m etr ic  sum s o f  the  specia l fo rm  c o n ta in in g  th e  d iv iso r 
fu n c tio n  o f  G a u ss ian  in tegers . T hese  re su lts  g eneralize  th e  in v estig a tio n s  o f  M .Ju tila .

, t t  .Г

1. Introduction and preliminary results. Let t(a )d en o tc  the divisor function of Gaussian 

integers,. x ( a ) =  X I . , , ' •’
.  , n  -i' -.i: ........ •• -«И ..I .! <>>.ыМА • * 'УЧ*-bi#» ?.

M“-8eZ,'I *)(«'. v ,  A(
The object of this paper is to consider sums of the form
T-> / \ / \ ifcV Г: л
X < a ) g ( a ) ,  (1.1)

aeC

where i '( a )  is a weight function.
G. Voronoy [1], [2] developed a method of summation for the values o f an arithmetical 

function defined for н е  N  . M Jutila [3]. [4] and T.Mcurman [5] generalized Voronoy’s method 

and considered the exponential sums o f type where f ( n )  is the divisor function

t(/i)  or the Fourier coefficient a(n) of a modular form and # (n )=  ехр(2л/ h n : q \ (h ,q )=  1. 

We investigate similar sums in the ring o f the Gaussian integers in the case

„.•J*!4 g ( a ) =  exp(2n/R e((a3)y ' )) or g (a )=  К(у;1.а)=  ^ cx p (2 ro R e((6  + a 6 ,) y '1)).

L . A f t
\ .

I The sum £/у(а)£.гехР ^ 7и Re((a3)y‘ '))  can ^  usec  ̂f° r a stu<ty ° f  the summatory function

! ! > ( « )  - і (L2) 
j a « 6 n x id y , A '( a ) s . t

and the sum “P P ^ s  in the representation of the error term of the

asymptotic formula for (1.2).
In the present paper, standard notation is used. r(.v) is the gamma-function; E is Euler’s 

constant; e is a positive constant, not necessarily always the same, which can be taken arbitrarily 

small;
* f ( x )  ~ 0 ( g ( x ) )  and f ( . \ )  «  g ( x )  both mean \f(x )  \ < C g ix )  for some С > 0 and 

x  t  дг0, е(д:)= ехр(2тшг); 8 denote that 6 - 5 s |( m o d P )  for corresponding |3;

Q(j), Z[/] denote the field o f Gaussian numbers and the ring o f Gaussian integers: n (cl) 

is a norm of a ,  jV (a) = |a  -. For a . p e  z[i]  ( a .p )  denotes the greatest common divisor o f 

a  and /3 .
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; m ( j ; a ,p ) =  ^ e i ^ m n ' 1 arg(w> + a ) +  R e(jfV ))N ( w  + a ) . j
h«Z[»1 T"’*-a , , ^»r-, t —

.! r.rth -.** . v'-i»»:.
Lemma I. I f  m  *  0 ,  then £m( j ;a ,P )  is an entire function. I f  m = 0. and P is not a Gaussian

•rttr then the function (,?; a ,  P )/j entire; i f m - 0  and P is a Gaussian integer, then Km  (*'. a ,  P)

isomorphic except at s = I. where it has a simple pole with the residue Jl.
The functional equation ' nsriw

t "  v r ( | |m |  + j ) ^ OT( j ; a , - P ) =  n ~ ( l “  s ) r(i- |m | +1 - - s ; p , a > ( - M « P ) )  

c> in both cases.
• , - v .  ..* • • ■.

For a proof in the case ^ (s '.O .O ), see [6]. The proof in the general case is similar.

