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APPROXIMATION OF SOLUTIONS TO THE OPTIMAL CONTROL
PROBLEM FOR THE IMPULSIVE SYSTEM WITH MAXIMUM

This paper presents the averaging method for two problems: impulsive system with maxi-
mum and for the optimal control problem of this kind of system. For the first problem the
Krylov—Bogolyubov’s theorem is generalized. For the second one we are interested not only
in approximation of the solution for optimal control problems with impulsive perturbation
and maximum but also in approximation of corresponding functionals. In this purpose the
averaging method is obtained as well. In this case averaging scheme includes the algorithm
of correspondence between control functions of original and averaged optimal control prob-
lems. A numerical-asymptotic algorithm for solving an optimal control problem with a small
parameter of such kind of system is designed.

MSC: 34K33, 34K35, 34K45.

Key words: systems with delay, impulsive systems, optimal control problem, averaging method.

INTRODUCTION. Initially, an averaging method were developed by [2]. It further
generalization to the functional differential equation was obtained by [7], [6], [8], to
the impulsive system by [1]. [3] developed the averaging method for neutral type of
impulsive system with maximum in case averaged system is ”frozen”, by means it
does not depend on maximum of unknown function. We propose the average scheme
where averaged system also depends on maximum of x as original system.

Moreover, [10] offered to apply an averaging method to the optimal control prob-
lem which is based on the following steps to the impulsive optimal control problem
with maximum:

1) average a controlled system;

2) establish the correspondence between controlled functions of both (averaged
and original) systems;

3) estimate the quality of control function of averaged problem by the functional
of the original problem.

We apply this approach to the impulsive optimal control problem with maximum.
The impulsive optimal control problem without maximum of unknown function was
considered by [5].

AUXILIARY ARGUMENTS. For a piecewise continuous function z € [0, 00) — R™
and continuous functions g,y € [0,00) — R, such that 0 < g(t) < v(¢) < ¢ for any
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t > 0 we denote the componentwise "maximal” value of x over the time interval
[9(t),~(t)] by

Ta(t) = { sup  z1(s), -+, sup ) xm(s)} . (1)

s€lg(t),v(t)] s€lg(t),(t

For any function f € C([0,00); R™) and any matrix A : [0,00) — R™*™ we introduce

m
1501l = oo sup LA, 14O = pmax 3 suplas o)

Let X and Y be two non-empty subsets of R™. We define the Hausdorf distance
between them by

dyg(X,Y) =max q sup inf ||z — y||, sup inf ||z — .
(X, Y) = max{ sup inf [Jo = . sup int o =]

The following notion of average will be used in this paper.

Definition 1. [{]. A continuous bounded function f :[0,00) x D — R™ is said
to have an average f(x) if the limit

f(z) —hmf/ftm (2)

exists and ¥(t,z) € [0,00) x D' x D’

for every compact set D' C D, where q is a positive constant (possibly dependent on
D’) and o : [0,00) — [0,00) is a strictly decreasing, continuous, bounded function
such that o(T) — 0 as T — co. The function o is called convergence function.

MAIN RESULTS

1. Impulsive system with maximum and small parameter. Because of
the presence of impulses maximum is not always attained we replace maximum with
supremum. So let us consider the system in standard form with supremum and with
fixed times of impulse actions

.I(t) :ef(ta'r7§G)7 t
Ax|i—r, =€ (2(1p +0) —z(1, — 0)) = elp(z), k
.’E(O) = Zo,

where z € R™ is the phase vector, f : [0, Le~!] x R® x R® — R" is a continuous func-
tion; L > 0; ¢ is a small parameter; g(t),~(t): [0,Le~!] — R are known, continuous
functions and 0 < g(t) < y(¢) < t;

sup  z(s)=( sup xi(s),..., sup x,(s))T;

s€[g(t),v(®)] s€[g(t),v(¥)] s€lg(t),v(t)]
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71, are fixed numbers such that 0 = 79 <74 < -+ < 7 < ... and klim T = 0OQ.
—00

By a solution to problem (3) we mean a real valued function x defined on [0, o0)
which is left continuous on [0, 00) and is differentiable on (7%, 7,+1) (K =0,1,2,...)
satisfying

i(t) = ef(t.a,7e), te U (e mem),
z(0) = zo. =
We associate the following averaged autonomous system with the original sys-
tem (3):
y=¢([(y.9c) +1(y)), t=0y(0)= o, (4)
where )
()= lim — > Ii(). (5)

T—oo T
0< 7 <T

The following theorem establishes conditions for justification of averaging method

