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BOUNDARY-VALUE PROBLEM FOR DIFFERENTIAL EQUATION
WITH MIXED RIEMANN—LIOUVILLE DERIVATIVE OF
FRACTIONAL ORDER

Bitiok O. H., Mixaiisienko A. B. KpaiioBa 3agava jua audepeHniajabHO-
ro piBHAHH#A i3 3MimmaHoro noxigHow Pimana—JliyBinaga gpo6osoro nopsiaky. B
pobGoTi OTPUMAHO JOCTATHI YMOBU PO3B’SI3HOCTI KpaltoBoi 3a1adi st nudepeHIiadbHOTO PiB-
HAHHS, 10 MICTHTE MilMany noxinny Pimara-JliyBisas 1po6oBoTo MOPSIKY.
Kiro4osBi cioBa:  miBocToponus 3mimana moxigma Pimana'"— Jliysinns, apobosumit mopsi-
JIOK, TeopeMa iCHyBaHHS Ta €JUHOCTI.

Butiok A. H., Muxaiisienko A. B. KpaeBas 3asavua ajs nudpepeHnnaibHOTO
YPaBHEHUs CO CMeNIaHHOM npou3Bo/Hol Pumana—JInyBunis apoGHOTO TTIOpAIKa.
B paBore monydeHbl HOCTATOYHLIE YCIAOBUST PA3PEIIMMOCTH KPaeBoil 3aiadn s qudepen-
NUAJTLHOTO YPaBHEHUS CO CMeIanHoil mpousBonuoit Pumana-JluyBusis 1pobHOTO TOPSIIKA.
KuaroueBbie cioBa: JeBOCTOPOHHSAS CMelllaHHas Mpon3BofHas PuMmana—Jluysunmnst, 1po6-
HEBIN IOPSITOK, TEOPEeMa CYIIeCTBOBAHUS M eIWHCTBEHHOCTH.

Vityuk A. N., Mykhailenko A. V. Boundary-value problem for differential
equation with mixed Riemann—Liouville derivative of fractional order. In this
paper, we find a sufficient condition for solvability of boundary-value problem for differential
equation with mixed Riemann-Liouville derivative of fractional order.

Key words: left-sided mixed Riemann—Liouville derivative, fractional order, existence and
uniqueness theorem.

INTRODUCTION. Let P = [0,a] x [0,8],0 < a,b <00, >0,8> 0,7 = (a;8),0 =
(0;0). By C(P) we denote the space of continuous functions f : P — R with the norm

I/ (z,y)llc = max |f(z, y)|.

By AC(P) and L(P) we denote the space of absolutely continuous and summable
by Lebesgue functions f : P — R accordingly. The following expression

dolx) = I§P(x) = ﬁ V/Ox(a: — 1) Lp(t)dt,

where I'(-) is the gamma-function of Euler, is called [1,2] left-sided Riemann—Liouville
integral of order «. Let o = [a] + &, n =[] + 1. Then the expression

D58(0) = s () e =0 s
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is called [1, §2,p.42],[2, §1.1, p.9] the left-sided fractional derivative of Riemann—
Liouville of order « of function ¢ : [0, a] — R. Left-sided mixed integral and derivative
of order r are defined as follows [1, §24, p.340]:

Bt = s | “(w = 00 (2, y)de

I{, fla,y) = ﬁ / "y — 9P f(w, $)ds,

fo(z, y) =157 f(a,y) = I5f(z,y) = 18,15, f(2,9) =

// (x —t)* Ly — )P L f(t,s)dsdt,

DEf(a,) = m(;)/(x = f (e )

DS f(x,y) = D§,D§ ,f(z,y) =

_ 1 grtm iy g
T T(n—a) -T(m—p) dz"dy™ // (y —s) f(t, s)dsdt,

where n = [ + 1, m = [8] + 1. Elliptic boundary-value problems with area boundary
conditions are comprehensively studied. First results dedicated to the research of
hyperbolic boundary-value problems with area boundary conditions were obtained in
papers [3-6]. The research of following boundary-value problem

9*z(z,y)
W = F(z,y,2(z,y)), (1.1)
2(i,y) = 2(2,j) = 0,0 < 2,y < 1,4, =0,1 (1.2)

began in [3]. In [8] were established that this problem is equivalent to the solution
of some Fredholm integral equation. Based on this equivalence in [7] the numerical
method of solution of this problem was constructed.

In [9] the conditions of existence and uniqueness of solution of differential inclusion

d*z(x,y)

g0 © F(z,y,2(z,y))

that satisfies the conditions (1.2) were obtained and its properties were studied.
In [6] the following boundary-value problem was considered,

Hu
922047 — Alz,y)u= f(z,y),(0 <z <a,0<y<h),
0%y 0%y
u(0,y) = u(x,0) = 0, m = 20y =0,
z=a y=b
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and for this problem Green’s function G(z,y;t, s) was constructed such that

a pb
u(z,y) :/0 ./o Gz, y;t, 8)f(L, s)dsdt.

