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В ІТЮ К  O. H., М іхайленко A . B. Крайова задача д ля  диференціально­
го рівняння із змішаною похідною Рімана—Л іув іл ля  дробового порядку. В
роботі отримано достатні умови розв’язності крайовоі задачі для диференціального рів­
няння, що містить мішану похідну Рімана-Ліувілля дробового порядку.
К лю чов і слова: лівостороння змішана похідна Рімана"- Ліувілля, дробовий поря­
док, теорема існування та єдиності.

Витюк А . Н., М ихайленко А . В. Краевая задача д ля  дифференциального 
уравнения со смешанной производной Римана—Л и ув и лля  дробного порядка.
В работе получены достаточные условия разрешимости краевой задачи для диферен- 
циального уравнения со смешанной производной Римана-Лиувилля дробного порядка. 
Клю чевы е слова: левосторонняя смешанная производная Римана—Лиувилля, дроб­
ный порядок, теорема существования и единственности.

Vityuk А. N., Mykhailenko А. V . Boundary-value problem for differential 
equation with mixed Riemann— Liouville derivative of fractional order. In this 
paper, we find a sufficient condition for solvability of boundary-value problem for differential 
equation with mixed Riemann-Liouville derivative of fractional order.
Key words: left-sided mixed Riemann— Liouville derivative, fractional order, existence and 
uniqueness theorem.

Introduction. Let P  =  [0, a] x [0,6], 0 < a, 6 < oo, a  > 0, /3 > 0, r = (a; /3), 0 =  
(0; 0). By C (P ) we denote the space of continuous functions f  : P  ^  R  with the norm

ll/(U2/)||c =  max|/(rr,y)|.

By AC{P )  and L {P )  we denote the space of absolutely continuous and summable 
by Lebesgue functions / : P  —> R accordingly. The following expression

Фа{х) =  ІоФ{х) =  [  (rr
Г(а) Jo

where F ( ) is the gamma-function of Euler, is called [1,2] left-sided Riemann— Liouville 
integral of order a. Let a =  [a] a,n =  [a] -|- 1. Then the expression
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is called [1, §2,p.42],[2, §1.1, p.9] the left-sided fractional derivative of Riemann— 
Liouville of order a. of function ф : [0, a] —̂ R. Left-sided mixed integral and derivative 
of order r are defined as follows [1, §24, p.340]:

і («) Jo

y) =

fr {x, y) =  l e ’̂ ^̂ fix, y) =  Ie f {x ,  y) =  I^ J^yf {x ,  y) =

D l J { x , y )

Г(а)Г(/3)Л Jo

1 f  d

s)dsdt^

px
{x - t r~ '^ -^ f { t ,y )d t ,

Г(те — a) \dx 

D^ef{x,y)=D^^^Dlyf{x,y)  =

^n+m
f  f  { x - t r - ‘̂ -\y -sr -^ -^ f { t ,s )dsdt ,  

Jo Jor (n  — a) • r (m  —/3) дx' д̂y'x  ̂Jq Jq

where n =  [a] -|-1, Ш =  [/3] +1 . Elliptic boundary-value problems with area boundary 
conditions are comprehensively studied. First results dedicated to the research of 
hyperbolic boundary-value problems with area boundary conditions were obtained in 
papers [3-6]. The research of following boundary-value problem

d^z{x,y)
=  F{x,y,z{x,y)) ,

dx' d̂y'^

z{i,y) =  z{x,j )  =  0,0 <  x ,y  <  1; г, j  =  0,1

(1.1)

(1.2)

began in [3]. In [8] were established that this problem is equivalent to the solution 
of some Fredholm integral equation. Based on this equivalence in [7] the numerical 
method of solution of this problem was constructed.

In [9] the conditions of existence and uniqueness of solution of differential inclusion

d^z{x,y)
dx' d̂y'^

Є F{x,y,z{x,y) )

that satisfies the conditions (1.2) were obtained and its properties were studied. 
In [6] the following boundary-value problem was considered.

d\
dx^dy'^

-  A{x, y)u =  f{x, y),{0 < x < a,0 < y  < b),

((0, y) =  m(x , 0) =  0,
дхду

д' г̂
дхду

=  0,
у=Ъ
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and for this problem Green’s function G{x,y;t, s) was constructed such that

fb/•O pO
и {х ,у )=  / G{x,y-t,s)f{t,s)dsdt.

