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A VE R A G IN G  SCHEM E FOR CONTROLLED SYSTEMS W IT H  
M A X IM U M  OF CO NTRO L FU N C T IO N

К ічм арен ко  О . Д ., С ап ож н ік ова  К . Ю . С хем а  усереднення керовгіної си­
стеми з максимумом за  керуванням . В даній статті розглядається керована си­
стема з максимумом за керуванням. Для дослідження системи використовується метод 

усереднення. Розроблено алгоритм співвідношення керувань початкової та усередненої 
систем. Наводиться обґрунтування методу усереднення для керованої системи з макси­
мумом за керуванням.
К лю ч о в і слова: керовані системи з максимумом, асимптотичні методи, усереднення 

керованих систем, алгоритм відповідності керувань.

К и чм арен к о  О . Д ., С ап ож н и ков а  Е . Ю . С хем а  усреднения упргівляемой  

системой с максимумом по управлению . В данной статье рассматривается управ­
ляемая система с максимумом по управлению. Для исследования системы применяется 

метод усреднения. Разработан алгоритм соответствия управлений начальной и усред­
ненной систем. Представлено обоснование метода усреднения для управляемой системы 

с максимумом по управлению.
К лю чевы е слова: управляемые системы с максимумом, асимптотические методы,
усреднение управляемых систем, алгоритм соответствия управлений.

K ichm arenko О . D ., Sapozhnikova К . Y u . A v e ra g in g  schem e fo r contro lled  

system s w ith  m axim um  o f control function. In this paper controlled system with
maximum of control function is considered. Averaging method is used for system research­
ing. Algorithm of correspondence between control functions of getting and averaged systems 
is presented. Justification of the averaging method for controlled system with maximum of 
control function is established.
K e y  w ords: controlled systems with maximum, asymptotic methods, averaging method for 
controlled systems, algorithm of correspondence between control functions.

I n t r o d u c t i o n . Nowadays interest in differential equations with maximum in­
creases exponentially. For instance, it is easy to notice in the theory of automatic reg­
ulation [9]. O f course systems that describe real processes sometimes are not easy to 
research. That is why it is important to find methods for getting more simple systems 
that could be studied easier. It can be averaging method for controlled system that 
N.N.Moiseev [4] offered in XX century. Application of the averaging method for dif­
ferential equations with maximum and controlled systems with maximum of state has 
been studied extensively by O.D.Kichmarenko and V.A.Plotnikov [2], [3], [5]- [7], [10]. 
In this paper we present conditions for applying averaging method for controlled sys­
tems with maximum of control function.

M a in  R e s u l t s

1.P r o b le m  s ta te m e n t  o f  a v e r a g in g  m e th o d  fo r  c o n tro lle d  system  w ith  
m a x im n m  o f  c o n t ro l fn n c tio n . We consider motion of automatic regulation system
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that is described by system of differential equation with maximum of control function 
and small parameter

i i t )  = £  max « ( s ) ) ) ,  ж(0) =  rco, (1)
V se[s(t),7(t)l /

where x (t) Є R ”  is a phase vector, / : [0, Le x is 27T-periodic vec­
tor function on f; є >  0 —  small parameter; t e [0, is a time of system
exists; A -  n X m—  matrix, aij : R " ^  R^; ip : [0, x U x U ^  R™, — 
2тг— periodic vector function on t; - are known functions and 0 <  g{t) <
7 (t) <  t; M — is a control function, и є it, u(t) Є U C comp(W):  max u(s) =

*e[9(t),7(t)]
( max (m i(s)), ..., max (ur(s) ) ) .
*Є [з р ),7 (Ь ] '  ̂ s e l g ( t ) , j ( t ) l

Piecewise continuous functions are considered as admissible control functions and 
absolutely continuous functions as solution for problem (1).

