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CHARACTER SUMS ANALOGUE OF KLOOSTERMAN SUMS
ON NORM GROUP

CepreeB C. C. Cymn xapakrTepiB, anajior cym KiiocrepmaHa Ha HOPMOBHUX
rpynax. Posrisgaiorcs cymu xapakrTepiB, KOTpi € anajgoramu cym Kiiocrepmana Ha HOD-
MOBHUX I'PyIax y Kbl Iiaux raycoBux yucesi. OTpuMaHi HeTpUBIiaJbHI OI[IHKU €KCIIOHEHITi-
AJIBHIX CYM Ta CYM XapaKTepiB 110 MOAYJIO P, Ile p — MPOCTe PallMOHAJbHE YUCJIO, p = 3
(mod 4).

Kurouosi cioBa: cymu xapaxrepis, cymu Kitocrepmana, HOpMOBI I'pyIIH.

Ceprees C. C. Cymmbl xapakTepoB, aHajsor cymm KiocrepmaHa Ha HOp-
MEHHBIX rpynnax. PaccMaTpuBaioTCs CyMMbl XapaKTEPOB, SIBJIAIONIAECS AHAJIOTAMU CYyMM
Kitocrepmana Ha HOPMEHHBIX TPYIIIaX B KOJBIIE IEJIBIX TayCCOBBIX yucesi. [losydensr HeTpu-
BHUAJIbHBIE OIEHKN 3KCIIOHEHIMAIBHBIX CyMM U CyMM XapaKTEpOB 10 MOJIYJIO p'', TIe P —
[IPOCTOE paloHaIbHOE YiCIo, p = 3 (mod 4).

KoaroueBble cjioBa: CyMMBbI XapaKTepoB, cyMMa Kiiocrepmana, HOpDMEHHbIE TDYIIIIbI.

Sergeev S. S. Character sums analogue of Kloosterman sums on norm group.
We consider character sums, analogue of Kloosterman sums over norm group in the ring of
Guassian integers. We obtain non-trivial estimation of exponential sums and character sums
modulo p™, where p — prime number, p = 3 (mod 4).
Key words: character sums, Kloosterman sums, norm group.

INTRODUCTION. Let x and ¢ be multiplicative and additive characters of finite
field k, with ¢ = p™ elements. Usually consider three type sums

> x(f(@), X x(f(@), X x(f(x)e(g(z)),

€V Cky :EEVCk;‘ aL’EVCk;

where f(z), g(x) are polynomials or rational functions, which respectively call expo-
nential sum, character sum and mixed sum. When V' = k, (resp. k;‘), that sums call
complete exponential sum, complete character sum and complete mixed sum (resp.).
Otherwise, such sums call incomplete sums. Sometimes as V' consider a subgroup k,
(or k}, resp.). Prove by A. Weil [7] the Riemann Hypothesis for algebraic curves over
finite field give leave to arrive at non-trivial bounds for mentioned above complete
sums. In particular, for f(x) = ax +bx~ !,z € ky, A. Weil [7] proved uniprovable
bound for Kloosterman sum

K(a,b;q) :== Z x (az +b27") << q7?. (1)

z€k}

Similar results may be obtain for mentioned above sums over the ring of residue
classes (mod ¢) in Z ( [2,5,6]). Our goal is construction of non-trivial estimates for
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character sums analogue of Kloosterman sums on norm group in the ring of residue
classed (mod g) of the Gaussian integers.

NoTATION. We standardize some notation to be used throughout this paper.
Lower case Roman (or Greek, respectively) letters usually denote rational (or Gaus-
sian, respectively) integers; in particular, m, n, k are positive integers and p is always a
rational prime p = 3 (mod 4). We also define a norm on Q(i) into Q by N(a) = |a?|.
For the sake of convenience, we denote by G the set of the Gaussian integers. Let
Zq ( or G, respectively) denote the ring of residue classes modulo ¢ and Z; (or G%
respectively) denote the multiplicative group in Z, (or G,). If x € G}, we write ¥~
for the multiplicative inverse of x (mod q), i.e. 71 is Gaussian integer satisfying
zz~' =1 (mod ¢q). We denote by k, a finite field with ¢ elements, ¢ = p", p a prime.
For a finite set X, | X| denotes its cardinality. By f << g, or f = O(g) for z € X,
where X is an arbitrary set on which f, g are defined, we mean synonymously that
there exists a constant C' > 0 such that |f(z)| < Cg(z) for all z € X. The "implied
constant” may depend on the some parameters which are always specified or clear in
context. As usual, ged(a,b) or (a,b) stand for the greatest common divisor of a and
b, where a,b € Z (or G). Though Z[z] (or G[x]) we denote the polynomial ring over
Z (or G). For a € Z (or o € G) it stands vp(a) (or vp(a)) if p*»(a) | a,p*(a+1) { a.
Moreover, > means the summation under the condition C is defined additionally,

