
Mathematical Subject Classification: 94B05, 11T71 
UDC 519.725 +  511.321

Tran The Vinh
Odesa I. I. Mechnikov National University

D ISTR IBUTIO N  OF THE W EIGH TS  
OF THE K LO O STERM AN CODE

IS S N 2304-1579. Visnyk Odesk. Nats. Univers. M a t.i Mekh.-2014 .-V .19,Is.3 (23 ).-P .57 -65

Чан Txe Вінь. Розподілення ваг Клостермгінівського коду. Вивчаються 
р-арні Клостерманівські коди довжини р^ — 1 в алфавіті Fq, які є циклічними кодами, 
дуальними до кодів Меласа довжини р^ — 1. Ми отримуємо вагове розподілення кодів 
Меласа в термінах одновимірних сум Клостермана над кільцем цілих гаусових чисел. 
Знайдено нетривіальну оцінку суми Клостерманівських сум fc(l, аг^;р ), а Є Gp, коли а 
пробігає приведену систему вичетів за модулем р в Z.
Клю чові слова: суми Клостермана, коди Меласа, цілі гаусові числа.

Ч ан  Тхе Винь. Распределение весов Клостермановского кода. Изуча­
ются р-арные Клостермановы коды длины р  ̂ — 1 в алфавите Fq, которые являются 
циклическими кодами, дуальными кодам Меласа длины р^ — 1. Мы получаем весовое 
распределение кодов Меласа в терминах одномерных сумм Клостермана над кольцом 
целых гауссовых чисел. Найдена нетривиальная оценка суммы Клостермановых сумм 
fc(l, аг^;р), а е Gp, когда а пробегает приведенную систему вычетов по модулю р в Z. 
Ключевые слова: суммы Клостермана, коды Меласа, целые гауссовы числа.

Tran The Vinh. D istribntion of the weights of the Kloosterm an code. Stud­
ied p-ary Kloosterman codes of length p  ̂ — 1 in alphabet Fq which are the cyclic codes of 
the dual Melas code of length p  ̂— 1. We obtain the weight distribution of the Melas codes 
in terms of one-dimensional Kloosterman sums over the ring of Gaussian integers. Derived 
the non-trivial bound of sum of the Kloosterman sums k(l,az^;p), a e Gp, when a runs 
the system of reduced residues modulo p in Z.
K ey words: Kloosterman sums, Melas codes, Gaussian integers.

Introduction. Let Fq be the field w ith  q =  elements and let 0 be a prim itive 
element o f Fq over Fp. Let гпі{х) denotes the m inimal polynom ial o f 0® over Fp.

Definition 1. The simplex code 8{в) is the dual of the cyclic code over Fq of 
length n =  q — 1 generated by minimal polynomial m i (x )  Є Fp[x] for the primitive 
element в.

Definition 2. The Melas М {в )  code is the cyclic code [n, 2m] overWp generated 
by m i (x )m _ i ( x ) .

The code М {в )  has a parity matrix

1 e 
1

considered as a matrix over F„.
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Defin ition  3. Let C  be a code over Fg of length n. Then

4 e, := C r| F p

is called the subfield of C  (or restriction of C  to Ldp).

(FIp  is a code over Fg. Its minimal distance cannot be better than the minimal 
distance of C.

Consider the trace mapping Tr : Fg ^  F "  such that for a Є Fg we have

Tr(a ) := (tr(o!), t i {a 9 ) , . . tr(o!0" ^)), 

where tr(/3) =  fi +  fiP +  +  • • • +  /3̂ ”"  ̂ Є Fp.

(1)

I f C  is a code over Fg then

Th(C) := {tr(c)|c€ C }  C F ” 

is called the trace code of C.
Delsarte [7] proved that for a code C  over Fg the following equation 

holds.
This Delsarte statement is often used for study the dual codes.
Prom Dehnition 2 it follows that the Melas code may be defined as a restriction of 

a cyclic code over Fg on Fp with two zeros в and Thus by Delsarte theorem, we 
conclude that the dual of Melas code M (в) is the direct sum (as vectorial subspace) 
of two simplex code S{6) and i.e.

