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EXPONENTIAL SUMS OVER G;‘m [x,y, 2]
Bansc JI., Bapb6auens II. Tpuronomerpuusni cymu Hang Gpm|z,y,z]. Posris-

naeTbes 3acrocyBanus Meromy C. Xyl a1t moOyHoBU OIIHOK TPUTOHOMETPUYHUX CyM Ha
arebpaldHOMY MHOTOBHJII HaJ KiHIeBUM mosieM. OTpuMaHa HETPUBIAJIbHA OIIHKA TPUTOHO-
METPUYHOI CyMU 3 PaIliOHAJBHOI (DYHKIIIEIO BiJl TPHOX 3MIHHUX HAJI KiJIbIEM KJIACIiB BUYETIB
3a MojyJIeM P’ B KiJIbIll IIMX TayCOBUX YUCEJI.

KurouoBi cioBa: xinrese noste, ajarebpalaHuii MHOTOBU/I, TPUTOHOMETPUIHI CyMH.

Basnsic JI., Bapbasner II. Tpuronomerpudeckue cymmsl Hag Gpm [z, y, z]. Pac-
cMaTpuBaercs npuMmenerue metona C. Xy [yl MOCTPOEHUsT OIEHOK TPUTOHOMETPUIECKUX
CyMM Ha aJredpamdeckoM MHOrooOpa3my HaJ KOHEYHBIM mojieM. [lomydena mHerpuBraabHas
OIEHKA TPUTOHOMETPUYECKONH CYMMBI C PAIMOHAJIBHON (DYHKIMEH OT TPEX IMePEMEHHBIX HaJl
KOJIBIIOM KJIACCOB BBIYETOB 110 MOJIYJIIO D' B KOJIBIIE IEJIBIX I'ayCCOBBIX YUCEI.

KiroueBsle ciioBa: KOHeEYHOe 10JIe, ajrebpandeckoe MHOroobpas3ue, TPUrOHOMETPHIeCKUe
CYMMBI.

Balyas L., Varbanets P. Exponential sums over Gpm[z,y,2]. There is consid-
ered the application of C. Hooley method to construct the estimates of exponential sums on
algebraic variety over the finite field. We obtained a nontrivial estimate with the rational
function on three variables over the ring of residue classes modulo p™ in the ring of Gaussian
integers.
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INTRODUCTION. Analytical number theory has enormously profited from the es-
timates of exponential sums of the form

2miTr(f(x))
f(@)=0

where F, is a finite field with ¢ elements, ¢ = p™, p is an odd prime number, f(zx)

and g(z) are polynomials from F,[z]. Tr as it usually is the absolute trace mapping
from I, into IF,, i. e.

Tr(a)=a+ozp+ap2+...+ap eF,.
The exponential sums (1) are related to special sums associated with zeta- or L-
function. The last ones are determined by algebraic variates V', defined by polynomial

(x) over the finite field. In particular, for

fl@)=a-z=a1x1+ ... + apty, o; €Fg,
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the corresponding zeta-function ((¢, V') has the following form

- Se(a) 4

{=1

B. Dwork [6] proved that ((¢t,V) is a rational function M) where h,g € Plt],

g(t)”

27

P=Q (e » ) Moreover,
Tro(Tr(az))
.f el e ¢ ’ ‘
Se(a) :== E e z =Wt F Wy, W e Why ks (2)
€V,

where T'r¢ is the trace from Fg. into I, wi_l, i = 1,...,k; (respectively, w,;lﬂ,

j=1,...,ko) are the roots of g(t) (respectively, of h(t)).

The complex numbers w; are called the characteristic roots of the sum S;.

In 1948 A. Weil [10] showed for n = 2 that k1 + k2 < d —1 with d = deg ¢(z) and
Jw;| = q%.

In case, when n > 3, P. Deligne [4] proved that for every j = 1,2,...,k; + ko, the
following equation

m;
J

lwil =p7=", m; e NU{0}

takes place. Furthermore, for every w; all its conjugates over Q have the same mod-
ulus.