Jo Jo

Let now 0 <  a,/3 ^  l,f> =  (1 +  a; 1 +  l3),q =  (1 — a; 1 — /3). In [10] the following 
boundary-value problem were considered

Dlju{x, y) =  F{x, y, u{x, y), D qu{x , y)),

Mq(x,0) =  Uq{x, Ъ) =  Mg(0, у) =  Uq{a,y) = 0 , 0 < ж < а , 0 < у < Ь .

The sufficient conditions of existence and uniqueness of solution of this problem were 
received. The present paper deals with conditions of solvability of the boundary-value 
problem

Deu{x,y) =  F[u{x,y)] =  F{x,y,u{x,y)) ,  (1.3)

i{x, 0) =  u{x, b) =  u{0, y) =  u(a, y) =  0; 0 ^  ж ^  a, 0 ^  y ^  b. (1.4)

M a in  R e su lts .
2. Preliminaries. In this section we introduce notations, definitions and pre­

liminary facts which are used thoughout this paper.
Definition 2.1 ([11]) Continuous function z{x,y) : P  ^  R is cxjUed absolutely 

continuous if and only if it can be presented, as follows

l-X j-y
z{x,y) =  Z i {x )  +  Z2{y) -  z{0,0) +  і / v{t,s)dsdt,

Jo Jo

where zi{x) Є AC{[0, a]),Z2 {y) Є AC{[0,b]),v{x,y) Є L{P) .
Definition 2.2 ([1, §1, p.21]) Function u{x) : J ^  Д, J =  [a, &] belongs to the set 

AC^{J), ifu^’̂ \x) e A C {J ) ,k  =  0 , n - l .
Let Dlyu{x, y) =  к =  0,1,... {D°yu{x, y) =  u{x, y)).
By AC^{P)  we denote class of functions v{x,y) : P  ^  R  such that D^yv{x,y) є 

AC{P ) ,k  =  (0, n -  1).
Lemma 2.1 ([12]) Let <ті,сг2 positive numbers and 0 ^ т ^ 1. Then

k l  -0-2 I <  -0-2Г-

Lemma 2.2 Let u(x) є AC([0, a]), гі(у) Є AC{[0,b]) and u(0) =  v(0). Then 
z(x,  y) =  u{x) ■ v{y) є AC{P) .

We consider a boundary-value problem

D ^ “ y(x ) =  f ix ) . (2.1)

(2.2 )y(0) =  y(a) =  0, 

where / (x ) is a measurable function.
For the solution of boundary-value problem we name function y (x ) : [0, a] —>■ R, so 

that y(x ) є C([0, a]), уі_о,(х) Є AC^([0, a]), satisfies the boundary-value conditions 
(2.2) and differential equation (2.1) for almost all x є [0;а].
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Lem m a 2.3 ([14]) Let f {x )  : [0, a] ^  R  be a measurable function and |/(ж)| ^  M.  
Then the solution of boundary-value problem (2.1), (2.2) is represented as follows:

y { x )=  [  G(x, t) f( t )dt,  
Jo

where

G(x, t )
0 < t  < Xа“ Г (1 + а )

a“  r ( l + a )  ’ •

3. Existence o f  solutions. Consider a boundary-value problem

D qu {x , y) =  w{x, y), w{x, y) € C (P ), (3.1)

u{x, 0) =  u(x, b) =  0,0 ^  rr ^  a;u(0,y) =  u{a, y) =  0,0 ^  у ^ b. (3.2)

D efin ition  3.1 Continuous function u{x,y) : P  ^  R, so that Uq{x,y) Є AG‘̂ {P), 
satisfies the boundary-value conditions (3.2) and differential equation (3.1) for {x,y) € 
P  is called the solution of boundary-value problem (3.1), (3.2).

Lem m a 3.1 The solution of boundary-value problem (3.1), (3.2) is represented 
as follows /•a pb

u{x,y) =  / / Ф{х,у;1, s)w(t, s)dsdt,
Jo Jo

where Ф(х, у; t, s) =  G{x, t) ■ G(y, s).