=  {tr(arri +  . . . ,  tr(o;x„ +  /Зж„ )̂|о;,/3 Є F g }

(here we fixed some sorting of non-zero element from Fg).
Obviously, that contains codewords. The code M {9 )^  we will call the

Kloosterman code over Fp.
In the works [5,6,8] the weights of dual code of M (9) and other codes are given 

for (7 =  2 using properties of the Kloosterman sums over a finite fields of characteristic 
2. In [11] J. Wolfmann determined the weight distribution of M {9 )^  for p =  3. G. 
van der Geer, R. Schoof and M. van der Vlugt (see [6]) derived a formula for the 
frequencies of the weights in ternary Melas codes.

Our aim is to investigate the distribution of weights for the p-ary dual Melas codes, 
where p is a prime number, p =  3 (mod 4), and m =  2, i.e. n =  p™ — 1 =  p  ̂— 1.

Notation. In this article we denote:

Z, G —  the ring of rational integers and Gaussian integers, respectively; 

Zp, Gp —  the classes of residues in Z  (respectively, in G)  modulo p;

Zp, Gp — the classes of reduced residues in Zp (respectively, in Gp);
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wt(a) —  the Hamming weight of vector a Є F^;

—  the dual code of (7;

x~^ —  the multiple inverse to a; є Gp modulo p, i.e. x ■ x~^ =  1 (mod p). 

Also we consider ” -C” and ” 0 ” as equivalent symbols.

Auxiliary arguments. Let m{a,l3) denotes a codeword of dual Melas code 
M ^{9 )  associated with pair (a ,/3) Є G^, and let wt(m (o!,/3)) denotes a weight of 
m(a, /3). Clearly that wt(m(o!, /3)) =  n — z{a, /3) with

z {a ,/3) =  f f {x  e G* \tT{ax + /3x ) =  0}. (2)

For considered case we have tr(7 ) = 7  +  7 , where 7 is a complex conjugate to 7, 
so t r ( j )  =  2Sftj.

Next we will express the Hamming weight wt(m(a,/3)) by means of the Kloost­
erman sum over Gp

It well-known that

k(a,/3;p) := X I  ®
TTitr (

(3)

k{a,(3;p) =  <

p  ̂ — 1 i f  a  =  /3 =  0,
—1 i f  a =  0, /3 0

or a  7  ̂0, /3 =  0, 
є(а,/3) p i f  a/3 7  ̂0,

(4)

here \e{a, /3)1 <2 .
Since k{a,/3;p) =  A;(l,a/3;p) if a  7  ̂0, we consider the /i-th moment of the 

Kloosterman sum A;( 1 ,7 ) that is given by

K W :=  (5)
jEGp

In terms of we will study the distribution of weight of the M {9 )^  code.

Lemma 1. Let 9 is a generated element of the group G*. Then

wt{m{a, /3)) =  <

0
—  1

i f  a =  (3 =  0, 
i f  a  =  0, /3 7  ̂0, 
or a  7  ̂0, /3 =  0, (6)

- — E  А;(1,а/3г:2;р) i f  a/3^0.
zeZ*



60 Tran The Vinh.

Proof. The case =  0 is trivial. L e t =  0. Then  we have

( o , ^ )  5 3z(a,p\ = =
V z^Zp 

p-1

^GG* z=0

1  ̂ ^ о ' + 1)-*- '   ̂ 2'кг —̂ 1

p-1
p 2 -  1 +  g^i t r (  x  +  a  3 z 2 X 1 )'кг— ^ ------ -e p

P p Z=1

v2 -  1 1 ЇР І
+  ^ 2  k(1,a^z2;p).Г)P P Z=1

Hence,

( J)2 -  1 1 p-1 \
w t (m (o , p ))  =  n — z(a, ^ ) =  p 2 — 1  ---------- \—  k(1, a^z2; p)

\ P P t= i J

1 1 ^-1
=  (P2 — 1)(1 — - )  — ^ 2  k(1,a^z2;p).p p

Cosequence 1. For =  0

wt(m(a, P ) )  =  p2 + 3 p cos p, 0 <  p <  2-k .

The follow ing Lem m a shows that an estimate o f w t (m (o , p ))  can be improved.