Note that for different є we get different u(t)  i.e. u(t)  =  u(t,s).
Let us consider the correspondence averaged problem

y(i) =  є [f (y (t )) +  A{y{t))v{T)] , y(0) =  Ж0,

for problem (1). Where

2тг

l{y { t ) )  =  ^  J
0

v{t) is the control function such that the following condition is holds:

2тг(г+1) 2тг(г+1)

( 2 )

(3)

(4)

i.e.

/ v{t)dt =  / p{t,u (t), max u(s))dt,
J J se[9W,7(P]2тг 2тг

2тг Ч

—  / p{t,u{t), max u(s))dt,u (t) Є и  } . 
2тг J se|3(t),7(t)l I

Here V  is Auman integral [1], v є is a set of admissible control functions of 
averaged problem (2). Furthermore, note that for different є we obtain different v{t) 
i.e. v{t) =  v{t, є).

Average system is more simple and does not include maximum.
2 .A lg o r i t h m  o f  c o r re s p o n d e n c e  b e t w e e n  c o n tro l fu n c t io n s  o f  g e t t in g  

a n d  a v e r a g e d  sy stem s .

Establish the correspondence between control functions u{t) € U and v{t) € V.

i. For admissible control w Є Ш find the correspondence admissible control u є  it 
in the following way:

2тг(і+1)
(a) calculate points vi =  ~  f  v(t)dt,

2жі



60 Kichmarenko О. D., Sapozhnikova К. Yu.

(b) assign control u{t) =  27г* st t sj 2тг(г + ! ) , *  =  1 , 2 , where
can be obtained from the conditions:

arg mm
u { t ) e U

2-л-(і+1)
1 f

—  / max u{s ))d t—
2тг J se[9(t),7(4)12тгг

(5)

ii. For admissible control и є if find the correspondence admissible control г> € 
in the following way:

(a) denote values щ{і )  =  {u{t), 2тгг <  t <  2тг(« +  1), г =  1, 2,..} calculate points
27г(г+1)

^  m&x Ui{s))dt;
2тті se[s(t),7 (4 )]

(b) assign control v{et) =  {u j(t), 2тгі^і ^  2тг(г +  1), * =  1, 2,..} , where Vi 
can be obtained from condition: arg min \\wi — -сЦ .

veV

Remark. Control functions u{t) in i t . l (b)  and vft) in it.2(b) can be determined 
ambiguously.

3. Justification of averaging method for controlled system with maxi­
mum of control function.

Theorem. Suppose that in domain Q =  {t  ^  0, rr, г/ € D C M” , u{t) e U  G comp{W)}
the following conditions hold:

1) f { t , x )  is continuous function ont, 2тг— periodic and bounded by constant K i,

||/(t,rc)|| <  iFi,

satisfy the Lipschitz condition with respect to x and with constant A i;

\\f{t,x') -f{t,x ")\\  <  Ai ||ж' -rr"|| ;

2) A (x ) is bounded by constant K 2 matrix s.t:

ІИ Н ІІ <  K 2,

where ||j4(x )|| is Euclidian norm, and satisfy Lipschitz condition with constant 
^2-

\\A{x') -  A{x")\\ <  A2 \\x' -  x "\\;

3) (pit, u, w) is 2тг — periodic function and continuous with respect to t, u, w;

4) for any admissible control v{t) € the corresponding trajectory y{t) of the 
averaged system (2), /̂(0) =  xq Є D ' is defined by t ^  0, and with its p — 
neighborhood is in domain D.

Then for any L > 0 there exists £° >  0, C  >  0 such that for any є € (0, є°] and 
t Є [0, Ьє^^] following statements hold:



1) for any admissible control и Є if of system (1) exists control function v Є Ю of 
system (2), such that:
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\x{t)-y{t)\\ <  Сє, (6 )

where x{t),y {t) are solutions of systems (1) and (2) accordingly, ж(0) =  y(0) Є 
D '  C D.

2) for any admissible control г> Є of system (2) exists control function и Є if of 
system (1), such that (6) is holds.

P r o o f .

