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HEJIMHEVHBIE JU®P®EPEHIIVMAJILHBIE BKJIIOYEHU S
C IEPEMEHHOU PABMEPHOCTBIO 11 X CBOMICTBA

Kiumapenko O. /1., IlnotHikoB A. A. Heniniiini qudepeHuiaabHi BKIIOYEHHSA
3i 3MIHHOIO PO3MipHICTIO Ta IX BJacTUBOCTi. B crarTti BBeseHO MOHATTS audepeHIi-
AJIBHOTO BKJIIOYEHHST 3 3MIHHOIO PO3MIPHICTIO Ta OTPUMAaHI JIesTKi BJIACTUROCTI iX PO3B’sI3KiB.

Kurouosi ciioBa: udepeniiianbii BKIIOYEHHs, PO3B 430K, ICHYBaHHS.

Kuumapenko O. /., IlnoraukoB A. A. Henuneiinsie quddepeHpanbHbIe
BKJIIOYEHUsI C IEPEMEHHOIN pPa3sMepHOCThIO M UX cBoMcTBa. B craTthe BBEIEHO TOHS-
THe audepeHImaIbHOT0 BKIIOYEHHS ¢ TIePEeMEeHHONU Pa3MepPHOCTHIO U MOy IeHbl HEKOTOPBIE
CBOICTBA UX PeNIeHui.

KurroueBbie ciioBa: muddepeHnmaanbaoe BKIOYEHNE, Pellenne, CyleCTBOBAHNe.

Kichmarenko O. D., Plotnikov A. A. Nonlinear differential inclusions with
variable dimension and their properties. In paper the concept of differential inclusion
with variable dimension is introduced and some properties of their solutions are received.
Key words: differential inclusion, solution, existence.

BBEAEHUME. Teopus auddepennnaibHbIX BKAOYEHUE HAYAIa CBOE PA3BUTUE B
Hagasne Tpuanareix rogos 20-ro sexa ¢ mybmukammii A. Mapmo u C. Sapemba. On-
HaKO OypHOE pa3BUTHE JAHHOW TEOPUU HAYMAIOCH ¢ 60-X TOIOB MPOIIIIOTO BeKa, 61aro-
naps paboram T. Baxkesckoro u A. @. @umunmnoBa, KOTOpble 06OCHOBAIN €€ TECHYTO
CBSA3b C TEOPHEH ONTUMANTBHOTO yIpaBaeHHUuA 1 AU dEePEeHITMATLHBIMA yPABHEHUAMHI
C pa3phIBHOI TpaBoii wacThio. OCHOBHBIE pe3yabTATHI Teopwuw anddepeHITnATbHBIX
BKJIIOYEHUI M3JI0KeHbI B paborax [1, 2, 3, 7, 8].

B gannoit crarbe Mbl pacecmorpuM JaudhepeHimanbHble BKIIOYEHHS ¢ TIePeMEeHHOM
Pa3MepHOCTHIO, K KOTOPBIM CBOJISITCS, HATPUMED, YIPABJIsIEMbIE TPOIECCH BOSHUKHO-
BEHWST ¥ PA3BUTHST OObEKTOB, MM hEpeHITNPORAHHBIX TI0 MOMEHTY co3manust [4, 5, 6],
a Takxke uMIyabCHbIE auddepennnanbabe BKaueHus [3, 8.

OcHoBHBIE ompegesieHns n obo3uadenus. [lycrs § > 0 npomsBoabHOE J€ii-
CTBUTEJIbHOE 4Ky, N — MHOXKECTBO HaTypajbHbx uncesd, a No = N JO.

Ob6ozHaunM uepe3 Yy MHOKeCTBO dbyHKumit n(-) : R4 — N, KOTOpBIE YIOBIETBO-
PAIOT CJEAYIOIMIUM yCIOBUSM:

1) n(-) — KyCOYHO-TIOCTOSIHHBIE M KYCOYHO-HENPEPBIBHBIE CIPABA;

2) ecin n((t 4+ 0) — n(t) # 0, ro n(1) — n(t) = 0 gus Beex T € [t, ¢+ 6)].

