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CONSISTENT QUANTUM APPROACH TO QUARKONY ENERGY SPECTRUM 
AND SEMICONDUCTOR SUPERATOM  AND IN EXTERNAL ELECTRIC 
FIELD 

The problems of calculation of the bound states energies for semiconductor superatom (spherical 
nucleus of some semiconductor material that is selectively doped by donors; it is surrounded by the 
intrinsic matrix from material with low band gap) and heavy quarkony in external strong electric field 
are  considered.  Ab initio effective potential approach in combination with the operator  perturbation 
theory method is used in calculation. 

In last years studying  behaviour of the mesosys-
tems such as  superatom and 1D super-lattice attracts, 
exciton, bi-exciton complexes, elementary atomic 
systems etc. in external electric and magnetic field 
attracts a great interest (c. f. [1–5]). Superatom rep-
resents the spherical nucleus of some semiconductive 
material, that is selectively doped by donors and sur-
rounded by the intrinsic matrix of material with low 
band gap. All these systems can be calculated on the 
basis of the same unified quantum mechanical method. 
In this paper we  consider  the corresponding method 
(energy approach) in order to carry out the accurate 
calculations of the energy characteristics for systems 
above cited. Earlier we have developed the  accurate 
consistent methods for calculation of properties of 
such systems (c. f. [5, 6]), in particular, relativistic per-
turbation theory with effective potential of the zeroth 
order (energy approach), ab initio quasi-particle den-
sity functional formalism (Dirac-Kohn-Sham-Ivanov 
schemes).  The main purpose of this work is to make 
more exact the data regarding the energy character-
istics of the quarkony and semiconductor superatom 
systems. We will use these approches, namely, ab ini-
tio effective potential approach in combination with 
the operator Glushkov-Ivanov perturbation theory 
method [7] as basis for formulation of the correspond-
ing theory cited systems in an external strong electric 
and magnetic field. Let us note that earlier we gave the 
preliminary estimates for cited characteristics [12]. 

2. Let us start from considering  superatom [3–5]. 
In the zeroth approximation we use usually the ef-
fective ab initio model functional, constructed on 
the basis of the gauge invariance principle [6]. The 
zeroth order basis is generated by the solution of the 
Dirac equation with spherically symmetric potential 
that includes the potential of ionized donors, the Di-
rac-Fock-Kohn-Sham functional. The relativistic 
Dirac equation can be written in the central field in 
a two-component form as follows (reltivistic units are 
used):
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where F and G are the big and small components of 
the Dirac wave function, &.— energy, r – distance from 
center of nucleus, other designations are standard. Ef-
fective potential V(r) for super atom is supposed to be 
by the spherically symmetric and has the following 
form:
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where ro is the nuclear radius, V0 is the positive overfall 
of minimums of conductivity zones for nucleus and 
matrix; /(x)=0, x<0 and =1 if x>0; VN is a potential 
of the ionized donors; VH, VXC are the Hartree and ex-
change-correlation potentials. The shape of potential 
(2) is presented in the fig. 1. 

Fig. 1. The shape of potential (2) (see text)

The next sep is an account the external electric 
filed potential. As it is well known, external electric 
field shifts and broadens the bound state atomic levels. 
The standard quantum-mechanical approach relates 
complex eigen- energies (EE) E=Er+0,5iG and com-
plex eigen-functions (EF) to the shape resonances [6]. 
The calculation difficulties in the standard quantum 
mechanical approach are well known. In Glushkov-
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Ivanov paper [6,7] it has been developed a consistent 
uniform quantum — mechanical approach to the non-
stationary state problems solution including the Stark 
effect and also scattering problems. The essence of the 
method is the inclusion of the well-known method of 
“distorted waves approximation” in the frame of the 
formally exact perturbation theory. In the case of the 
optimal zeroth order spectrum, the PT smallness pa-
rameter is of the order of G/E, where G and E are the 
field width and bound energy of the state level. It has 
been shown that G/E 01/n even in the vicinity of the 
"new continuum" boundary (n is the principal quan-
tum number). This method is called as the operator 
PT (OPT) [6,7]. It is very important to note that the 
hamiltonian H0 is defined so that it coincides with the 
total Hamiltonian H at & 1 0 (& is the electric  field 
strength; potential is -z&). 