G(y, s)
(y(b-s)p-(b(y-s)p) A <  „ <

WT(T+F) > ^  ^
(y(b-s)f ^ <  „ <  r
WT(T+F)’ y ^  ^  o-

P roo f. Assume that u(x,y)  is the solution of boundary-value problem (3.1), (3.2) 
and

v{x, y) =  D q+^m(x , y) =  ^  ^  {y -  s)-f^u{x,s)ds. (3.3)

As m(0, y) =  u{a, y) =  0 for у € [0, b] then

v{0,y) =  v{a,y) =  0,0 <  у <  b. (3.4)

Take into account that u{x, y) is the solution of boundary-value problem (3.1), (3.2). 
Then

Dlu{x,y) =  Do+“ T>o+^M(x,y) =  T>o+“ u (x,y) =  w{x,y),{x,y)  Є P. 

Consequently at any fixed у € [0, b] function v{x, y) is the solution of the equation

Dl%"^v{x,y) =w{x,y) .  (3.5)

Under lemma 2.3 the solution of boundary-value problem (3.5), (3.4) is represented 
as follows

v {x ,y )=  [  G{x,t)w{t,y) =  S{x,y),y€[0,b\. (3.6)
Jo



Boundary-value problem for equation with derivative of fractional order 75

From (3.3), (3.2) it follows that at any x Є [0, a]

0̂,+/̂  м(ж, у) =  6(x ,y ), 

u(x, 0) =  u(x, b) =  0.

Thereby u(x,y)  under lemma 2.3 can be presented as follows

u(x,y)  ^  J  G(y,  s)S(x, s)ds =  J  G ( y , s ) ^ j '  G(x,t )w( t ,  s ) d^  ds =

(3.7)

(3.8)

f-a nb
^  / Ф(х,у; t, s)w(t, s)dsdt.

Jo Jo
Consider a boundary-value problem (1.3), (1.4). The solution of this problem is such 
a continuous function u(x,y)  : P  ^  R  that Uq(x,y)  Є A G 2 ( P ) and that satisfies the 
condition (1.4) and differential equation (1.3) for ( x,y)  Є P.

Theorem 3.1 Suppose that function F ( x , y ,u )  : P  x R  ^  R  is continuous and 
IF(x,y,u) l  ^  M . Then boundary-value problem (1.3), (1.4) is equivalent to the inte­
gral equation

pa pb
u ( x , y ) ^  / Ф(х,у; t ,s )F( t ,  s,u(t, s))dsdt. (3.9)

Jo Jo
Proof. Let u(x,y)  Є G ( P ) be solution of boundary-value problem (1.3), (1.4). 

Then F[u(x,y) ]  Є G ( P ) and according to lemma 3.1 u(x,y)  is represented by (3.9).
Suppose now that u(x,y)  Є G ( P ) is the solution of integral equation (3.9) and 

let’s prove that u(x,y)  is the solution of boundary-value problem (1.3), (1.4). For
( x,y)  Є (0, a) x (0,b)

ijxpy) =
1

a^bdr(1  +  o )r (1  +  \ j 0 Jo

a p у
U'o .L ( (^ (^ -  )̂ “ -  (^(^ -  )̂ ) “ ) • (̂^(^ -  *) ^-

pa py
- ( b ( y  — s ) ) ^  F[u(t, s) ]dsdt^ / ( x ( a - t ) ) ^  { (у(Ь — s) )^ — (b(y — s ) ) ^  F[u(t, s) ]dsdt+

Jx Jo

^  [  [  ( ( ^ ( ^ — — (a(x — t ) ) ^ ) ( y ( b  — s) )^F[u( t,  s) ]dsdt+
J o J y

p a p b
^  / ( x(a — t ) ) “ (y(b — s) )^F[u(t,s) ]dsdt =

J X J у

1 Г/* ® /* ̂
=  aV,>Г(1 +  а )Г (1 +  Р ) [ 1 „  I  — — - ' ) ) ' e [« « , . )K - r f f—

p X py
(x (a—t) ) ^ ( b ( y—s) )^F[u( t,  s ) ] d s d t ^  / ( a( x—t ) ) ^ ( y ( b—s) )^F[u( t,  s) ]dsdt+

J o J o
p a p у

(a(x—t) ) ^ ( b ( y—s) )^F[u( t ,s) ]dsdt^ / ( x (a—t) ) ^ ( y ( b—s) )^F[u( t,  s) ]dsdt—
J x J o

(x(a—t ) ) ^ ( b ( y—s) )^F[u( t,  s) ]dsdt7^ f  (  ( x (a—t ) ) ^ ( y ( b—s) )^F[u( t,  s) ]dsdt—
J o J v

