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AVERAGING SCHEME FOR CONTROLLED SYSTEMS WITH
MAXIMUM OF CONTROL FUNCTION

Kiumapenko O. /., CanoxnuikoBa K. I0. CxeMa ycepeJHeHHs1 KepOBaHOI cH-
CTEMHU 3 MAKCUMYMOM 3a KepyBaHHAM. B JaHiil cTaTTi posIgAacThcsl KEPOBAHA CH-
creMa 3 MAaKCHMYMOM 3a KepyBaHHAM. I/ JOCHiMKeHHA CHCTEMH BHKOPHCTOBYETHCS METO]L
ycepenHeHHS. Po3pobiieHo aJTOPHTM CIIBBiIHOIIEHHS KEPYBAaHb MOYATKOBOI Ta ycepeHEeHOT
cucteM. HaBomuThesa o6rpyHTYBaHHS METONY YCepPeAHEHHS NI KEPOBAHOI CHCTEMH 3 MaKCH-
MYMOM 3a KEPYBaHHSIM.

Koro4oBi ciioBa: KepoBaHi CHCTEMH 3 MAKCHMYMOM, aCHMIITOTHYHI METOMIH, yCepeIHEHHST
KEPOBaHUX CHCTEM, aJITOPUTM BIAMOBIAHOCTI KEPYBAaHb.

Kuumapenko O. 1., CanoxxHukoBa E. IO. CxeMma ycpeHeHUsA yIIpaBJIsgeMoOi
CHUCTEMOIi ¢ MAKCHMY MOM MO YIIPaBJICHUIO. B JaHHOH cTaThe paccMaTpUBAETCS YIIPAB-
JisieMas CHCTEMA ¢ MAKCHMYMOM TIO VIIpaBJieHu . JJid ucciaeqoBaHuS CHCTEMBI IIPUMEHSIETCST
MeTon ycpeaHeHus. PaspaGoTaH ajJirOpHTM COOTBETCTBHS VIPaBJIeHHN HAaUYaJIBLHOH W ycpel-
HeHHOIt cucTeM. [1pencTaBiieHo 0G0CHOBaHHE METOAA YCPEAHEHUS ISl YIIPABJIAEMON CACTEMBI
¢ MAaKCHMYMOM TIO YIPaBJIEHHIO.

Kar4deBble ciioBa: yOopaBisieMble CHCTEMBI ¢ MAKCAMYMOM, aCHMITOTHYeCKHE METOMBI,
yCpeJIHEHHEe YIPABASEMBIX CACTEM, AJTOPATM COOTBETCTBHS YIIPABICHHAN.

Kichmarenko O. D., Sapozhnikova K. Yu. Averaging scheme for controlled
systems with maximum of control function. In this paper controlled system with
maximum of control function is considered. Averaging method is used for system research-
ing. Algorithm of correspondence between control functions of getting and averaged systems
is presented. Justification of the averaging method for controlled system with maximum of
control function is established.

Key words: controlled systems with maximum, asymptotic methods, averaging method for
controlled systems, algorithm of correspondence between control functions.

INTRODUCTION. Nowadays interest in differential equations with maximum in-
creases exponentially. For instance, it is easy to notice in the theory of automatic reg-
ulation [9]. Of course systems that describe real processes sometimes are not easy to
research. That is why it is important to find methods for getting more simple systems
that could be studied easier. It can be averaging method for controlled system that
N.N.Moiseev [4] offered in XX century. Application of the averaging method for dif-
ferential equations with maximum and controlled systems with maximum of state has
been studied extensively by O.D.Kichmarenko and V.A.Plotnikov [2], [3], [5]- [7], [10].
In this paper we present conditions for applying averaging method for controlled sys-
tems with maximum of control function.