The Dirac equation for the electron function with 
taking into account the uniform electric field and the 
field of the nucleus: 

[( cp – 2mc2 – V(r) + & z – E] 3 = 0. (3)

Here E is the electron energy. The key moment 
of the further considering is to establish coupling 
between basis of functions of the zeroth approxime-
tion (eq. (1)) in the spherical coorrdinates and cor-
responding basis in parabolic co-ordinates. According 
to standard quantum defect theory for multielectron 
systems with the separated closed shells core and ex-
ternal quasiparticles, relation between quantum de-
fect value 4l, electron energy E and principal quantum 
number n is: 4l=n-z*(–2E)-1/2. In an electric field all 
the electron states can be classified due to quantum 
numbers: n, n1, n2,m (principal, parabolic, azimuthal: 
n = n1+ n2+m +1). Then the quantum defect in the 
parabolic co-ordinates 5(n1n2m) is connected with the 
quantum defect value of the free (&=0) atomic system 
by the following relation [7]:
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Naturally, it is possible to use more complicated 
forms for the ion core potential. Equation 95) gives 
the recept of coupling between basis of functions of 
the zeroth approximation (eq. (1)) in the spherical 
coordinates and corresponding basis in parabolic co-
ordinates. 

3. The next key moment is connected with ac-
count of the correlation corrections to energy. It can 
be done by means relativistic density functional for-
malism and QED perturbation theory (c. f. [6, 8, 12]). 
This approach allows accounting all correlation cor-
rections of the perturbation theory second order and 
also a contribution of the high orders diagrams (par-
ticle-hole interaction, mass operator iterations etc.). 
It is very important to note that the nuclear diameter 
in the superatom is compared with the general size of 
system and a singularity in the coordinates center is 
absent in contradistinction of the heavy atom. That 
is why, the levels with large angular moment become 
more energetically profitable. In ref. [5, 12, 13] it 
has been carried out a calcualtion, which has  shown 
for  superatom (nucleus: Al0,35Ga0,65As; nuclei charge 

Z=20; nucleus radius: 175A; matrice: GaAs) that the 
configuration 1s22p63d102f 2 is corresponding to the 
ground state of system. The calculation of the supera-
tom system (superatomic nucleus Al0,35Ga0,65As; nucle-
ar charge Z=20; matrix: GaAs; radius of the nucleus: 
125A) was carried out and obtained the correspond-
ing sequence of energy levels 1s22p63d102s2 . With other 
parameters (radius of the nucleus 170A and Z=20) 
the ground state of system is corresponding to another 
configuration 1s22p63d102f 2. The superatomic radius is 
estimated 351A. It is clear that the properties of the 
superatom can be changed according to the shape of 
potential (2). It is obvvious that these properties can 
be essentially changed in a presence of external field. 
The preliminary estimate shows that the Stark shift 
for the considered super atom in DC external electric 
field (strength 0,001 atomic units) is 0,15 meV. 

4. For heavy quarkony the corresponding theory 
has the same form, excepting only the numerical pa-
rameters of corresponding effective potential. Earlier 
in ref. [5] we presented the results of calculating the 
energy splitting for quarkony with the use of the dif-
ferent forms of potential [9–11]. We have also carried 
out the energy splitting calculation for quarkony sys-
tem with the use of the different forms of potential.  
In the zeroth limit for E(2s)-E(2p) the more exacted 
value is 830 MeV under m(Q)=45 GeV. If r78, the 
2s-2p and 2s-1s splitting results in ~145 MeV. Espe-
cial interest attracts behavior of the value:
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under m(Q)=45 GeV (this value is obtained in a case 
of the use of the potential : V(r)~1/rLn(Ar) when r7
0 and V~ar when r7oo; A=0,1 GeV and a=0,2 GeV). 
These properties can be essentially changed in a pres-
ence of the strong external electric or magnetic field.