Using the integral equations for (1) and (2), we can write:

\\x{t) -  y{t)\\ < e  j  ||/(t , x (t )) -  / (t , у{т))\\ dr +  є 

0

tJ [ f { r , y { r ) ) - 7 { y { T ) ) ] dT +

+£ [A{x {t ) )  -  А{у{т))] ^ (r, m(t ), max u{s))
8Є[з (т ) ,7 ( т )]

dr+

+£ М у {т ))
0

(р(т,и(т), max u(s))  -  v (t )
s€[p(t ),7(t)]

dr <

t t

< є <([Аі + М А 2] j  d (r)dr +  j  ||/(r,y(r)) - /(y(r))|| d r+  

0 0

А{у{т)) max m( s) -  r (r )  
8ЄІЗ(т),7(т)1

dr (7)

note that S{t) =  ||x(r) —у{т)\\ is the uniform metric, i.e. ір{т,и,т) is continuous 
function with respect to T, u, w then

\\f{T, u,w)\\ ^  M  =  max \\ір{т, и, w)|| .
T , U , W

Since previous inequality (7) is justly for any t є [0, r], we get

S{t) <  є I [Ai +  M A 2] J  6{T)dr +  I\ +  h

where

h  = f{T ,y{T )) -  f{y{T))dn



62 Kichmarenko O. D., Sapozhnikova K. Yu.

)) w(t , u (t  ), max u(s) — v
se[s(r ),7(r)]

dr.

Applying the Gronwall-Bellman lemma, we obtain:

є J [Ai +  M X 2 ] J  S(t ) dr +  h  +  /2 I <  є ( h  +  I 2) <

<  є (Jl +  I 2) e^[̂ l+“ 2̂]. (8)

We denote tj =  2^. Let t Є [tj, tj+1). Then, using the additive property of the integral, 
we get for I 1:

k-1 (

1̂ <  ^ \ f  (^, y(^) )  -  f  ( ' ,̂ y ( t i ) ) \\ + 17 (y (^)) -  7  (y (^i) ) |]

+ / (T,y(t i ) )  -  f  (y(ti))d- |/(у(т)) -  / (y (f))|  <

k-1 (
< ^  J 2A ^  \y(T) -  y(t i )\dT +  J  f  (T, y(t i ))  -  f  (y(t i ) ) d- +

^  |/(y(T)) -  / (y (^) ) | dr <

^  1 I ^  1

<  2 ^  J у  \y(^) -  y ( ^ i ) \ > + 4 ^ ^ 1  <  2А1є(^1+А^2М) (^ -  2^*) dr+4^^1

=  2n\1L(K1 +  K 2M ) +  4^^1.

Similarly to the way of previous estimation we can write for I 2:

I 2 <  ^  [  (A (y(T )) -  A (y(t i ) ) ) f ^ (T, u(T), max M(s)) -  v (T) ]
j - i  J V «е[з(т),7(т)] J

dr+

+  ^ (y(t i ) ) {  Y (T, u (T), max u (s) )  -  v (T ) )
J V «e[s(- )̂,7(t )] у

+

2
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t

А{у{т)) (р{т,и{т), max u{s)) - v {t )
*Є[з(т),7(т)]

dr <

fc-i (

*=o I і

<f{T, u {t ), max u{s)) -  v (t )
Є̂ід(т),-у(т)]

dr > +

Z

/
 ̂fc

А(у{т)) (р{т, м(т), max u{s)) -  v{t )
se[g{T),j{T)]

dr.

Then, using Cauchy formula, 2) assumption of the theorem, estimation for function
(f and (4) we get:

h  < 2\2M{Ki +  K2M)-kL +  4ttK2M.

So, from estimations for I i ,  I 2 and using inequality (8), we obtain:

where

Theorem is proved.

Ik (t) -y(i)|| <  єС,

C =  2тг [L {K i +  K 2M )  {A i +  A2M  +  2 }].

C o n c l u s i o n . Thus, algorithm of correspondence between control function u{t) 
of getting system and control function v{t) of averaged system is established. Proved 
theorem substantiates appl3dng the averaging method for controlled system with max­
imum of control function. 1 2 3 4 5 6
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