ГУ

fo Jo
PX P у

fo Jo
pa P у
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[  f  {a{x—t))°'{y{b — s))^F[u{t,s)]dsdt+
Jo Jy

{x{a — t))°^{y{b — s)YF[u{t, s)]dsdt (3.10)
! X Jy

In (3.10) the summands are grouped like this: the first, the fifth, the seventh and 
the ninth; the second and the sixth; the third and the eighth; the fourth. We receive

i.{x,y) =
ж“ г/̂ pCi рЪ

/ / [ a — t)°'{b — sYF\u{t,s)\dsdt-
Jo Joa“6^r( l  +  а )Г(1 + /3) Jo Jo

x'^
а“ Г(1 +  а )Г(1 + /3) Jo Jo

6/5Г(1 + а ) Г (1 +  /3)Уо Jo
I ГУ

Г(1 +  а )Г(1 + /3) Jo Jo

n (a — t)°‘{y — sY F [u {t , s)\dsdt—

pX pb

/ / {x — — s)^F[u{t, s)]dsdt+
Jo Jo

(x — t)“ (y — s)^^F[u(t, s)]dsdt. (3-11)

Then we prove that Uq{x,y) =  '̂’u{x,y) Є AC'^(P). Direct computation
results

Uq{x, y) =  ХУ7 ~ ^  “  zYF [u {z ,  T )\d^ d r -

JL

where

( . x - z )  y j  {b-T) l^F[u{z,T) ]dT^dz +  I^‘̂ ’‘̂ ' 'F[u{x,y)] =  A x - A 2 - A 3 +  A 4,

(3.12)

pa pb

7  =  / / {a — t)^{b — s)^F[u{t,s)]dsdt,
Jo Jo

4^ ’^^F[w(x,y)] =  / / { x - t ) { y  -  s)F[u{t,s)]dsdt.
Jo Jo

I f  ф{т) =  / “ (a -  z)°^F[u{z, r)]dz, then ^ 2  =  ^  JJ{t -  T)4>{T)dT.
Since ф { т ) є C([0,6]), then /ô { y  — т ) ф { т ) d т  € Аи([0, b ] ) and by lemma 2.2 A 2 Є 

AC{P) .  It is obvious that Лі,Аз,А 4 є AC{P) .  Consequently, U q { x , y )  € AC{P) .  
Next, prove that DxyUq{x,y) € AC{P) .  Really, by (3.12) we receive

FxyUq ̂

where

I ГУ 1 J® fy
( x , y ) = 7 - — у  ф [r )d т -— J  ф{z)dz + J  J  F[u{t, s)]dsdt,

'ф{z) =  f  (b — t )F [m(z , r)]Jr.
Jo

It is obvious that DxyUq{x,y) € AC{P) .  Consequently, Uq{x,y) Є AC^(P).Applying 
(3.11) we will convince that u{x,u) satisfy boundary-value condition (1.4). In addi­
tion, D^u{x,y) =  Dlyu{x,y) =  F[u{x,y)] for {x,y) Є P.  Theorem 3.1 is proved.
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Theorem 3.2 Assume that function F{x,y,u) : P  x R satisfies conditions 
of theorem 3.1 and Lipschitz condition \F{x,y,u) — F{x,y,v)\ ^  L\u — v\, at that

jl+aj,l+/3
P  = 4а +/ з . г ( і + а )  -Г(1 +  /3)

<  1.

Then in the area P  the unique solution of boundary-value problem (1-3), (1-4) exists. 
P roo f: For u(x,y)  Є C{P )  we define operator Ти

p(x /‘b
T u {x ,y )=  I  I  Ф{х,у] s,t) ■ F(t,  s,u(t, s))dsdt.

Jo Jo

Now prove that T  : C {P )  C{P) .  Let w{x, y) =  Tu{x, y) and 0 <  жі <  ^2 <  a, 0 < 
у  ^ b .  Then

pa pb
\w{x2 , y ) - w { x i , y ) \ ^  M  I  / \G{x2 ,t)-G{xx,t)\-\G{y,s)\dsdt,

Jo Jo

at that ^

[ \G{y,s)\ds= f \G{y,s)\ds-f f \G{y, s)\ds =  Bi +  B2 .
Jo Jo Jy

Applying lemma 2.1 we receive

\{y{b -  s ) f  -  {b{y -  s) f\ ds ^  ^  ^  { {b-y )s fds <Bi =
b^- Т О Р  13)