MaiN RESuLTS
1.Problem statement of averaging method for controlled system with
maximum of control function. We consider motion of automatic regulation system
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that is described by system of differential equation with maximum of control function
and small parameter

ﬂﬂs(ﬂtxm)+A@ﬁDﬂuMﬂ, max 14ﬂ0, 2(0) =z, (1)

s€lg(t),4(1)]
where z(t) € R" is a phase vector, f : [0,Le ™! x R® — R™ is 2n-periodic vec-
tor function on ¢; € > 0 — small parameter; ¢ € [0, Le~!] is a time of system
exists; A —n X m— matrix, a;; : R" — RY ¢ : [0,Le Y x U x U — R™,
2m—periodic vector function on t; g(t),¥(t) - are known functions and 0 < g(t)
v(t) < t; u —is a control function, u € Y, u(t) € U C comp(R"); [n(ae)xx( : u(s)
sec|g(t),y(t
max  (ui(s)) ..., max (u,(s))).

s€[g(t),v(#)] s€[g(t),y(t)]
Piecewise continuous functions are considered as admissible control functions and

absolutely continuous functions as solution for problem (1).
Note that for different ¢ we get different w(t) i.e. u(t) = u(t,¢).
Let us consider the correspondence averaged problem

oA |

y(t) =& [fy(®) + Aly@)o(7)],  y(0) = a0, (2)
for problem (1). Where
27
Tw) — 5= [ stesnar, Q
0

v(t) is the control function such that the following condition is holds:

2w (i+1) 27 (i+1)
/ v(t)dt = / w(t,u(t), max wu(s))dt, (4)
5 5 s€lg(8),y(8)]

1
V= —/ t,u(t), max u(s))dt,u(t) e U
27 Pt u(t) s€[g(2),7(2)] ())dt, w(?)

Here V is Auman integral [1], v € U is a set of admissible control functions of
averaged problem (2). Furthermore, note that for different ¢ we obtain different v(t)
ie. v(t) =v(t,e).

Average system is more simple and does not include maximum.

2.Algorithm of correspondence between control functions of getting
and averaged systems.

Establish the correspondence between control functions u(t) € U and v(t) € V.

i. For admissible control v € ¥ find the correspondence admissible control « € §{
in the following way:

27 (i+1)
(a) calculate points v; = 5 Qf‘ v(t)dt,
T
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(b) assign control u(t) = {w;(t),2mi <t < 2m(i41),i = 1,2, ..}, where u;(t)
can be obtained from the conditions:

2m(i+1)
1
arg min || — / t,u(t), max wu(s))dt —uv;. 5
wev (27 ) # ()se[gam(t)] (=) ’ 5
T

ii. For admissible control v € 4 find the correspondence admissible control v € U
in the following way:

(a) denote values u;(t) = {u(t), 27i <t < 27(i +1),i = 1,2, ..} calculate points

2w (i+1)
1
i = o1 t7 i t P 7 ;
Wi = 57 27& ol ui(t) cepnax o ui(s))dt;

(b) assign control v(et) = {v;(t),2mi <t < 2m(i+1),i=1,2,.}, where v;
can be obtained from condition: arg min |jw; — v .
vevV

Remark. Control functions u(t) in it.1(b) and v(t) in it.2(b) can be determined
ambiguously.

3. Justification of averaging method for controlled system with maxi-
mum of control function.

Theorem. Suppose that in domain Q = {t 2 0,z,y € D C R",u(t) € U C comp(R")}
the following conditions hold:

1) f(t,z) is continuous function ont, 2mr— periodic and bounded by constant Ky,

”f(t,I)” < Kl,

satisfy the Lipschitz condition with respect to x and with constant \i:
£t 2" = £ 2" < A2’ = 2”5
2) A(z) is bounded by constant Ky matriz s.t.:
A=)l < K2,

where ||A(x)| 4s Buclidian norm, and satisfy Lipschitz condition with constant
)\2.‘

[A(=") = Al")|| < Az ll2” — 2" ;
3) o(t,u,w) is 2w — periodic function and continuous with respect to t,u,w;

4) for any admissible control v(t) € U the corresponding trajectory y(t) of the
averaged system (2), y(0) = xg € D’ is defined by t > 0, and with its p —
neighborhood is in domain D.