Let now 0 < ., 8 < l,p = (1 + ;1 4+ B),g = (1 — ;1 — B). In [10] the following
boundary-value problem were considered

DEu(z,y) = F(z,y,u(z,y), Dou(=z,y)),
ug(2,0) = ug(z,b) = ug(0,y) = ug(a,y) =0,0< z < a,0 <y < b

The sufficient conditions of existence and uniqueness of solution of this problem were
received. The present paper deals with conditions of solvability of the boundary-value
problem

Dgu(z,y) = Flu(z,y)] = F(z,y, u(z,y)), (1.3)
uw(z,0) = u(z,b) = u(0,y) = u(a,y) =0;0 <z < a,0 <y <b. (1.4)

MAIN REsSuULTS.

2. PRELIMINARIES. In this section we introduce notations, definitions and pre-
liminary facts which are used thoughout this paper.

Definition 2.1 ([11]) Continuous function z(z,y) : P — R is called absolutely
continuous if and only if it can be presented as follows

2(z,y) = z1(z) + 22(y) — 2(0,0) // (t, s)dsdt,

where z1(x) € AC([0, a]), 22(y) € AC([0,b]),v(z,y) € L(P).

Definition 2.2 ([1, §1, p.21]) Function u(z) : J — R, J = [a, b] belongs to the set
AC™(), if u®)(z) € AC(J), k =0,n — 1.

Let Dkyu(z,y) = 2550 k=0,1,... (DS u(z,y) = u(z,y)).

By AC™(P) we denote class of functions v(x,y) : P — R such that D v(z,y) €
AC(P),k=(0,n—1).

Lemma 2.1 ([12]) Let 0,04 are any positive numbers and 0 < 7 < 1. Then

o] — o3| < |ow — o2

Lemma 2.2 Let u(z) € AC([0,a]),v(y) € AC([0,b]) and u(0) = v(0). Then
z2(z,y) = ulz) - v(y) € AC(P).
We consider a boundary-value problem
Dy *y(2) = f(2), (2.1)

y(0) =y(a) =0, (2.2)
where f(z) is a measurable function.
For the solution of boundary-value problem we name function y(z) : [0, a] — R, so
that y(z) € C([0,a]), y1—a(z) € AC?([0,a]), satisfies the boundary-value conditions
(2.2) and differential equation (2.1) for almost all z € [0; a.
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Lemma 2.3 ([14]) Let f(z) : [0, a] — R be a measurable function and |f(z)| < M.
Then the solution of boundary-value problem (2.1), (2.2) is represented as follows:

o) = | "G, ) (1)t

_((azt)* (a(z—1))" t<x
a

0L
G(ﬂ?,t) _ [ (a‘EF(ltJ)r)%) » VU X

where

3. Existence of solutions. Consider a boundary-value problem
Dgu(z,y) = w(z,y), w(z,y) € C(P), (3.1)

w(z,0) = u(r,b) = 0,0 < z < a;u(0,y) = u(a,y) =0,0 <y < b. (3.2)

Definition 3.1 Continuous function u(z,y) : P — R, so that uy(z,y) € AC*(P),
satisfies the boundary-value conditions (3.2) and differential equation (3.1) for (z,y) €
P is called the solution of boundary-value problem (3.1), (3.2).

Lemma 3.1 The solution of boundary-value problem (3.1), (3.2) is represented

as follows
u(z,y) / / (z,y;1, s)w(t, s)dsdt,

where ®(z, y;1, ) = G(z,t) - Gy,

(y(b=5))f —(b(y—s))*)
Gly, s) = - bﬂ-l"(1+,8ﬂ) 0 sy,
Y _ (y(b—s)) <s<b
b .1"(1+,3))y X8%0

Proof. Assume that u(x,y) is the solution of boundary-value problem (3.1), (3.2)

and 52
1
v(z,y) = Do fu(z,y) = (1 = B) 352

As u(0,y) = u(a,y) =0 for y € [0, b] then

/Oy(y — 8) Pu(x, s)ds. (3.3)

v(0,y) = v(a,y) = 0,0 <y < b. (3.4)

Take into account that u(z,y) is the solution of boundary-value problem (3.1), (3.2).
Then

Dyu(z,y) = Dy~ DytPu(z, y) = Dytio(z,y) = w(z,y), (z,y) € P.
Consequently at any fixed y € [0, b] function v(z, y) is the solution of the equation
Dy o(,y) = w(z, y). (3.5)

Under lemma. 2.3 the solution of boundary-value problem (3.5), (3.4) is represented
as follows

v(z,y) = /: Gz, t)w(t,y) = 6(z,y),y € [0,b]. (3.6)
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From (3.3), (3.2) it follows that at any = € |0, a]
Dyt Pulz,y) = 8(z,y), (3.7)

uw(z,0) = u(z,b) = 0. (3.8)

Thereby w(z,y) under lemma 2.3 can be presented as follows

w) = [ Gy, )3(e,5)ds — / "Gl ([ ettt ) as -
_ /O /Obq)(x7y;t7s)w(t7s)dsdt.