_ ;t a 0,y €  Z[/}(<x0,y )=  1. For Re s > 1, we consider the series

.*m t ; a 0 Y ' ') = S T(M’M H’)‘ J^(2" rtt' l argH >+Re(a0 »v7'1)). » T V  ■j ' J  
««?!■]
N(h> 0 t * ...» *.►:'+». . ■

Lemma2. The function Fmis ;a 0y " 1) is entire fo r  m *  0 .  For m  = 0, it is holomorphic

jt s = /. where it has a second order pole with an expansion

! v: OoY'1 ) =  n2 My)“'(v - 1)'2 +  n/V(Y)" ‘ (2 flr+ 8Z/(l, &  )~  2JtlogN{y)\s -1  ) '1 + A, + • • • ’’ 
er, the functional equation

T '  2̂ h +  s)v (y ) ' F m(s\a 0Y- l ) = *"2(l~, , r 2( ‘ H  + l - s } l { y f ~ ' fJ }  -  s , - a 0Y~') 

in both cases. This lemma follows from Lemma 1. >.*.*»-***» » u

Corollary. Let 0 < e , , e 3< I . Then, in a rectangle - e , < R e .v < l + e2 , we have
( »5 \

is-\f F„,(v; ctoY-1 ( l + / ^ + f 2)  *' , : (l + /2); Fm(o; otoY-1 ) « \ + n ? .

I- \n exponential sum containing the divisor function. Now we consider the sum

-r *a oY"1 )=  ^  " " ' '  M

5 . Perron’s formula, we get ^

D~(.r. a 0Y "')=  (2wi Jr1' j ‘+7 v F°(s; a oY"' V * ' 1*  + O ^ T ^ z ' 2) ,  (2.1)

-sform the integral in (2. 1), we move the segment of integration to R e ( j ) = - 6, . By 

s residue theorem. Lemma 2, and Corollary, we get that

J> (.x ;a0Y_ , )= Jt^YlogA/Vfy) '1 + 2rc.\{£7r + AL'(\ , * 4 ) -  -j 7t -  n  log M y )V (y )~  * +

*  (2 w ) 1 J _£ 1 * 1 ^0  (*: a oY ” 1 )*"*•* ” 1 ds + of.v1+E 7 ^ 1 e - 2 ).J - e , - i r  * v / , nfi qw .ewffT

By Stirling’s formula for - 1  < R e j 5  l /2 ,  lm j !—»«> we have • j.r5T3riv

r - ( ! -  v)T-2( , > - '  = (2 n ) - ,/2r ( 3 /2 - 4 5 ) lf2’'v , ' ^ ( l  + 0 ( , | - 1)). 3* <{8. ,)  №,,; i

Therefore from the functional equation for F0(s\a 0Y~‘ ) ,  we get > \

‘ . :> \*I\ „ t\i
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- £ ,+ f r

- C |- iT

{> i

(27ii)~' J  F0 ( r ;a 0r ' l ) t i J '</r =

X  t(o>); VK Af(a))"’ /(<»)+ C>(r,+ t>'_ t' /V(<o)-1)

' H \ w
■ *\i f r - W

4 V 2 R1P>

(2 .2)

3/2+4C| +tT

where y  =  n 4xN(d)}N~2(y), /(a>)= (2TU')-1 J  v_‘'4<fa
3 /2 + 4 * ,- i T

- '  r " T I£ / '  '  * k ~  v - i
Now we have 

2 m

( l/2-t*~ l/ 2 - 4 iT  3 /2> 4 t, ~i47* 1/2» 14 r  1/2 n -  '

/  -  /  -  /  -  /  -  /
1 /2 -»- 1/2-/— ! / 2 - i4 r  3 /2 *4 f ,+ i7 ' 1/2-147

=  /4 1 —  i4  2  “  /< 3  / 1 4  ““ .