QueBnIHA CIPABEITUBOCTD CIIEAYIOMIEH JTEMMBbI.

JIemma 1. Jlas a060i dynryuu n(-) € Ly nosynpamyro Ry mootcno pasdbumo

He Boaee uem Ha cuemmoe wucao muooiceems I, = [ti,tiv1), @ = 0,1,... maxuz, wmo
Ri=ULul,NI =9, ecau i # j, ede n(t) —n(t;) =0 daa ecex t € I;.
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O603naunm yepe3 M,, MHOXKECTBO MATPUIHBIX (DYHKIINIH, COOTBETCTBYIOIIMUX (DYHK-
nun n(-) € ¥y Takux, 9To
1) M(t) — marpuna (n(t — 0) x n(t));

2) M(t):{ ¥ n(t) =n(t=0)=0" 110 = E.

(1), n(t) ~n(t—0) £ 0

Bosemem nponssosbayo dyrknuo n(-) € Xg u M(-) € M,.

Onpenenenune 1. Oynxyuro (-, n, M) nazosem dynxyueli nepemennoti pasmep-
nocmu, coomeememeyroweti nape (n, M), ecau ona ydosaremeopaem caedyoOuUM YCA0-
BUAM:

1) 2(t,n, M) € R*"®) das ecex t > 0;

2) x(t,n, M) = M(t)x(t —0,n, M) das ecex t > 0.

Onpegnenenne 2. Bydem zosopumv, wmo dymwyus z(-,n, M) nenpepuena na
unmepeane (t',t") C Ry, ecau ona nenpepwena 6 moukax t € (t',¢"), 2de n(t) —n(t—
—0) = 0 u nenpepusna cnpasa 6 moukax t € (t',t"), 2de n(t) — n(t —0) # 0.

Onpegnenenune 3. Bydem zosopumsb, wmo dynxyus (-, n, M) abcosromno nenpe-
puena na cezmenme [t',t"] C Ry, ecau ona nenpepwena wa (t',t") u abcorommo
nenpepuiera na awbom ceemenme [/, 7] C [t/ "], 2de n(t) — n(t — 0) = 0 daa scex
telr, .

Sameuanue 1. Ananozuyuno, mooicno esecmu onpedeserue udmepumocmu (dud-
Pepenyupyemocmu, uHMe2PUPYEMOCu, AUNWULEBOCMY u 0p.) dynrkyuu x(-,n, M).

Ounpegesieane 4. Mnozosnaunoe omobpascenue F(-;n) nasosem omobpasicenu-
em ¢ NepeMenHOls PadmepHocmvlo, ecau muostcecmeo F(t,n) C R™Y Oas ecext € R,

Onpepesieane 5. Bydem 2060pumv, wmo muozodnaunoe omobpascenue F(-,n)
nenpepuieno na unmepsase (t',t") C Ry, ecau ono nenpepuieno 6 mowkaz t € (t',t"),
2de n(t)—n(t—0) = 0, u nenpepwueno cnpasa 6 mouxax t € (t',t"), 2de n(t)—n(t—0) #
0

Onpenesierne 6. Bydem z060pumv, wmo muozodnaunoe omobpascenue F (-, n)
ydosaemeopaem ycaoeuro Junwuya na cezmenme [t t"] C Ry ¢ nocmoannot L > 0,
ecau ono nenpepwsho na (', t") u ydosaemsopaem yeaosuro JTunwuya ¢ nocmosnnoi
L na mobom ceamenme [7/,7"] C [t',t"], 20e n(t) —n(t —0) =0 daa scex t € [7/,7"].

OCHOBHBIE PE3VJIBTATHI. PaccMOTpUM CHIeyIONIYI0 CUCTEMY C TTepeMeHHOM

Pa3MepHOCTHIO:
z € F(t,x,n), x(0,n, M) = xy, (1)

rne t € Ry Bpems; n(-) € Xg; M(-) € My; =(t,n, M) Gda30BBIil BEKTOD;
F(t,z,n) : Ry x R™ — comp(R™®) — mmorosmadmoe orobpakeHue C mepeMen-
HOU Pa3MepHOCTBIO.