5(0)

2w L

and eq(x) =€ "4

AUXILIARY ARGUMENTS. Before starting out study of character sums several
lemmas will be used in the sequal.
Let us denote by Ey, the following subgroup in G}

Ep :={z e G} : N(x) =1 (mod p™)}. (2)
The subgroup E,, we will call the norm group in Gjm.

m—1

Lemma 1. The norm group E,, is a cyclic group of order (p + 1)p

Let u 4 iv be a generating element of F,,. Then

(u+iv)PTt =14 pxo +ipyo, To,y0 € Z,
2o +2y5 = 0 (mod p),  (z0,P) = (¥0.P)) =1,
and also for any ¢t = 4,5,...,p™ ! — 1, we have modulo p™

Re(u+iv)®PtDt = Ag 4+ Ayt + -+ A1 t™ 1,
Im(u +iv)PtV = By + Byt 4 - + By, _1t™ 1,

where
Ag =1 (mod p?), By =0 (mod p*),
Ay = p?(x + 595 (mod p?), Bi = pyo (mod p?),
Ay = f%prg (mod p?), B, =0 (mod p?),
Aj = B; =0 (mod p?), j=34,...,m—1.
Denote

(u+ iv)* = u(k) +iv(k),0 < k < p.
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An arbitrary element from E,, has unique representation w = (u + iv)P+D¥** Thus

m—1
w = (u + dv)PTVIHE = Z (A;(k) +iB;(k))# (mod p™). (3)
7=0
It is clear
Aj(k) = Aju(k) — Bju(k),
Corollary 1. For k=1,2,...,p, we have
(u(k),p) = (v(k),p) =1, ifk # B3,
u(0) = 1,v(0) =0, U (pTH) =0 (mod p), (pTH,p) =1,

moreover, for k # pTH

Ao(k) = u(k), Bo(k)=wv(k) (mod p),
pll Ai(k), pllBi(k), p*|l Ax(k), p* | Ba(k);

and
A1(0) =0, Bi(v) =pyo (mod p*), p? | A2(0), Bz(0) =0 (mod p?),
Ao (P5) =0 (mod p),  (Bo (P5).p) =1,
oAt (), b B (), 57 [ Aa (B51). B (52) =0 (mod

Aj(k) = Bj(k) =0 (mod p%), k=0,1,...,p,j >3.
For the proof of Lemma 1 and its Corollary see [6] (Lemma 2).
Lemma 2. Let f(x),g(x) be polynomials over G,

x) = ZA]-acj,G(x) = ZBjxj,r,s >3
j=1 j=1

and, moreover, let
0 < vp(A2) <vp(4y),5 2 3;

(B1,p) =1L, 1p(By) 21,1 =2,3,...

Then
> epm (Re (f(ﬂf)))‘ <

z€Gpm

{ 0 if vp(A1) < 1vp(Az);

2% pm+ vp(A2)  4f vp(As) < m, (A1) 2 vp(As);

<
p2m if Vp(A2) = m;

Z €pm (Re(f(ac) —l—am*l)) < QIO%I)WL7

mEG;m
where Iy is the number of solutions of the congruence over G

Aju? — B; =0 (mod p).

(4)
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The assertion of this Lemma it is well-known (see, for example, [6], Lemma 3).

Lemma 3. Let k, be a finite field and let x be a non-trivial multiplicative char-
acter of ky of order d > 1. Suppose [ € kq[z] has m distinct roots and f is not a
perfect d-th power (modp). Then we have

S X(f(@)] < (m - 1)g*” (6)
z€ky
(See [4], Ch. 2C", p. 43).