Theorem 1. Let in domain @Q = [t 2 0, x,Tg € D C R"™] the following conditions
hold:

1) functions f(t,x,%Tq), Ix(x), (k =0,1,2,---) are continuous and there exist con-
stants M, X such that

1f (2, Za)l < M, [[x(2)] < M;

(6.2 56) £t F) | < A [l — a2 17 - 7

1
)l
|2k (z) — Ik(xl)H <Az — x1|| vzl 7 € D;

E

3) functions g(t) and y(t) are uniformly continuous;
4) there exist (2) and (5) uniformly with respect to x,Z¢q;

5) there exists 0 > 0 such that for k = 0,1,2,---, the following inequality holds
0 < 1 — Tk_1, where 19 = 0.

6) there exists p > 0 such that the solution y = y(t) to the averaged system (4),
where y(0) = x(0) € D' C D defined for any t > 0 and belongs together with p
neighborhood to the domain D.

Then for any n > 0 and L > 0 there exists ¢* = ¢*(n, L) > 0 such that for any
e €(0,e*] and t € [0, Le™1] the following estimation holds:
=(t) —y(@)| <. (6)

Proof.  Let us notice that the function f(x,Z¢) is a bounded function and
satisfies Lipschitz condition. Indeed, according to the assumption 4) and definition 1
one can indicate function o such that the following estimation holds:

T
H?((E,Eg) _?(‘Tl’ElG)H < ?(xv‘:fG) - %/f(taxagG)dt
0
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T T
+ %/[f(t,:cﬁc)—f(t,wl,fé;)] dt|| + %/f(t,xl,fg)dt—f(xl,gg)
0 0

T
<20(1)+ 1 [ |#(t.2.5) - Fit.a', 7)) de
0

<20(0) + A (o — o'|| + |[Fo - 5]]) Ve,atFa, 7 € D.
We have
1f(@Fe) = Fa, 7)< A(lle =2 + [[7e — Z&l])
when o(T) — 0 as T — oo.
From conditions 1) and 4) we obtain that for systems (3) and (4) there exist

unique and extend solutions z = z(t),y = y(t) for ¢ > 0 while z,y € D.
Let us use integrate form for equations (3) and (4)

a(t) =zo +e /f(s,x(s)7ig(s))ds+ > L) |,
0

0<r <t

t

o) =0+ = | [ (Fo().To(o) + Tlw)) ds
0
for t € [0, Le71].
Let us estimate the difference

() =y <

t ¢
<e| [ 15,2060, Fels) - Fuo) Fale)] ds| 42| 3 nie)~ [ Twys|
0 0<T <t 0
We divide the interval [0,Le™!] in m equal parts to = 0,t; = 2= - t; =
5%, b = % Then using estimation from [12] for the first term, estimation from [1]
for the second term and according to the assumption 4) one can indicate monotoni-
cally decreasing function o(t) — 0 as t — oo such that for all z € D we obtain

LM(AL(5 + 6) + 36)
la(t) - y(®)] < —

Define F(¢) = sup [lo(%)] and notice et;o(t;) < F(e), eto(t) < F(e). Then
1€[o,L]

—|— EtiU(tZ‘) + EtO’(t)

() =y < C(m) + 2F(e),

where C(m) = LMALGEOE30) - (peerve, F(e) — 0, as € — 0. Hence, let us fix m
and choose £* such that for all € € (0,¢*] the estimation (6) is true.
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2. Optimal control problem for the impulsive system with maximum.
Let us consider the following problem with supremum

t=e|f(t,z,Tq)+A(x,Zq)((t,u)], t
Ax|t—r, = eli(2), k
x(0) = xo,

0,1,2,..., (7)

where A € R"*" q;; € R, ¢ :[0,Le | x U — R" U is a set of all piecewise continuous
functions u from [0, Le ] to R, u(t) € U C comp(R").
We are interested in a control function which provides the minimum of functional

J[u] = ®(x(Le1)). ®)

Let us consider the corresponding averaged system

y =< [f(y,9e) + Ay, Jo)o + 1(y)] , (9)
y(0) = zo.
with functional .
Tlu] = ®(y(Le™)), (10)

where v € V' is a new control vector and set V is defined as

V—llm—/CtU (11)

T—oo T

in (11) we understand integral of set-valued function as Aumann integral, convergence
we understand the sense of Hausdorff metric.

2.1 The algorithm of correspondence of control functions. The control
functions in original and averaged systems are different e.g. can belong to the space
of different dimensions. That is why it is necessary to establish the correspondence
between control functions of (7),(8) and (9),(10).