Bameuanue 2. Ecau n(t) = n, mo cucmema (1) 6ydem obviunvim duddepernyu-
AALHOLM BKANOYEHUEM.

IIpennonoxenune A. Ilycts dynkius n(-) orpanndena © > 0 mus Beex ¢ > 0.
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3ameuanue 3. IIpednonosicenue A ne daem pocm pasmeprocmu na beckoneuHo-
emu K 6eCKOHENHOCTIAL (9O YCAOBUE MOHCEM, OBIMD HEOBAZAMEALHDLM, ECAU CUCTNEMA
(1) paccmampusaemca na KOHEWHOM TPOMENCYTIKE).

O6oznaumm wepes Q; = { (t,x) : t € I;, x € R*®} tae I; coorBeTcTBYIOT JEeM-
Mme 1.

Ounpenenenne 7. Abcoaromno nenpepvienas dynxyus x(-,n, M) nasweaemca
06vuHbLM pewenuem cucmemv (1) na ompesxe [0,7T), ecau

1) z(t,n, M) € F(t,z(t,n, M),n) das noumu ecex t € (0,T),

2) z(0,n, M) = zo.

IIpennonoxenne B. Muoroznaunoe oroGpaxenue F(t,x,n) ymosnerBopsier
CJTEIYIOIINM YCJIOBHSIM:
a) F(-,z,n) HempephBHO TI0 ¢ Ha Ry ;
b) F(t,-,n) — aunmuueso ¢ nocrosiHuoi L no © Ha @, @
c) cymecrByer rakast nocrosiutast K > 0, uro ||F (¢, z,n)||
(t,z) € Qi i=0,1,...

=0,1,..
< K(1+4||z||) mnst Beex

Teopema 1. Ecau das mexomopozo 0 > 0 n(-) € Xy, M(-) € M, u F(t,x,n)
ydosaemeoparom ycaosuam npednososicenuid A u B, mo na nexkomopom ompesse [0, T
y cucmemvi (1) cywecmeyem obvunoe pewsenue x(-,n, M).

JoxkasareabcrBo. Ouesnno, aro (0,29) € Qo C Ry x R™%. Iloonpememam
MHOTrO3HAHOE oToGpaskenue F(t,z,n(0)) na see npocrpanctro Ry x R™(0) tak, arobmt
OHO YIOBJIETBOPSIO YCIOBHAM TIpearnonoxenns B, u Bozsmem MY (t) = F nna Bcex
t € Ry. Torga uz [2] cnenyer, uro cymecryer rg > 0 takoe, uro Ha orpeske [0, 7]
CYIIECTBYET OOBIYHOE PENTeHUE CUCTEMBI

a(t,n(0), MO(t)) € F(t, 2(t, n(0), MO(t)), n(0)), z(0,n(0), M°(0)) = .

OueBnHO, YTO JlaJiee BO3MOXKHBI J[BA CJLydast:

Cuy4ait 1. Ins Beex t € [0,79] cnpaBemmuso ycmosue n(t) — n(0) = 0. Torma
TeopeMa JiokazaHa u 1 = rg.

Cuayuait 2. Cymecrsyer t; € (6,7r9) rakoe, aro n(7) — n(0) = 0 ans Beex
7 € [0,t1) m n(t; —0) — n(t1) # 0. Torma obozmaunm uepe3 x1 = M(t1)z(t;—
—0,7(0), M°(t1)). OueBmmno, aro (t1,2,) € Qy C [t1,= oo) x R™*). Teneps mo-
ONPEeIESIMM MHOTO3HAUHOE Oortobpakenme F(t,x,n(t1)) HA BCe mMpPOCTPAHCTBO [t1,=
00) x R™*1) mak, 4T06HI OHO YIORIETROPSIO YCJIORHUSIM MpenooKenns B, i Ro3pMeM
M (t) = { ‘g‘[(tl)’ E; 2 . Torpa, aHamoruaHo, MOIyInM, 9TO Cymecrtyer 71 > 0

TaKoe, YTO Ha OTpe3ke [t1,¢1 + 71] CyHIECTBYET OOBIYHOE DEIIeHNe CHCTEMBI
'i.(ta n(tl)a Ml(t)) € F(tv .Z'(t, n(tl)v Ml(t))a n(tl))7 x(tlv n(tl)v Ml(tl)) = 1.