Then for any L > 0 there exists €° >0, C > 0 such that for any ¢ € (0,£°] and
t € [0, Le Y] following statements hold:
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1) for any admissible control u € L of system (1) exists control function v € U of
system (2), such that:

l2(t) =yl < Ce, (6)

where z(t), y(t) are solutions of systems (1) and (2) accordingly, z(0) = y(0) €
D' cD.

2) for any admissible control v € 0 of system (2) exists conirol function u € Y of
system (1), such that (6) is holds.
Proof.

Using the integral equations for (1) and (2), we can write:

t

() — ()| < e / 17(r,2(r)) — F(r, (7))l dr + € / [F(r, (7)) = Flu(r))] dr || +
0

0

+£O/ H[A(x(T)) —Aly(m)]e(r,u(7), max u(s)) ‘dT‘F

" selg(r),v(r)]
+e| [ A [mu(f), ax u(s))—vm} dr <
s€(g(m) (7))

t t

<ed P+ My / 5(r)dr + / 1£(ry(r)) = Fla(r))| drt
0

0
ClT} , (7)

note that 6(¢) = ||z(7) —y(7)|| is the uniform metric, i.e. (7, u,w) is continuous
function with respect to 7, u, w then

n 0/ Hmym) [w,u(ﬂ, max o ul(e) ‘”(T)H

5€[g(7),7(7)]

(7w, w)l| < M = max [|o(7, v, w)]|

T,U,W

Since previous inequality (7) is justly for any ¢ € [0, 7], we get

t
o(t) e [)\1+M)\2]/(5(T)d7+]1+[2}7
0

where

I - / Fry(r)) - Flu(r)dr |,
0
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dr.

- / 40 [otratr), e ate) o]
0

Applying the Gronwall-Bellman lemma, we obtain:

i
g4 A+ MAQ]/é(T)dT + 1+ Iy p <e(li 4 L) eePtMlr <
0
£ (I 4 1) eV atMAz], (8)

We denote ¢; = 2n. Let t € [t;,t;41). Then, using the additive property of the integral,
we get, for Iy:

b tit1

Z / £ (7, y(7)) = F(r @)+ |[f () = Fly(t:)]|] dr+

/ = Fotear| ¢ + [ [Toalr)) - Tut) dr <
b—1 z+1 tit1

2\ ||y —y(ta) | dr + /fmm))—?(y(ti))dv +

i=0 b
/ 7)) = Flutr] dr <
k—1 fit K—1 figt
<2 Al / ly(7) — y(t:)| dr p+4n Ky < 2Me(K1+ Ko M) / (7 —2mi) dr+4n Ky =
i=0 Z =0

== 27T)\1L(K1 + KQM) + 47TK1.

Similarly to the way of previous estimation we can write for Is:

k—1 fift
I < (A(y(7)) = Aly(t:)) { (7, u(r),  max w(s))—o(7) ]|l dT+
’ Z;t Y Y (W s€lo(r) (7 )‘
k—1 fift
w3 [ e (etrur, _max  ate)—otn)) |ar+
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i / HA(y(T)) (so(nu(ﬂ,se[grg?;g ) —v(r))‘ dr <
k—1 b
< U [ wtm) - vl H (ryu(e),  max_u(s) —o(r)||dr b+
; ’ Z/ Y v v s€lg(7),v(7)]
[ |awen (et _gmax, | ey oty |

tr

Then, using Cauchy formula, 2) assumption of the theorem, estimation for function
v and (4) we get:

I < 2)\2M(K1 -+ KQM)?TL +4n Ko M.

So, from estimations for Iy, I> and using inequality (8), we obtain:

=) —y@)Il <eC,
where
C=2n[L(Ky+ KaM){\1 +X2M +2}].

Theorem is proved.

CoNCLUSION. Thus, algorithm of correspondence between control function w(t)
of getting system and control function »(¢) of averaged system is established. Proved
theorem substantiates applying the averaging method for controlled system with max-
imum of control function.
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