Lemma 2. Let a ^ C t. Then

p-1
5 ^  k(1, az2;p) =  2p2 cosp 0 +  -.
Z=1

Proof. W e have

p-1 p-1 ,
^ k( - , OLZ2;p) =  ^  ^

x+ a " 2x 1 ' 
e V p

2—1zGG*

^  e " * tr( a x ) e " * Л  =

x G G p  Vz = 0  /

^  e - ^ t r ( a x ) 3 G ( 1 , P 2 ) — - )
xGG* \\ P / J

7T2tr pe
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where G (l,p^ ) is the Gauss sum over Fp2, is the Legendre symbol. 

Take into account that G (l,p^) =  p if p =  3 (mod 4), we yield

z = l  x e G *  У P  У

The sum in right-hand side in last equation is the Kloosterman sum 
with the quadratic character y. The Kloosterman sum with character admits the 
same estimate as the Kloosterman sum k{a,/3;p) over O*. Thus we obtain

p - i

/г(1 , Q!Z^;p) =  2p  ̂cos tpo +  1, 0 <  tpo <  2тг.
Z = 1

Cosequence 2. For a/3 ^  0

wt{m{a, (3)) =  p  ̂ —p — 1 +  2pcostp,

where 0 <  (p <  2тг.

(7)

Main Results
1. Distribution of the Hamming weight for the Melas code. We will 

determine the weight distributions of the Melas code as follows: first, we study the 
duals of the codes М {в ) and then by the MacWilliams identities related the weight 
distribution of the dual codes to the weight distribution of the Melas codes them­
selves, we will obtain the weight distribution of the codes M {9 ).

We need two more of lemmas.

Lemma 3 (V. Pless [10]). Let C  be a p-ary linear code of length n and of dimen­
sion к and let A i ( respectively, AL )  denotes the number of codewords of weight і in 
C  (respectively, in C ^ ) .  Then fo r /г =  0 ,1,2,..., we have

Y ^ { n - i f A i =  Y .  A iY o '- S {h , j )p
k - j

n - j
(8)

i=0 i=0

where

i=0

3 \^h
г

is a Stirling number of the second kind.
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Denote
p - i

K t )
Z = 1

K̂ '̂> := ^  % )^ ,  £ =  0, 1 , 2, . . . .
7Є С *

Lemma 4. Let Mi denote the number of code words of weight і for the Melas code 
M{9)  overlap. Then for every positive integer h, the moment of the Kloosterman 
sum A:(1,7;p ) is given by

(p  ̂ -  l ) {p -  =  /(Mo, . . . ,Mh)  +  . . . , ,  K'-'  ̂ ^0, (9)T^(0) ^ ( 1)

vjhere
h h

/ (М о,М і , . . . , М ; , ) = / ^ М і ^^ -!5 (/ і ,Я р  ̂ I 2̂
i = 0  j = l

h - 1  I p - l - i  

p  ̂ -  I - j
(10)

g{K^°\ . . . ,  =  - (p 2 -  ! ) ( / ( /  -  1 )). (11)

Proof. We purpose a scheme of proof the Theorem 13 in [9]. Take C  =  M{9)-^ 
in Lemma 3, and consider the left-hand side of the identity (8). By Lemma 1 for each 
pair (a, /3) Є Gp with aj3 =  0, but a or /3 is not zero, the weight wt(m(o;, /3)) =  — 1
(all together we have 2(p^ — 1) such pairs). For every from other pairs (a ,/3) there 
exist 7 є G* such that aj3 =  7. More over, the same 7  corresponds exactly (p  ̂— 1)

/ \ p—1
pairs (a,/3) Є G* with weight (p  ̂— 1) (1 — -  j — -  (̂IjT-^^ îP) Ьу Lemma 1.у p J p

Thus the left-hand side of the identity (8) equals

'^ {p '^  - l - i ) ^ M , ^  =  (p2 -  1 -  wt(m (a,^)))'* =

p̂  — 1 1—

i = 0

(p2 - 1 )'4 - (p  ̂ - i )  Y
7€G;

-  - k h )
P P

(p2 -  1 )

7 € G *  i = 0P'

i = 0

h (i)

Since in our case the dimension of M{0)  is A: =  4, the right-hand side of (8) equals

4M

i = l  j = i

Hence, Lemma 4 is proved completely.