" rax manee.

B uTore MBI monmydaeM CymiecTBOBaHUE OOBIYHOTO PeEIeHHs U0 Ha HEKOTOPOM
orpeske [0, 7], mubo Ha Beeit nomynpsimoii R . Teopema nokaszana.

O6o3naunm uepe3 X (t,n, M) ceuenne MHOXKeCTBA OOBIUHBIX DEIIEHWl CHCTEMBI
(1) B Mmoment Bpemenu ¢ > 0.
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Teopema 2. Ecau daa nexomopozo 0 > 0 n(-) € Xy, M(-) € M, u F(t,z,n)
ydoeaemeopaom ycaosusm npednorosicenud A u B u mmnozosnaunoe omobpasicenue
F(t,z,n) : Ry x R*® — conv(R™®) |, mo X(t,n, M) € comp(R™®) dasa ecex t €
€ [0,7].

HokazarenbctBo. U3 Teopemsbr 1 cremyer, ato cucrema (1) mveer xorst Gbl OHO
ob6braHOe perenue Ha orpeske [0,7. W3 [2] cremyer cmpaBeIMBOCTD YTBEDIKICHUS
JAHHON TeOpeMBbl.

Ipumep 1. Paccmompum caedyrouyro aunetingio cucmemy:
€ x4+ S¢(0), z(0,n, M) =0, (2)

ede t € [0,37], n(t) = [1 + |V2sin(t)]] ,

E, n(t—0)—n(t)=0
M(t) = das t > 0, M(0) = E, [[] — uesa
®) {mm—n(lt), n(t—0)—n(t) #£0 © [~ yeaan
wacmo.
1, tel0,7),
Ouesudno, wmo n(t) = ¢ 2, [g + i, % + i), 1=0,1,....
1, tel[5 +mi, o + i),
1, t€(0,5) VUCE + 7, °F + mi),
10 e
, te (T +mi,F 4+ mi),
M(t): 0 1) (4 * ) 1=0,1,...,
(1,1), t= 3T 4 2mi,
1
(%), t= 7 +2mi,
2
[~t,t] C R, te [O,Z)UU(3’T + i, 5 + 7i),
t) =
S {(s1,82) € R? : \/s? + 52 < t}, tEU( +m 3T 4 i),
i=0,1,...

Tozda ceuenua mroscecmea pewenut cucmemvt (2) 6ydym umems 6ud

X(t,n, M) =[t+1—el et —t—1], te [0,2)7

>X(Z—0,n,M):

Ja
I

S

s
7N
NI NI

= {(m(a),xz(a)) D ai(e) = (g + % - ;el> a, a€[-11], i= 1,2} ;

_x m™ 3T
X(t7n7M):et 4X(Z nM)+Se—Z(1+ et 1(0)7 te[z,z)7

3 3

X(Shn, M) = (L)X (= 0) =
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3
T 1 x e = T 3T
= (S 4+ )ez _2717)_7_17
[<8+2>e+2 f(e(+4 1 )

T 1 - e 3 T 3

JHanee npuseden zpadur cenenua mmodicecmea peutenuti cucmemvt (2) daa t €

3
]

3AKJIFOYEHUE. MOXKHO TakKe PaccMOTperh Oosee obmmwit Bu anddepeniim-
AJIbHBIX BKJIIOYEHWI C TTepeMEeHHON CTPYKTYPOil

z € F(t,z,n), (0,n(0),»(0)) = xq, (3)

e n(-) € Lo; x(t,n,p) — dasossii Bektop; F(t,z,1) : Ry x R™ — comp(R™™)
— MHOTO3HAYHOE OTOOPAYKEHNMe ¢ TepeMenHoii pa3meprocThio; (z) : R0 — R(t)
Takoe, aT0 p(z) =z, ecim n(t — 0) — n(t) =0, w p(x) =y, ecim n(t — 0) — n(t) # 0
Juisi t > 0, ¥ HOJIyYnTh AHAJIOTUYHBIE DE3YJIBTHI.
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