1. For admissible control v € V find the correspondence admissible control u € U
in the following way:

(i+1)To
(a) calculate points v; = T% [ w(t)dt,i=0,1,2,..., (Tp is an arbitrary
iTo
constant).

(b) assign control
u(t) = {u;(t),iTo <t < (i +1)To,4=0,1,2,..}, where u; = u;(t) can be
obtained from the conditions:

(i+1)To (i+1) Tt

min / C(t,u(t))dt—uv;||= / Ctuz Ndt—v;|| . (12)
To

u(t)eU TO
ZT() ’LT()
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The set-valued mapping ((t,U) is continuous and bounded then by the Lya-
punov theorem (see [9]) the set

. (i+1)To
Vi =17 / C(tuil®)dt, ui(t) €U
iTo

is convex and compact. According to (11) Tlim h(V4,,V) = 0. Hence, there
) —00

exist v; € Vfo the nearest to the v;, in other words there exist control function
u;(t) in (12) such that

X (i+1)To
— / C(t,u(t))dt = ;. (13)
To

Ty

2. For an admissible control u € U find the corresponding admissible control v € V
in the following way:

(i+1)To
(a) calculate w;(t) = T%) [ C@tui(t))dt, i =0,1,2,..., (To-is an arbitrary
iTo

constant;

(b) assign control v(t) = {v;(t),iTo <t < (i+1)Tp,i=0,1,2,..}, where v;
can be obtained from the condition:

argmin ||w; — v|| = ||w; — v .
veV

There exists v; as a minimum of continuous function ||w; — v;|| on a com-
pact set V.

Remark 1. Control functions u = u(t) in 1(b) and v = v(t) in 2(b) determined
ambiguously.

2.2 Justification of the averaging method. The following theorem provides
justification of the averaging method for controlled system (7).

Theorem 2. Suppose that in domain
Q={t>20,2,7¢ € D CR™,u(t) € U C comp(R")} assumption 1),4)-6) of the theo-
rem 1 are satisfied. Moreover,

1) matriz A is continuous and there exist M, X\ such that the following inequalities
hold

[A(z, Ta)|| < M,
|A(z,zc) — A(ml,EE)H <Az - x1|| + ||Te - EEH] vzl 75 € D;

2) function ((t,u) is continuous with respect to t,u
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3) there exists p > 0 such that for any admissible control function v € V the
solution y = y(t) to the averaged system (9), where y(0) = x(0) =z € D' C D
defined for any t = 0 and belongs together with p neighborhood to the domain
D.

Then for any n > 0 and L > 0 there exists ¢* = €*(n,L) > 0 such that for any
e €(0,e*] and t € [0, Le™!] the following statements hold

1) for any admissible control u € U of system (7) there exists control function v
of system (9), such that:

ll(t) =yl <, (14)

2) for any admissible control v € V of system (9) there exists control function u
of system (7), such that (14) holds.

Remark 2. By assumption 3) function ¢ is a continuous so we denote M :=

max |¢(t, u,ug)] -
t,u,ug

Proof. Let us proof the first statement of the theorem, the second part proved
analogously. Using the integral equations for (7) and (9) we have:

() —y(@)] <

Se /[f(Saw(S)afc(S))+A(x(S)KfG(S))C(&U(S)))]dS+ Y () -

0<m <t

—/U@G(S)JG(S))+A(y(8),ﬂc(5))v(8)+I(y)] ds|| <
0

<e / [£(s,2(s), 7a(s)) — F(y(s), ()] ds|| + < || 3 (@) + / T(y)ds|| +
0

0<T<t 0

t

b | [ 1AG@().Fa(6)C (s, u(s) + (). Tels)e(s)] ds|| =

=Wy + Wy + Ws.

According to [12] for any n; there exists €*(n;) > 0 such that for any ¢ < £* (1)
the following holds:

Wi <

SIS

[2A(L + 2me)mazx {w(g, A),w(v,A)} + L(AL +1)],

2my = v(m, ),
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where w(g,A) = sup |g(t") —g(t')|, A =tiy1—t; = =, t",t' € [0,00) and
‘t”*tllgA
analogously for the function ~.
For Wy from [1] for sufficiently large m € N we get

M(3AL?0+30 +1+2\L)  3AL’M

Om Om

W2 < = b(m,&)

For W3 the following holds:

€ /[A(x(S)ﬁG(S))—A(y(S),ﬂG(S))] ((s,u(s))) ds
0

_|_
/ ) (s, u(s)) — v(s)] ds|| <
0
/”x )l + 1Fa(s) — Ta(s)ll) ds + Wi,
0

where
t

e/A@@%%@DW@m@»meds-

0

Wy =

For estimation Wy we divide interval [0, Le '] into m equal parts by t; i =

1,..,m. For any t € [t,, tp.1) and for some p € N, p < m we get o
Wy=e {jz:é 7114(9(5)7@0(8)) [C(s,u(s)) —v(s)] ds|| +
+ /A(y( ):¥c(s)) [C(s,uls)) —v(s))] ds|| p <
< 6{1:2_:: 71|A(y(8),§a( )) = Ay(t:), ya(t:)) [C(s,uls)) — v(s))]l[ ds +
p—1 ||ttt
+; / Ay(ti), ya(s)) [C(s,uls)) —v(s))] ds|| +

+ [ 1AW Tolo) oo uls) ~ o) ds § <

tp
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p—1 tit1

<e Z//\(Hy(s)_y(ti)H+||?7G(3)_?jG(ti)H)HC(Sau(S))_U(S)”ds"'

i=0 7

i

+ [ 1Ay (s), ya(ti)) (C(s, uls)) —v(s))ll ds o < 3M% (LA + max {w(g, &), w(v, A)} + 1)

t
Ws < 25>\M/5(s)ds +am L (LA 4 max {w(g, A),w(y,A)} +1).
m
0

Here 0(t) = max lz(s) —y(s)|| is a uniform metrix. Let us collect estimations for
s t

Wla WQ» W37 W4
[=(t) — y(O)] <

<v(m,e) +b(m,0) + SM% (LA + max {w(g, A),w(v,A)} + 1) +

t t
F2eAM / 5(s) ds = C(m) + 2eAM / 5(s) ds,
0 0

take maximum on [0, ¢] from both sides and apply Gronwalla-Bellman inequality we
obtain
5(t) < C(m)e* ML,

Hence, for € € (0,¢*], t € [0,Le™!], the trajectories belong to the domain D and
by appropriate choise of sufficiently large m and sufficiently small € we obtain the
estimation (14). Thus the first part of theorem is proved.

Remark 3. As an averaged system one can consider the following one
i =< [F(1,96) + Ay, Go)C (b w) + T()] -

Owing to the average system depends on the same control that initial system we do
not need the algorithm of correspondence of control functions.

2.3 Approximation of the functional of the optimal control problem by
the impulsive system with maximum.

Theorem 3. Suppose in domain Q = {t 2 0,2 € D C R™,u,u € U C comp(R™)}
the assumptions of the theorem 2 hold. Moreover,

1) there exits A such that

1@(z) — ()| < Al — 2"
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2) there exist u*(t) € U optimal control function of problem (7),(8), z*(t) —
corresponding optimal trajectory and J* — optimal value of functional.

Then for any L > 0 there existsn; > 0, and €*(L) > 0 such that for any e € (0,&*]
the following inequalities hold:

[ T[v*) = T[] < m, (15)

Juy-] = J[u*] <y, (16)

where J[v*] is the optimal value of functional of the problem (7),(8), u,- is a control
function to the problem (9), (10) constructed by the algorithm and corresponding to
the optimal control function v* of problem (9), (10), vy~ is the optimal control function
of problem (9),(10) constructed by u*.

Remark 4. Note that Theorem 3 is valid if instead of the problem (7),(8) with
unfixed right end we consider problem with flexed one, i.e. with restriction

Yi(x(Le™)) <0, j=T1,m.

Hence, one can formulate numerical-asymptotic algorithm for solving optimal
control problem for the impulsive system with supremum:

1) for known controlled problem with small parameter and supremum (7), (8) we
define averaged problem (9), (10);

2) for known set of admissible control functions il we construct the set of ad-
missible control functions for averaged problem according to the algorithm of
correspondence of control functions of original and averaged systems;

3) solve optimal control problem of averaged problem (9) with criterion (10) and

5

find v*(t),y* (), J ;
4) according to the algorithm by the found optimal control function v*(¢) of av-

eraged problem we find correspondence control function of original problem u
which is asymptotically optimal for problem (7),(8);

5) for found control function u} we create correspondence trajectory for the system
(7) x(t) = x(t,uy);

6) calculate the value of functional (8) on the trajectory from the step (5).