E. Bombieri [2] (see, also C. Hooley [8]) got an estimate for the number of charac-
teristic roots in terms of a degree of the variety V and deg ¢(x). But the hardest prob-

lem in the estimation of the sum (1) is a problem of a determination of max m;.
1<j<ki+kz

For n =3 C. Hooley [8] (see, also B. Birch and E. Bombieri [1], O. Hunyavy and
P. Varbanets [7]) obtained the valuations of maxm; in certain cases.

In this paper we get the estimate of the sum (1) for n = 3 in special case. Our
main methods in the construction of the estimate of (2) are based on the work of C.
Hooley [8].

We proved the following theorem.

Theorem 1. Let fi(x,y,z2), fo(z,y,2) € Fylz,y,2], ¢ = p™. Let us define
the wvariety V' by the polynomial f1(x,y,z). And all the solutions of the equation
fo(z,y,2)=7, 7 € ¥y, relative to z, belong to the field of rational functions Fy(x,y, z),

e zj = %, j=1,....0 If for all T € ¥y, except O(1) of their values, the

polynomials fs;(x,y, z) are absolutely irreducible polynomials modulo p, we obtain the
estimate P .
.Tr x,Y,z
Z 627”'72? <q
(z,y,2)EV
with constant in the symbol "< depending only on the degree of the polynomials f,
and fo.

In particular, for ¢ = p?, p = 3 (mod 4), we take into account that a residue class
ring modp in G forms the field G, with p? elements, moreover, Tr(u) = Sp(u) for
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u € G. Therefore, we can apply Theorem 1 for the construction of estimates of the
exponential sums of the form

omi S (2, y)+vz)
e P s

z,y,2€Gp
¢(z,y,2)=0 (mod p)
where F(z,y) is a rational function over G.
In this work we get the estimate of the sum

9 iSp(wm+[327/+'wZ)
S(a, B,7:p™) = > " ” (3)
,y,2€Gpm
zyz=1 (mod p™)
with the help of Theorem 1.
Theorem 2. Let o, 3,7 € Gpm, p=3 (mod 4), m € N, (y,p) =1. Then

p? if m=1,
N(p™) if m=2my,
if mo=2mg+1
and a=0 (mod p™),
Np™N(@p»©) if m=2mo+1, vy(a) =mo+vo<m

Nl Njw

S, B,7;p™) <

2
<
2

with the constants in the symbol "< ”, which doesn’t depend on p and m.

NoTATION. We will use the following notations:
o G:={a+bila,beZ, i*=—1};
e for a € G we denote Sp(a) = 2R(a), N(a) = |a|?;

e Gpm (respectively, G.) denotes the complete (respectively, reduced) system
of residues modulo p™ in G, m > 1;

e > (respectively, > ) means the summation over complete (respectively, re-
((iel)lced) system of iée)sidues modulo ¢ in G;

e we denote by I, a finite field with g elements, ¢ = p", r € IN;

e by f < g (f = O(g)) for z € X, where X is an arbitrary set on which f
and ¢ are defined, we mean that there exists a constant C' > 0 such that
|f(x)] < Cg(x) for all x € X;

o I [X] (or G[X]) denotes the ring of polynomials over I, (or G);
2mi )
o em(t)=e""P"  te G

o y,(a) = v if p¥l|a.

AUXILIARY ARGUMENTS. We will apply some auxiliary lemmas.
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Lemma 1 (A. Weil [10]). Let I(¢) be the number of the solutions of the equa-
tion ¢(z,y) = 0 in the field F,, ¢ = p", where ¢(z,y) is an absolutely irreducible
polynomial modulo p, deg ¢ = £, with the coefficients from IF,. Then we have

[I(p) —p"| < A(0)p2,
where a positive constant A(L) doesn’t depend on p and z.