— 1 — і
p2 -  1 -  /

(12)
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Lemma 4 establishes link between the number of codewords of weight і in М {в )
— id)  — ( j )and values of К  . But it is easy to show that К  can be expressed by values of 

the f-th power moment K̂ '̂> of Kloosterman sums k{l ,a ;p ) ,  where

ifW  := Y , { k { l , a ; p ) Y ,  £ =  0 ,1 ,2 ,. . . .
(y.(zGp

Thus below we give estimates for over Gp.
2. Moments of Kloosterman sum over Gp. Evaluations of the n-th power 

moments of Kloosterman sums represent a big interest not only for the stud3dng 
the distribution of weight of special linear codes, but also for investigation of individual 
values k { l ,a ;p ) .  Relatively, easily derive the formulas for the hrst four moments of 
Kloosterman sums over hp

i f ( i )  =  l, =  (| )p 2  +  2 p + l, = 2 p ^ - 3 p '^ - p - l ,  (13)

(see [4, §4.4]).
For the case /г =  5, we have (see, [11])

4p  ̂+  b{p)p^ +  4p +  1 i f  p >  Ъ (14)

where \b{p)\ < 2 p  +  5.
For h =  6 H. Salie and H. Davenport independently proved that =  O(p^). 

For h =  7 R.J. Evans [?] obtained the estimate <  29p  ̂+  14р^ -(- I4p2 _|_ Qp̂
and Ping Xi, Yian Y i [11] constructed an asymptotic representation for n >  7, 
when p grows to inhnity.

The behaviour of over G  also represents a certain interest. It is easy to show 
that

r W =  i f (2) = p i _ p ’2 |if(3) \ <cp\  0 <  c <  3. (15)

In greater details the case of h =  3 we consider now.
We have

x,y,z<EGf^

TVitr а ( х  +  у +  г )  +  х  ^ + y   ̂+   ̂ ^

aeG*

TTitr (
(16)= E  '

x,y,zeG^

=  N (p )  Y
x,y ,zeG *

x+y .]-z=0  (mod p)

The exponential sum in right-hand side of (19) can be estimated by the following 
theorem.
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Theorem . Let Fq be a finite field with q elements and let f {x ,  y, z) Є Fg[x, y, z] 
and V be an algebraic manifold produced by the polynomial f {x ,y ,z ) .  I f  for given 
ct, j3,^ Є Fq and all т Є Fq except 0 (1 ) values, the polynomial

Ft {x , y) =  f {x ,  y,

is absolutely irreducible polynomial, then the following bound

E
{x,y,z)evyjVl

T,itr(zz+&i+zz)
e  ̂ p '' -C g (17)

holds.

This statement is a generalization of the result of C. Hooley from [3]. 
We apply this theorem to construction of bound K̂ '̂> (p ) . We have

E Tritr ( ^+y-^+z

x,y ,zeG *
x-\-y-\-r=0 (mod p)

E
r,y,zeG*

„ . i t r (H ± ^ )

The condition x^^ +  y~^ +  z^^ =  0 (mod p) is equivalent to xy +  xz +  yz =  0 
(mod p). Let us f (x ,  y, z) =  xy +  xz +  yz and z =  т — {x -\~ y). Then in notations of 
theorem we have T)-(x, y) =  xy T  [x +  у){т ~  x — y ) . In order the роїзтютіаі і7г(х, у) 
was absolutely irreducible modulo p it is sufficient the fulfilment of a condition the
system of equations

^  =  'Ix +  y-\-TW =  t),

—  =  X +  2y +  Tw =  0,dy

8K

(18)

0,Ш = ^  +  У

where K{x,y,w) = w'^Fr (^ , ^ )  has not solutions (xo,?/o,wo) with wg 0 for all 
values T Є Fq except 0(1) among them.

But the system (21) has not solutions (xo,yo,wo) with wo 0 if т 0. Hence,

E -- -

x,y,z€G*
x-i~y-i-z =  0 (mod p)

and consequently we proved that /fO) <Cp2.

Conclusion. Studied p-ary Kloosterman codes of length — 1 in alphabet Fq 
which are the cyclic codes of the dual Mel as code of length p  ̂— 1. We obtain the 
weight distribution of the Melas codes in terms of one-dimensional Kloosterman sums 
over the ring of Gaussian integers. Derived the non-trivial bound of sum of the 
Kloosterman sums k(l,  az^;p), a € Gp, when a runs the system of reduced residues 
modulo p in Z.
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