5. So, we present here a consistent quantum ap-
proach to calculation of the bound states energies for 
following systems: superatom (spherical nucleus of 
some semiconductor material that is selectively doped 
by donors; it is surrounded by the intrinsic matrix from 
material with low band gap) in weak external electric 
field and more exacted data for heavy quarkony. As 
it has been indicated earlier a consideration together 
such different physical systems as semiconductor su-
peratom and heavy quarkony is connected with a fact 
that the mathematical structure of the master equa-
tions is practically the same, excepting surely the en-
ergy parameters of the corresponding effective poten-
tials.
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ÏÎÑËÅÄÎÂÀÒÅËÜÍÛÉ ÊÂÀÍÒÎÂÛÉ ÏÎÄÕÎÄ Â ÒÅÎÐÈÈ ÊÂÀÐÊÎÍÈß È ÏÎËÓÏÐÎÂÎÄÍÈÊÎÂÎÃÎ ÑÓÏÅÐ-
ÀÒÎÌÀ ÂÎ ÂÍÅØÍÅÌ ÝËÅÊÒÐÈ×ÅÑÊÎÌ ÏÎËÅ 

Ðàññìîòðåíà ïðîáëåìà ðàñ÷åòà ýíåðãèé ñâÿçàí íûõ ñîñòîÿíèé ñèñòåì: òÿæåëîãî êâàðêîíèÿ è ïîëóïðîâîäíèêîâîãî ñóïåð-
àòîìà (ñôåðè÷åñêîå ÿäðî ïîëóïðîâîäíèêîâîãî ìàòåðèàëà, ëåãèðîâàí íîãî äîíîðàìè è îêðóæåííîãî áåñïðèìåñíîé ìàòðèöåé 
èç ìàòåðèàëà ñ ìåíüøåé øèðèíîé çàïðåùåííîé çîíû) âî âíåøíåì ñèëüíîì ýëåêòðè÷åñêîì ïîëå. Ìåòîä àb initio ýôôåêòèâ-
íîãî ïîòåíöèàëà â êîìáèíàöèè ñ îïåðàòîðíîé òåîðèåé âîçìóùåíèé  èñïîëüçîâàí äëÿ ðàñ÷åòîâ. 
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ÏÎÑË²ÄÎÂÍÈÉ ÊÂÀÍÒÎÂÈÉ Ï²ÄÕ²Ä Ó ÒÅÎÐ²¯ ÊÂÀÐÊÎÍ²Þ  ÒÀ  ÍÀÏ²ÂÏÐÎÂ²ÄÍÈÊÎÂÎÃÎ ÑÓÏÅÐÀÒÎÌÓ Ó 
ÇÎÂÍ²ØÍÜÎÌÓ ÅËÅÊÒÐÈ×ÍÎÌÓ ÏÎË²

Ðîçãëÿíóòî ïðîáëåìó ðîçðàõóíêó  åíåðã³é çâ’ÿçàíèõ ñòàí³â ñèñòåì: âàæêîãî êâàðêîí³ÿ òà ñóïåðàòîìó (ñôåð³÷íå ÿäðî ï³â-
ïðîâîäíèêîâîãî ìàòåð³àëó, ëåã³ðîâàíîãî äîíîðàìè òà îòî÷åíîãî áåçäîì³øêîâîþ ìàòðèöåþ ç ìàòåð³àëó ç ìåíüøåþ øèðèíîþ 
çàáîðîíåíî¿ çîíè) ó çîâí³øíüîìó ñèëüíîìó åëåêòðè÷íîìó ïîë³. Ìåòîä àb initio åôåêòèâíîãî ïîòåíö³àëó ó êîìá³íàö³¿ ç îïåðà-
òîðíîþ òåîð³ºþ çáóðåíü âèêîðèñòàíî äëÿ ðîçðàõóíê³â.