Consider a boundary-value problem (1.3), (1.4). The solution of this problem is such
a continuous function u(z,y) : P — R that uy(z,y) € AC?*(P) and that satisfies the
condition (1.4) and differential equation (1.3) for (z,y) € P.

THEOREM 3.1 Suppose that function F(z,y,u) : P x R — R is continuous and
| F(x,y,u)| < M. Then boundary-value problem (1.3), (1.4) is equivalent to the inte-
gral equation

u(z,y) // (2,431, ) F(t, s, ult, s))dsdt. (3.9)

Proof. Let u(x,y) € C(P) be solution of boundary-value problem (1.3), (1.4).
Then Flu(z,y)] € C(P) and according to lemma 3.1 u(x,y) is represented by (3.9).

Suppose now that «(z,y) € C(P) is the solution of integral equation (3.9) and
let’s prove that w(z,y) is the solution of boundary-value problem (1.3), (1.4). For

(z,y) € (0,a) x (0,b)

o) = e L) (eta= 0% = (ale =00 (6o - 97

—(b(y — s))ﬁ) Flu(t, s)]dsdtJr/a /Oy(x(a—t))o‘ ((y(b — )" — (b(y — s))ﬁ) Flu(t, s)]dsdt+

/ / (a—1))* — (a(z — 1)) (y(b — )P Flu(t, s)|dsdt+

[ [ tta 00t - 9 Pl s -
s | e 00 - 9y Pl olasa-
~ [ [ wtamt 0= Flute lasie= [ [ tate—0)u0-9) Flute, ) asar
+ [ [ wtanr syt asars [ [ w2 w9y Rt s
- [ [ ety ot Flut sjasazs [ / (a=0)"(y(b=5))" Flutt, o)]dsdt -
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x b
- / / (alz — 1)) (u(b — 5))PFlu(t, s)|dsdi-+

// (@ — )% (y(b — )P Flu(t, s)|dsdt (3.10)

In (3.10) the summands are grouped like this: the first, the fifth, the seventh and
the ninth; the second and the sixth; the third and the eighth; the fourth. We receive

2%yB
u(z,y) = FEEING] +Z GET) / / (a—)*(b— s)PFlu(t, s)|dsdt—
fr ot a Yy a—1)° —s B w s sct—
aa[‘(1+a)1'\(1+6)'/0 /0 ( t) (y ) F[ (t, )]d dt
yﬁ z b . p
_bﬁl"(l + a)[(1 4 p) '/O '/O (:C —t)*(b— 3) F[u(t, S)]dsdt+

1 z ry N 5
+I‘(1 T )T+ B) /o /0 (x —1)*(y — s)" Flu(t, s)]dsdt. (3.11)

Then we prove that uy(z,y) — Is' *' Pu(z,y) € AC2(P). Direct computation
results

T

ug(e,y) = ayy — — Oy(y -7) ( /0 a(a — Z)O‘F[u(z,T)]dz> dr—

x b
_b%/o (z—2) (./0 (b —T)'BF[u(Z,T)]dT> dz+Ié2;2)F[u(x,y)] =A—Ay— A3+ Ay,
(3.12)
where

a b
— a—1)%b— )P Flu(t. s)|ds
Y /O / (a— t)(b — )P Fluft, s))dsdr,

I‘gz;Z)F[u(:E7 o) = /@ /y(x —t)(y — s)F[u(t, s)|dsdt.

If ¢(r fo a— z)*Flu(z,7)]dz, then Ay = = foy (t — 7)o(r)dr.