Since j^ ^ ~ ,yy f~Î <y =  r(.v)p 2 ,(R e ( s )> 0 ) ,  then, by Mcllin's transform ation,

/  v D ttf iK

, R .3 )
v  ,*>.*) . 3

The Integrals A:, A,, A4, AJt can be estimated by use o f  Lemmas 1.4.3 and 1.4.5 in [7]:

w! K l - K l «  >’' 1/8 m in|^(log^A'((jj)'1)’1, r l/2j ,  < y)A -n -\ T o " . ''(2 .4 )

■u. |* 3|. | ^ | «  r l+4E| N iy f l* ” ' • M a > ) ) r y8- £- , (2.5)

‘‘ Therefore, for N (0))<  X = { 4 / n f T 4N 2(y)x~' we get

/ ( ( ! > ) = , +  0 v l/,s min log ~~7—\ 1 • T l/2
N( u>)

+ 0
~ N 4 f | * ( y Y

,\N (to )
(2.6) 

r m o q x s  ■ / . . £Moreover, we have that „ ........ . « „ i,;-

/ (0) ) «  minf (log X N (w y 'Y , T ' /2 ) \ o g T  h  . >()7  - - ( '~Y0r  (2.7)

if /V(co)> X . We put e, = (logx )-1 and obtain

D0(x ;a 0Y "')=  it2 x  log xN  (y)- * + 2 ju { e « -M L '( l ,x 4) - -£71-71 log A ^ M y ) ’ 1 +

+ n i 2 ' i/2x ^ N { y f *  Y  x(a))/-(v^(a))A ^(Y ) 2) /4 + R e(a0a jy 'l )V A^(o))+ (2.8)
N(w£X V 2 •. • .. ■ . )  i

'■Hr ' . ?  1 L r f r w  ■

1? *V ;vc. + 0(7W (Y)logx)+0(.*log2 xT~l ).

v‘ Thus, we obtain an analogue of a truncated form of the Voronoy identity for a (.c; a o Y 1 )•

:ihil2  yflwhere

A(r.ctoY‘ ' ) = A>(r ’ c ^ y 1)-  Tt2jr log-riVfy)'1 -  2tv{ eti+4 U { \ , i u ) - \ n -  n  log/V(y))v(Y)“1.

From  (2.8), we derive the following result:

< Theoreml. For x  —> <*>, A(.v;auY ~')= 0 ^ i N ( y f^ i log2 x). m u \ ?ri.' rnoii o io jjw n i 

Also, fo r  m *  0 ,
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A„(jr,(x0Y"1 )=  W a ^ w i " 1 a r g a + R e ^ a y " ') ) «  N{yJ*f m2+c + r V5yv(yf5 log2 *
Nlptfcxi ,'fi

And then the standard method yields the following \
'"A

Theorem2. For <p2-<p, > ,*“2 5_ t/v(y)̂5
^ T (a > ( R c ( a 0o y - | ))=((p2 - ( p l X2n)‘ l x ,*»n“  « . w w W

A f(a )S x  ;

>H
■, .  . /  V .I _ ( _  _ . /  V I . . /  ^  J  7 . . /  2 .  1

X n2x log JtA^y)"1 + 2Juf En + 4Z/(l,x.») -  ̂ n -  n log /V(y)jw(y)'1 N(y)s log2 x
'  ^  n

3. The divisor function weighting by Kloosterman sum. We consider K loosterm an’s 

in Z[/j, K (y ;a ,P )=  £ f(R e((a6+$6 )y )). , nafIT . 1 = (  jY.iY) .HubiBup*

If (a ,y )=  l(o r(p ,y )=  l)  then K (y ;a ,p )=  K (y ;l,a p )=  K (y ;aP ,l) . (3.] )

If Y = Yi Y2 .(Yi.Y2 )= l then K (y ;a ,p )=K (y l ;a ,P I ) K(y2;a ,P 2) , , (3.2)
2  2 « i  i W uft 21’

•h e re  P h P2 satisfy the congruence condition p s P 1Y2 + P2Yi (m ody). (3.3)

Let us now establish an asymptotic formula for the sum K (jt,y )=  T t(a ))-K (Y ;l>a)).
i v j u j i i

We first prove the following statement: '> ' ■

Lem m a. L et y = y ( y2,(yi»Y2) =  I where Y| be squarefree and  y2 be square fu ll 

menbers. Let (w ,y)=  8,82 where 8, |y i ,82|y2 . Then fo r  N ( ( 8  8 , ))  > Iwe have

K (y ; l ,a ) )= M 8i)K (Y8i" l:I-a)S12)  i f N(82) = l  . (3.4)
’ [0, if Af(S2)>  I ( '

Proof. By (3.2), it suffice to  show that ^  rwdT iY j6 J6-! .toot*!