€
bh ■ F(1

I  P

II +  /3) Jo
y^s^s  =

„/3+1 5/З+ 1

(/3+1)-Г(/3 +  1) ^ F(/? +  2 ) ’

B 2 = bh ■ F(/3 

Consequently,

(b-y)h+^  г,/з+і

Г (/3+1) ^Г (/? +  2)-

[  |G'(2/,s)|ds 
Jo

^  В, В
2bf +̂̂

Г(/3 +  2)-

Now
2M 6^+^ /

w{x2 ,y) -w{xi ,y)\ < ^  Ы  \G{x2 ,t) -G{xi , t )\dtp
Г(/3 +  2) VJo

rX‘1 pb \
+  / \G{x2,t )  -  G{xi,t)\dt +  \G{x2 , t ) -G {x i , t )\d t\  =  K i + K 2 +

Jxi Jx2 J

On application of lemma 2.1 we receive

-^1 ^  a  r n  -I- -I / -  f ) ) “  -  (a ^ l ( «  -  0 Г )  +  ( ( Ф 2 -  t ) ) “  -
a“ -1(1 + a)  Jo

/ / ччачч . 2М Ва“ + (̂гг2 — xi )“ 2MBa ,
-  (a (x i - t ) ) - ) )d t  < -------^14^ 2 - ^i)“ ;a^l (a  +  1) 1 (a  +  1)

АГз.
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i f  2 <
M B

a“  • Г (а  +

rX2
— J  | ( x 2 (a - t ) ) " +  (a i(x2  - i ) ) “  -  ( x i ( a - t ) “ )|A <

Жі

M B
' '  a“  • Г (а  +  1) 

M B

Ks <

So,

rX2
/ ((a  — t)°^(x2 — x “ ) +  a“ (x 2 — t)°^)dt <

J X\
M B

/ ((X2 -  X i)“  +  (X2 -  < —— — (a(x2 -  Xi ) “ +
Л і  l ( a  +  lj

( X 2 - X i ) “ +^ M B  â , / â̂  /  2aMB

 ̂ г ( » + Т Г - Г ( Ї Т ^ ‘ ‘ > ^ f > T T ) '
M B

r ( l  +  a)

а“ Г(1 +  a) Г(1 +  а)

, s . M 5MBaw(X2,yj  -  w ( x i , y j |  <  — — ----- r ( X 2 - X i j  .
Г(1 +  а)

By analogy for 0 ^  <  г/2 ^  b, 0 ^  x ^  6 we receive

ЪМАЬ
|«;(x, уг) -  Уі)| < (У2 - y i Y , A  =

Г(1+/3)

For є >  0, if |xi -  Х2І <  (5, ІУ1 -  У2 І <  d, where

"єГ(1 +  а ) єГ(1 +  /3) 
ЮаМВ ’ 106MA

2a“ +i 
Г(2 +  а)

(5 =  max

then |w(xi, у і ) —w(x2, У2)| <  Є - In theorem 3.1 it is proved that if w(x, y) is the solution 
of integral equation (3.10), then Uq{x, y) Є AC ‘̂ {P). By analogy it is possible to prove 
that Wq{x,y) € AC“{P).

Consequently, the fixed point of operator T  will be the solution of boundary-value 
problem (1.3), (1.4). Next, prove that operator T  : C {P )  —> C{P )  is compressive 
operator. Let Mfc(x, y) є  C{P),Wk{x, y) =  Ти^{х, y),k =  1,2.

Then for (x, y) € P

|wi(x,y) - W 2(a;,y)| <  , ,з7 І|Ці(д̂ . 1/) ~т{х,у)\\с, (3.13)
4а+/3г(і +  а ) Г (Ц - /3)'

Since

|G(x,t)| <
ар bd

-,|G(y, s)| <
4« - Г ( 1 - Ьа ) ’ '” ^ ’̂ “ '̂ 4/5 . Г (1 -b/3) ■

Hereby, from (3.13)

||Тмі(х,у) - T u 2 {x,y)\\c <  p\\u\{x,y) -  U2 (a;,y)||c,

notably operator T  : C{P )  —> C {P )  is compressive operator. Consequently, operator 
T  has the unique fixed point that will be the solution of boundary-value problem 
(1.3), (1.4). Theorem 3.2 is proved.

Conclusion. In this paper was found a sufficient condition for solvability of 
boundary-value problem for differential equation with mixed Riemann— Liouville deriva­
tive of fractional order.
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