Lemma 4. ( [6], Lemma 1) Let p = 3 (mod 4) be a prime, n > 3 be a positive
integer, U, = {1 +pu:u€ Gpn—l} be the subgroup of G.. Then for any character
chi of the group Gy there exists a polynomial f(n) with coefficients from G

2 N-1 n
— _ N=n+|—1|+1
f(u) u + asu + + anN—-1P , n |:p 1:| ,

such that we have
X(1 4 pu) = epn-1, (Re(Af(u))),
where A € G;n_l depends only on chi, and the coefficients satisfy the inequalities

vplag) 2 k—uvp(k)—1, k=23,...,N—1

Proof. It is well-known that the multiplicative group G} is a cyclic group.
We may select a generator g of G} in such a way that gp2_1 = 1+ pus,u; € Gy.
Then, using the continuation of p-adic valuation for @ to Q(7), and stating one-to-one
correspondence between (1 + pu;)* and

2 o k(k—1)

k(k—1)...(k—ng—1
14 kpu; + p“uy 5 ( ) ( i )

n0!

4 prmog o =1+ puy
for any k € G,n-1, where ng = {ﬁ} + 1, we conclude that the multiplicative group

U, and additive group G,n-1 are isomorphic (see [1] Ch. IV, 3.2, p. 375-376). Let kg
be such that (1 + pu)* =1+ p (mod p™). Then gy = g~ is also a generatic element

of Gy.
Denote
U2 2 ’LL3 n—1
f(“):U—p?‘Fp E—---(modp ).
Consequently

N-1 n—l)

f(u) =u+awl+- - -+ay_1u
where N =n + [ﬁ} +1,a; = (—1)’“"‘1% (mod p"~ '), k=2,3,...,N—1.
Define A from the congruence

Af(1) = ko (mod p™1).

(mod p

)

It is clear that A € G*,,_,.
Therefore we deduce that the transformation G,n-1 — C given by

L+ pu — epn-1(Re(Au)), A € Gus

defines a character of the group U,,.
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Remark. Lemma 4 was proved in [6] but here we give more detailed proof.

Corollary 2. Let ¢ = p™,p = 3 (mod 4) and x by a non-trivial character of
G of order d > 1. Suppose F'(x) € Gpm[z] of a degree n. Then we have

> x(F(x)| <2%(n—1)p™ (7)

x€Gpm

Proof. For m = 1 the assertion of Corollary follows from Lemma 3.

Let m > 1. Using the representation x = xo(1 + pz1), 20 € G}, 21 € Gpm-1 for
xz € Gpm and also Lemmas 2 and 4 we successively go into a case m = 1, = p so
that Lemma 3 gives the assertion of Corollary 2.

MAIN RESULTS. Description of elements E,, (see L. 1 for m > 2) and Lemmas 2
and 3 allow us to obtain Lemma 3 results and Corollary 2 for the character sums on
nor subgroup E,, for the linear-inverse functions ax + Bz =1, a, 8 are fixed from Gpm.

Let x be a non-trivial character of G}.. Consider the sum

Sy(@; B Bm) = Y x(aw+B7"), a8 € Gyn. (8)

z€E,,

This sum we will call character sum analogue of Kloosterman sum over a norm
group.
Theorem 1. Under conditions above we have next estimation

pmlo1

1Sy (0: 85 En)| = S x(@o(k) 3 epmes (Co(k) + Co(k)t + Ca(k)e> +...)| < ep¥
k

t=0

with the absolute constant c.

Proof. The case m = 1 was studied by Li [2].
Let m > 1. By the representation (3) we can write

x(w) = x(wo)x(1 + pw1)

where
Wo = Ao(k) + ZBO(k), (WQ,p) = ].,
p— ((A&(k) FIBLR) 4D S (A5(K) + By (R) tf) S
’ (AL (R)BY(k),p) = 1, (B(K).p) =
AL(k) = L4,(k), Bi(k) = L J<k>

ifk#0,p+1, and
(L41(),p) = (BL(R),p) = 1,
Ali(k) = Bj(k) = 0 (mod p?)
ifk=0orp+1.
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Without restricting the generality we will suppose that o, 8 € Zpm,ie. o =a, 8 =
b. Then a straightforward computation gives

X(1+ pwi) = epm-1 (Co(k) + Cr(k)t + Co(k)t> + C3(k)t® + ... ),

where C3(k) = 0 (mod p), Cj(k) =0 (mod p?),j > 3, and v,(Ca2(k)) > v,(C1(k)) for
all k=0,1,...,p unless O(1) values of k when v,(C1(k)) > v,(Ca(k)) =
Thus by application of Lemma 2 we obtain

|Sx(a§6;Em)| :m_l
] 'Zx(wo(k))p S epn 1 (Colk) + Cu(R)t+ Cok)i2 .| < p 10
k t=0

with the absolute constant c. This completes our proof of Theorem 1.
In 2001 Ping Xi [3] studied the sum

Ko = Y, [S(mnig)l

m,n€lyq

and proved the following statement:
l l
Let g be a positive integer, ¢ = [] p?j and x be character modq, x = [] xj, x is
j=1 j=1
character modp;j, and also x;(—1) =1,5 =1,...,l. Then for 81 ¢ the inequality

a¢*(q) < K(x,q) < 2'a9*(q)

holds.
We will consider an analogue of K (x,q) for character sum over E(gq) with a non-
trivial character x, where

E(q) ={weGy: Nw)=1 (mod q)}.