Lemma 2 (E. Bombieri — H. Davenport [3]). Let ¢; and z; be complex numbers,
|zj] =1, z; # +z; withi# j, j =1,...,u. Then the following estimate takes place

2

=
z=1 (mod 2) |1<<p 1<j<p
Lemma 3 (Deligne [4], [5]). For the characteristic roots w; we have the equality
wil =q 2, m; e NU{0}, j=1,....k.

Moreover, all conjugates with w; over Q have equal modules (number m; is called the
weight of root w; ).

Lemma 4. The following relation is true:

Z i Lrlas) N(p™), if a=0 (modp™),
e P = .
0 otherwise.
xerm
Lemma 5. Let f(z) = Ajx+Asz®+p(Asx®+--+) and g(x) = Biz+p(Bax®+---)
be polynomials over Z, and let vy(Az) =v >0, vp(4;) > v, j=3,4,...; (B1,p) = 1.
Then for v < m, m > 2 the following estimates

: f(x)
§ : 627rz P

TER,

_ pm;u’ if vp(Ar) > v,
0, else.

f(@)+g(@ 1)
Z 6271'1 p‘fn §4p%
TER}

hold.
For the proof see [9].
MAIN RESULTS. In this section we will prove Theorem 1 and Theorem 2.
Proof. 1Let us prove Theorem 1.
Without restricting the generality, we may put f;(z,y,7) = £ # 0, where £ is a

constant. Let Ni(7) be the number of the solutions of the system of equations for
(&n,Q) € ]ng so that

fl(gv’r]aC) =T :07 f2(€7777<) =0.



Ezxponential sums over Gpm [z, y, 2] 85

We put
— 1
Nk = q7k Z Nk(T).

TG]Fqk
For a nontrivial additive character 1 from the field IF x we have
> ¢(u)=0.
uquk
Thus, for i = 1,2
2miTr(fa(2,y,2))
Su(fifo) = > e :

2,y,2€F 1
fa(x,y,2)=0

where T'r is an absolute trace from IFx into If),.
That is why for every u € ]FZ’“ the following relation is true

S(pfi, f2) = D> Ne(n)(ur) = > (Ni(r) = Ne)v(ur).
TE]Fqk TE]Fqk
So, for the second moment of Sy we get
My, = M(f1, f2) == Y |S(ufr, )P =
ue]F;k

= Z Z (Nk(Tl)—Nk)(Nk(Tz)_Nk)ew:

;LG]F;k T1,72€F

= (@"=1) D (N(r) = N> = > (Ne(m1) = Na)(Ni(r2) — Ny) x

TE]Fqk T1#T2
% Z e27-riTr(u}(77-1—7-2)) _
,ue]F;,C
=¢" > (Nu(r) =Np)? = > (My(n1) = Ni)(N(r2) = Ny) =
TG]Fqk Tl,TQE]Fqk
2
=¢" Y (M) = Np)* = | Y (Nk(r) = Ny) | =
TE]Fqk TE]Fqk,
=¢" > (Ni(r) = Ny)? =
7'E]Fq;C
=¢" > (Ne(r) = ") =P (Ne — ") <" > (Ni(r) — ")
TE]Fqk TEFqk

¢
It is obvious that Ny(7) = > Ny, (1) + O(¢"), where Ny, (7) is the number of
j=1
the solutions of the equation

f2(€anvzj(€’n7<)) =0.
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Indeed, let us put

4
V= {(IL’,y,Z) € ]ij |f2(IL’,y,Z) - 0} = U V}‘,

j=1

where V; = {(Jc,y,z) € ng |f2(x,y,zj) = O}.
Furthermore, we obtain inequality

14

SV, f2) =Y SV f)| < > S(VinV;,0)=0(¢")

Jj=1 1<51<ja<e

with the constant in the symbol ”O”, which depends on ¢. Here,

Vi ={(&n) €Fyr | fa(&m,2i(1)) =0} .

But under the hypothesis of theorem the polynomial f2(§, 7, z;(§,n, 7)) = f3(€,n,7)
is absolutely irreducible modulo p for all 7 € I, except O(1) of their values.