K(Y,;lt a ))= n (81)K(Y8r , ;l,ft)8I2) if  (a).y1) = 81. yv(8, )>  1 ^  _

in d  K (y ;l,a ))= 0 , if ((D,y2) = 82, /V(82) > 1 .

Let (h>,y2)=  82,A/(82)>  1 . T hen  by (3.2) it suffice to  co n sid er the  case w here 

Y; = p " ', m  > 1, 82 = p*, I > 1, p  is a Gaussian prime.

Let k  = [m/2] and let a  = a 0(l + Y '"'*p), where a „  runs through the reduced system of 

dasses (m odp'"“* ) p  runs (m odp*).

If cc-cc' e  l(pm). then a '  = a o ( l - p m*t p ) a na o  = l(m odpm).> f
Hence, , p -* •' v

f '
a a 'B |[m o d p Nt j  ( « o -P H  j  •
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Thus we have proved that tf(y2;l,u ')= 0  if ( w , y 2 ) * 1  . Let now ( h >,y ) =

We denote Yi = P i " P r .5 | = P r  -P/< 1 ^ / S r ,p |, - - - ,p r are G aussian  prim e. Then
< W | r  t j y j t t u k w  V l . i u i i n i t t  i h r i  i i J l l i

- <p ■vo’A .tow m JP T -,
K(y;U -)  = ^ 8 , ; I . » { y5 , " 7  j -  /c (y 5 r ';I,w S ,2 ).

;*»»> *»>1»
Moreover, for H = p w | we have A"(p;l, h>) = £ < - ( R e ( f /p ) ) = - l= j i ( p ) ,  > )* £

/fm odp)
L  * ( / . p > = l  v i  ,I I, -t '- ! '■’*

Hence we obtain \  .
'  1 ■ . i ;  ■ . '  ' ■ • * t 

K (Y :« .w )= n /y. i K[ p ;,-U)(YP>5 l’ lT j  K(Y5,'1;1,a )8 |2) = n ( 81)K(Y8l' l :l.a)8 l2) . J

C orollary. LetY be a G aussian  integer, y = YiY2' where Yi is squarefree and y2 
squarefull, (Yi-Y2) = *'  Then the following relation holds for R e * > l :  ^  G* fnU

E t ( H ’K (Y ;l.H> ( H ) - '  = £ M(8) £  -c{w)N(wy' k ( j X w5 2
H G 7.[ i]  S (Y | . » .  V<"̂ 8 A M tlS K 'd X  iwrll ! « ( - Y . ,y) , ,  Y V -- V n .  
Let us now prove the following statement:

Theorem 3. Let y e  z[i\ N(y )>  1. Then
ftu.Lv) 4J ^  L * ! n !* .von ̂ jJ )sJ

k ' ° 8 '  *  *  c f M f i f W ) *  , 1 .

••her, C „ ( Y ) . n a „ ( 2 - < ,( v ) « - ! ( ,) )  I S C . ( , ) S  *«*•>, 1 *  *  - '
’v A m u >

(3.5)

C ,(y )=  k 2{2 E - 1  + 8Z.Xl.X4)/" )C o (y )-  2 t(Y) X  log t f (8)
( * i ^ > f a

Proof. Let 5 |y  1  ■ Then (5, yS"1 )=  I . We have -M ». <>1 *soiTius 78 .IwviH

2  £  S n <
«,.« ,( n«l}J

a ' H |6' 5 . . .  ,
y . i u ) 1 l  - U  [ ( D . ’ . V i J  L i n t .