More exactly, we will consider only case ¢ = p™,p = 3 (mod 4), since a general case
may be study by analogy.

Theorem 2. Let x be an even non-trivial multiplicative character of Gym (i. e.
x(=1) =1). Then the following equality

K(X7pm) — 2(13 + 1)(132 o 1)p4m—2

holds
Proof. We have

Se(@ B En) = 3 xlaz+ Bz )= 3 x(n Y1

z€E,, 'yeG;m = Em
ax + Br~! =+ (mod p™)

Hence,

K(GEn)= Y ISdaBB) = Y x(m)x(pe) Y 1, (11)

o,BEGym ’yl,'yzeG;m S(C)
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where
C: {x,y € Em,a,B € Ghm : ax + B2 =~ 0y + By~ =72 (mod pm)} .
First, let m = 1. The system of the congruences (in «, 8) modulo p™

{ azr + Bz~ =
1—

7
ay+ By~ =7

is a solvable system if (22 — y2) | (zy1 — yv2). With this provision system under
consideration has exactly

N(ged(z® — y?,p)) = { }v(p) ﬁi _fz2 E$Z§ g;:

solutions.
Thus we infer

K(,E) =Y N@) Y  x(m)x(e) > 1, (12)

Slp 71,72€G} 5(0)

where

z,y € By : 22 = 9% (mod d), 271 = yy2 (mod §),
gcd( =y %)—1 ’

Now, if § = 1 then 3. 1= |FE|*. Consequently, the contribution of a summand
S(C)

B> x(m)x(r2) =0.

Y1,72€G

with § = 1 is equal

Further, for § = p we obtain the contribution

N(p) ZG* x(71)x(72) S(ZC) 1=2|E1| N(p)¢(p) = 2(p + Dp°(p*> — 1)

where
. { z,y,€ By :ay1 = yy2,2° = y? (mod p),

gcd(z = ;)—1 ’

@(7y) denote the Euler’s totient function in G.
So,
K(x, B1) =2(p + D)p*(p” - 1). (13)

Let m > 1. By an analogue with relation (12) we have

m

K En) =Y N@) >, x(m)x(e) Y1

v=0 N72€Cm S(C)

where

] o+ frT =7 m
C.{x,yeEm,a,BEGm. oy + By1 = (mod p )}
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So we have
KOXGER) =Y+ > 4> =3 +> +> .
0 1 2
Now

o= X x()X(2)®® - 1)?|En,[* =0

Y1,72€G5m

m—1 (14)
2= V; NPY) X x(%)x(w)( Z)1+ > 1>,

Y1:72€G5m S(Cy S(CY)

where
Ci : {xvy € E’m?x =7 Y=7,C=Y (mOd py)}’
Cé : {.’L‘,y € Em,.’L’ =72Y= "7, =Y (mOd pu)}

Yio= L NEI] O x(mx()NET) + X xOm)x(p)NE) o =
v=t ",72€Gpm Y1,72EGm
Y1=72(p™) y1=—72(p™)

m—1

= 2N(®™) 2 > x(n) X(1+p¥é) =

v=1 n1€Gy, 0€G m—v

NE™'S Y X147 ¥ () =0,

v=1 56Gpm—u Y1E€GHv

(15)

2

N®™) > x()x(v2) > 1=N@®™)HD™)|En| =
’Yl;’YZEG;m a=+5(p™) (16)
Nn=7:2(p™) @,fE€Em

2" 2 (p? = 1)(p + 1)

As a consequently (14)-(16) we have
K(x,p™) =2(p + 1)(p* - 1)p*"" 2. (17)

The result of Theorem 2 shows that the upper bound for individual sum S(«, 3; x)
is optimal bound in certain sense.
By the similar method may be investigated close sum

Kp(a,f5x) = > |S(a,Bix)I*

a,BEEm

CoNCLUSION. We obtain a non-trivial estimation of exponential sums and char-
acter sums which are analogue of Kloosterman sums over norm group in the ring of
Guassian integers. Described proof method can be used for estimation of sums in close
forms.
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