As far as Ni(7) = O(q") in all cases (the constant in the symbol O” depends
only on the degree of fs(x,y,z)) we use Lemma 1 (separating exceptional values of
7) and get

Mp=q" Y (0(¢%)*+4" - 0(1) - O(¢*) = O(¢™). (4)
TE]Fqk
Now, if
Sk(,UJOZ,,UJB,MV) = wlf,u +o = wZ’u,v we ]F;;k7

the characteristic roots wj ., and w;,, puv € Fly, are conjugated over @ (¥/1). In view
of Lemma 3 their modules are equal and don’t depend on y and v.

Let q%, with N >0, N € Z, be the maximum of |w;|, j =1,...,¢.

If N < 2, it immediately follows that Si(c,3,v7) < ¢*, and, in particular,
S(a, 8,7) < g. In this case the theorem is proved.

That is why we suppose that N > 3. Let ¢y, be the number of w;, j =1,...,,
for which |w;| = ¢* . Thus we have

k k E(N—1)
Sk(pa, pB, py) = wy , + ...+ Leywy, . + O (q 2 ) ;

where |w; ,| = q% and wj, ;o # Twj, u for J1 # J2, b1, ..., Ly, are integers and on of
them at least isn’t equal to zero. If this is not true, we consider such wj, for which
N-1 . I . N
lwj| = ¢~z , and so on. (It is known the contribution of w; with |w;| = ¢z has the
value of zero).
It is clear that

kN k(N—-1)
Sk(po, pBopy) = q2 (02f , + ...+ leyzg, ) + O (q 2 ) , (5)
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where z; ,, are complex numbers, |z; .| =1 and z;, , # £2;, . for j1 # jo.
Now it follows from (5)

g N My, B,7) = D Sk(pa, uB, )P >
;AE]FZk

_ _k
>q NN [Sk(pe B )P = D 0zt o+ a2, P+ O (ql z) .
HEE?,, pEF;
Using Lemma 2, we get
1 2 1 1
Sk X laderosnchf=om o (gt ),
ner?: k<2R
k=1 (mod 2)

and it means

(@=D @+ +G) =3 lm |, [ =
HEF; k=1" (mod 2)

= “lim k k 2
N ;F:* ngréoﬁ k;R |€1Z17H+"'+€50Z€o,ﬂ| =0(1).
e k=1 (mod 2)

Finally,
(=13 +...+6,)=0(1) (6)
But the last equality is true only in the case, when ¢ = O(1). So, for all ¢ > K,

K is an enough large constant, the maximum of |w;| is equal to ¢ or less than q. It
immediately follows that

Sk(aa 577) < qu
and, in particular, S(a, 8,7) < q.
The theorem 1 is proved. |

Proof. We will use Theorem 1. with the conditions

fi(e,y,z) = ax + By +vaz,
fZ(xvyvz) =Yz — ]-7
o, B, v€G, (v,p)=1

In view of the fact that residue classes modulo p, p = 3 (mod 4), in the ring

of Gaussian integers form the field G, with p? elements, we will verify feasibility of

conditions of Theorem 1 for ¢ = p?.

From the equation ax + Sy + yrz = 7 we have
T — ax — By?

2= TP and fo(ey.2) =y My(r - om - 5y,

If we want to demonstrate the fact of absolute irreducibility of o7 (z,y) = v 'y(r—
—ax — By~1), it suffices to show that the system of algebraic equations
OF oF oF
— =V, — = 0’ _— = O
or oy
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has no solutions. Here F(x,y,w) = w? (7_17% -yt — 7_163)—?,,) .

We have the system of equations

v lw? —ayTlaw = 3771 By? = 0,
aytyw =0,
2y lyw —ayTlzy =0

with the condition z,y € IF,.

It follows that for = 0 this system has no solutions, i.e. exceptional values of
doesn’t.

Let us o # 0. Then from the second equation of system it follows that for y # 0
this system also has no solutions.