CONCLUSION. In this paper the justification of the averaging method for the
system of functional-differential equations with maximum and impulsive perturbation
is presented. Also, the approximation of solutions for the optimal control problem for
such kind of system is obtained.
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Kuumapenxo O., Canootcnuxosa E., Jlawrosckut C.
ATIPOKCUMAIISI PO3B’SI3KIB 3AJAYI OTITUMAJIBHOTO KEPYBAHHSA JJIS1 IMITYJIbCHUX CH-
CTEM 3 MAKCUMYMOM

Pesrome

JlaHa cTaTTS IPEJICTABIISAE€ METOJ, YCepEeIHEHHS JJIsl JIBOX THIIIB 3aJ1at: IMILYJIbLCHOI 3a/1adi 3
MaKCHMyMOM Ta 3aJ[a4di ONTUMAJJIBHOIO KEPYBaHHs TAKOro Tumy cucreMm. st mepmol 3aati
oTpuMaHe y3araJibHeHHsI Teopemu Kpuosa'— Borosmobosa. st Apyroi Mu 3aliikaBJieHi He
TIIBKY B OTPHMAHHI OIiHKH OJIM3KOCTI PO3B’f3KIB IMOYATKOBOI Ta yCepeIHEHO! 3a/1a4d OITH-
MAaJIbHOTO KepPyBaHHsS, & 1 y OmiHIi 6 u3KocTH BiAnoBiAHUX (DyHKIIOHATIB. 3 I[i€I0 METOIO
TAKOXK OTPUMAHO OOTIPYHTYBAaHHSI METOJIy yCepeaHeHsl. B 1bOMy BHIIQJIKY CXeMa yCepeTHEeHS
BKJIFOYAE AJTOPUTM BIAMOBIMHOCTI (DYHKIN KepyBaHHS MOYATKOBOI Ta yCEpeTHEHOI 3aad
ONTUMAJILHOrO KepyBaHHA. OTPUMAHO AJTOPUTM UUCEIHLHO-ACUMITOTUYHOTO PO3B’A3KY 3a-
Ja4qi ONTUMAJILHOI'O KEPYBAHHSI CUCTEMAaMM TAKOI'O THUITY 3 MaJIUM IapaMeTpPOM.

Karouosi caosa:  cucmemu i3 3ani3HEHHAM, TMNYABCHE CUCMeMU, 3a0a4a ONMUMAALHOZ0
KePYSarHa, Memod ycpeornerms.

Kuumapenxo O., Canoorcnuxosa K., Jlawrosckut C.
ATIITPOKCUMAILIST PEIIEHUN 3AJAYN ONTUMAJIBHOTO VIIPABJIEHUS JJIs UMITYJIbCHIX
CUCTEM C MAKCUMYMOM
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Pesrome

JlaHHas CTAThsA IIPEJICTABJIAET METOJN YCPEIHEHHS JJIS IBYX 3aJa4: UMIIYJIbCHOU 3aJa4H C
MAKCUMyMOM M 33J[@9¥ OINTUMAJBLHOIO yIPAaBJICHUS TAKUMU TANAMu cucteM. [jst mepBoit
3agaun morydeHo obobimenus: Teopembl KpbuioBa—bBoromobosa. lyist BTopoit Mbl 3amHTe-
PECOBaHBI HE TOJBKO B IIOJIyYHHUU OIEHKU OJIM30CTH PEINIeHUi MCXOIHOM M yCPETHEHON 3a-
Ja4d OITHUMAaJIBHOT'O yIIpABJIEHUS C MAKCUMYMOM W MMIIYJIbCHBIM BO3JEWCTBHUEM, a TAKKE B
IIOJIyYEHUHU OIEHKU I COOTBETBYIONUX (DYHKIMOHAIOB. [IjIs 9TOH 1€y TakzKe IIOJIy9IeHO
060CHOBaHME METO/a YCpPeIHEHUsl. B 5TOM ciydae cxeMa YCpPeIHEHUs] BKJIF0YAeT AJTOPUTM
COOTBETCBUsT DYHKIUI yIPABIEHUsI UCXOMHOW M YCPEIHEHHON 3a/1ad ONTUMAJIBHOTO YIIpaB-
nenns. [loaydeH anropuTM YMUCIEHHO-aCUMITOTHYECKOTO DPEIIeHUs 3aJa9Ud ONTHMAIHLHOTO
YIIPaBJIEHHUS CUCTEMaMU TaKOI'O THIA C MaJIbIM IapaMeTPOM.

Karoueswie crosa: cucmemsl ¢ 3ana3doi8aHUEM, UMNYABCHBLE CUCTIEMbL, 3G0GHA ONMUMAND-
HO20 YNPABAEHUA, MEMOO YCPEOHEHUA.