Smce $(7) € C([0,b]), then [ (y —7)¢(7)dr € AC([0,b]) and by lemma 2.2 A, €
AC(P). Tt is obvious that A1,A3,A4 € AC(P). Consequently, u4(z,y) € AC(P).
Next, prove that D, uq(x,y) € AC(P). Really, by (3.12) we receive

Daytig(z,y) 'y——/qﬁ dr——/¢ dz+//F[uts]dsdt

where
b
#(2) = [ = Flute,r)ar

It is obvious that Dyyuy(2,y) € AC(P). Consequently, uy(z,y) € AC%(P).Applying
(3.11) we will convince that u(z,u) satisfy boundary-value condition (1.4). In addi-
tion, Dhu(z,y) = Dgyu(x,y) = Flu(z,y)] for (z,y) € P. Theorem 3.1 is proved.
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THEOREM 3.2 Assume that function F(z,y,u) : P X R — R satisfies conditions
of theorem 3.1 and Lipschitz condition |F(z,y,u) — F(z,y,v)| < Llu —v|, at that

a1+ab1+ﬁ . L
p= < 1.
4018 . T(14+ ) - T(1 + B)

Then in the area P the unique solution of boundary-value problem (1.8), (1.4) exists.
Proof: For u(z,y) € C(P) we define operator T

a pb
u(z,y) = /0 '/O b(z,y;s,t) - F(t,s,ut, s))dsdt.

Now prove that T': C(P) — C(P). Let w(z,y) = Tu(z,y) and 0 < 71 < 72 < 6,0 £
y < b. Then

(2, ) — wlas,y)| < M / / IGa2,t) — Gz, 1)] - |Gly, )| dsdt,

at that

b Y b
/ Gy, s)lds — / Gy, 5)|ds + / Gy, 9)lds = By | By.
0 0 Yy

Applying lemma 2.1 we receive

1 y
b—s) - —s)Pds
yﬁJrl ph+1 ’
S (1+5)/ V= ) T S T
B 1 b 5 1 b g 7(b—y)ﬁ+1 pBs+1
B = iy J, WO < |, 0= Sy < vy
Consequently,
’ G ds < B,B= 207
~/0| (y,s)lds < B, *m~
Now 1 .
o) o, )] < pgtos ([ 160 - Gl

€T b
+/ IG(ﬂfz,t)—G(331,t)|dt+/ |G(22,t) — G(z1,t )|dt) =K1+ Ko+ K.

1

On application of lemma, 2.1 we receive

K< —M ) /Il(((mz(a—t))a—(xl(a—t))a)ﬂ(a(w—t))“—

aO‘I‘(lJra 0

o 2MBa*t!(zy —21)*  2MBa o
~(ater oy < BB nt B
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Ko € oy L Il 0)7 4 (arfen = 07— (mala— 1)) <

MB 2
—_— — @ [ 2o a _ o <
SE Tt / ((a —)%(2§ — 29) + a®(z2 —)*)dt <

MB [* N ) MB
<m/z ((zg — 1) + (2 — 1) )dtﬁm

(ZEQ —xl)thl < MB 2aM B .

(a(zg —21)%+

1

PRGN ) <
T Tern “Tlta (alzs = 21)" + al2: = 21)%) S /3y
MB @ MBa MBa
<— [o e _tadtg_— a_ag— _ Ol.
< sy L 78 D e < (e o) < g (72
So,
5M Ba
- < —— " (29— 1)
lw(@2,y) — w(z,y)| < T+ o) (z2 — 1)
By analogy for 0 < y1 < y2 < b,0 < 2 < b we receive
5M Ab 2q0F1
— —— (yy—y)!, A= — .
|w($7y2) ’LU(ZE7y1)| F(1+ﬁ) (yQ yl) P F(2+OZ)

For & > 0, if |x1 — 22| € 6, |y1 — y2| < 9, where

B M1+ a) eI(1+48)
5‘”““( 10aMB ° 10bMA )

then |w(z1, y1)—w(z2,y2)| < . Intheorem 3.1 it is proved that if u(zz, y) is the solution
of integral equation (3.10), then u4(z,y) € AC?(P). By analogy it is possible to prove
that wy(z,y) € AC?(P).

Consequently, the fixed point of operator T' will be the solution of boundary-value
problem (1.3), (1.4). Next, prove that operator T' : C(P) — C(P) is compressive
operator. Let ug(z,y) € C(P),wi(z,y) = Tu(z,y), k= 1,2.

Then for (z,y) € P

Laott . pBtt
— < — .
|’ll)1($, y) w2($7 y)l = 40t+5]_—‘(1 -+ a)F(l + ﬁ) ”Ul(flf, y) ’11;2(277 y)”C7 (3 13)

since
a® b8

< . —
|G($,t)| ~ 4o . 1—\(1 4 a)7 |G(y7 S)l ~= 4[3 F(l +ﬁ)
Hereby, from (3.13)

1Tu1(z,y) — Tuz(z,y)lle < pllui(z, y) —w2(@,y)lle,

notably operator T' : C(P) — C(P) is compressive operator. Consequently, operator
T has the unique fixed point that will be the solution of boundary-value problem
(1.3), (1.4). Theorem 3.2 is proved.

CONCLUSION. In this paper was found a sufficient condition for solvability of
boundary-value problem for differential equation with mixed Riemann—TLiouville deriva-
tive of fractional order.
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