So, we can apply Theorem 1. Hence, for m = 1 the statement of Theorem 2
proved.

For m > 1 we will consider two cases:

i) m = 2mg, mg € N,

i) m=2mo+1, m+0ecN.
In case m = 2mg we put

X = Xo(1+p™X1), Y =Yo(1+p™Y)), Xo,Yp € Gy, X1,Y1 € Gpmo.
Then the condition XY Z =1 (mod p™) gives
Z=X"'Yv =XV M1 - p™ (X1 +Y3))  (mod pP™).
So,
(XY, Z) = aXo(1+p™ X1) + BYE(1+2p™0Y1) +4Yy H(1—p™Y;)  (mod p?™).
From the definition S(, 3,~;p™) we infer
|S(ev, B,7v;p*™0)| =

Z_Tr(nXU+/3Y()2+—yYO*1)

Tr(aXoX1+(28YE—vYy HYy)
270 2mi

2m e ey _

e
XU7Y0€G;mO X1,Y1 GGme

0 if a£0 (modp™),

- 1 Tr(BYZ Yy )

- pbmo (1 - = E 2™ PO < 3pm =
Yo€Gmg

28YZ=~Y, ' (mod p™0)
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Now let m = 2mg + 1. As above we have

S(a, B,y; p*™mott) =

5 Tr(aXo+BYF+rYy Y
_ ™ Zmo+1
= e P %
X0,Yo GG;7”0+1
Tr(aXoX1+(2BYE+vY5 Hve)
271 0

X > e » = (7)
X1, 1 EGPMO

0, if a0 (mod p™),
N@*™)32, -2, if a=agp™,

where

- Tr(agXp)

271 o1
DD DI

XoeG*
P

mo+1

iTr(ﬁY&MYO*l)

§ — § 627T p27n0+1
2

Yo EG;mOJA
28YZ=y (mod p™o)

It is evident that >, is the Ramanujan sum over G and it is equal to

N(po)u(pmott=r), if wvyla) =vo < mo+ 1,

(8)

N(pmott) if vplag) =mo+1.

Further, in sum ), we take into account that the congruence 28Y;? = v (mod p™°)
has at most three solutions. Denote = the set of solutions of this congruence. If Z = {J,
we have S(a, 3,7;p*™ 1) = 0. Otherwise, let Yp; is one of the impliable solutions.
Put Yy = Yoj +p™y, Yy € Gp.

By virtue,

BYS + 7Yy H = B, + 2Bp™ Yo,y + pP 0 By + Yy, (1 — poYy ty + pP oYy P,
we, by Lemma 5, infer

—1
Yo, (2/3Y02j AT
J 2
.TT(ﬁYozﬁ Tr( ) y+By

P D D P . )

Yo, €2 yeGy

The inner sum over y estimates similarly of the Gauss sum if (8, p) = 1, and, for
B =0 (mod p), it is equal to 0.
Finally, note, that for v,(ag) > mo + 1 we have @ =0 (mod p™) and then being
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investigated exponential sum S(a, 8,7;p™) take on form

5(0,8,v;p™)

omi Tr(BY2+~XY)
g e P =
XY, Z€Gm
XYZ=1 (mod p™)

Tr(BY 249y 1)
= Y = (10)
X.YEGm

m 1 i LY 24y 1)
SN (1-55) X e

p "
YEGH,

and last sum estimates, by Lemma 5, as N(pm)% if (B,p) =1, andas —1if =0
(mod p), (v,p) = 1. From (7)-(10) we obtain the assertion of Theorem 2. |

The scheme of reasoning used in the proof of Theorem 2 can be applied to inves-

tigations of various generalizations of the Kloosterman sums.

CoNcLUSION. We considered the application of C. Hooley method for construc-

tion of the estimates of exponential sums on algebraic variety over the finite field. It
was obtained a nontrivial estimate with the rational function on three variables over
the ring of residue classes modulo p™ in the ring of Gaussian integers.
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