a ,a 2.|(y/S)

(  (  
e Re 

-V

Rel
 ̂ [  2 y / 8

1
a 2 w 28 2 8

2y/8 (AT(W2M 82r =  S ^ - r . S
( h .y )=5

Y e(R e((a l8 lH-l8 + a 282H'28)(Y/8)'l))= £  t( k> ,( » ^ , a/ y8 ' i;1,m6 2\  (3.6)
o i . a : (nKKlY/5 ) • ,,-ig  • ;  h  V. /_...a: (iixidy/6) D

0|a i» l(m odY /8) (m.yM

On the other hand, the left-hand side (3.6) is
v w ; i H

i  E X '

u , a 2 » l(Y / 5 )

R e a iH'S<S
y / 8

n ( w i Y \.

nSi k  7  -‘( i r i  "‘flJ'A
>1 ( > 4

P i | ( " i . y / S )  « ;
R e J w r -

7  (f •» f j  .,>j

P : | ( » 2 . y / s )

v '»O'*
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SY

(3.7)
a | a 2« l(m o < ^ ^ |ö j= S  \  J

i, for R e s  > 1 F( s )  = £ h t( h’)K (y;l, h)A'(m ) ' 1 = h (ö)f \ s ; y, 5)/V(5)~\ (3.8)Thus

■As.

'< * * « > =  1  V  X  ç ,
P i . ß > | - r / 8  A / \ P | P 2 |  a | a 2 « l ( y / 8 ) 8 , 5 2 * S

f  a M ô l  '  
>.o>— n —  Sn

Y/S
A;0<̂ 1§ ? M

y /5

By using estimates for £m(s ;a ,ß ) ,  we get immediately that •«»»•»««

,  , x . w . tiUDifoillufPlo W.tfuH c isfoufKu sW 
t 4-^Oo+405-0 (3+400) (2*4ooXl»qQ~q ) ^ ,

F (a  + i t ) « a Q N {y) i«2«u “ |/| '♦*•<> T2(y) ( « M  >0? * » 101

^  "^ 0  ^  Re .v < 1 + o 0 , |^m  ̂ 1 — kl ~   ̂’ (P < °o  ^  2 ) 1 n trtvaa  M;ir< roMXi/i .smta&MiO 
Therefore by Perron’s formula

¥ f t .»  Z\. à.*

- ctq+ iT  JH

2* t(w)#T (y;l, w)= )+ res[F{s)x*s~] )+ (2to )“1 f f ( s ) x ss~{ds +
-•«*< ,=l ” ° -o0-,T '.«V 'V \ t f

W Äj I

-  c / - t Uo°(roo)^1 j  + o(tA/(y)1 ̂ t f y j l o g x r '1 )+ 0 (t2(y)w(y)I+O0- o ^ T 1* * 0 ) .  (3.9)

Now in the same way as in theorem I, we get ' m '«  ~  'n  “

X t ( h ' K ( y ;1 .h - ) =  2 " - v H ) - j r V ' } + Z  X ^ ( ß , X t ( ß 2 )  S  W M i e r . a w n s « * !
* - ')Sx *«o j . . . ^  6lifißI.ß2|^ S|82=8 i.qii. n .3 (fe^Kruittfrl

7

£  , ( » ) /  -  V i * M ( » :’ ( r W . P ,  ) f  * * (P ,P ; f * «  W W +
' ( » ) S A f  ^  J  ,

. - 9 , 9 : 64 (y) « O M f .y j  , , J ! «

. . <*6 f W i d u q r o T l  A .T Q H j )o i ! I3  S  H

- ^ ( Y V C y J l o g J + O ^ t Y y V r H y J l o g J c ) ,  ^  { „ } X J

m erz X  = r 4(47t)"‘ A/2(y)/v(ß1ß 2 )*_l . We put T  = x 2l5N ( y f 5 and that completes the proof 
» • » th e o r e m .  >• “ • .. .........
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