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THE DISTRIBUTION OF THE SOLUTIONS OF THE
CONGRUENCES OF SPECIAL FORM MODULO p»

Bansic JI. Po3nioaisieHHs po3B’A3KiB KOHIPYEHIIil ClleliaJbHOr0 THUILy 3a MO-
ayaeMm p". Mwu oTpumyeMO HETPUBIAIbHY aCUMITOTHYIHY (GOPMYIy I 9uCaa PO3B A3KIB
xomrpyertii az® + by? = ¢ (mod p™).

Kuro4oBi cjoBa: TpHUTOHOMETPUYHA CyMa, aCUMITOTHYIHA (HOpPMYyJa, pO3B’ a30K MOPIBHS-
HHS.

Baunsic JI. Pacnpenesienne pemieHnii cpaBHeHUi crieruajibHOTO BI/JA 110 MOy~
a0 p". Mbl HoayvaeM HeTPUBHATIBHYIO aCUMITOTHIECKYIO (GOPMYITy J/Id YUC/Ia pereHnil
cpasrerms azx® + by* = ¢ (mod p™).

KuiroueBble cjioBa: TpPHUTOHOMETPUYECKasl CyMMa, aCUMIITOTHYeCKast (popmysia, pernenue
CpaBHeHWUH.

Balyas L. The distribution of the solutions of the congruences of special form
modulo p". We obtain nontrivial asymptotic formula for the number of the solutions of
the congruence az® + by* = ¢ (mod p")

Key words: exponential sum, asymptotic formula, solution of the congruence.

INTRODUCTION. In 1918 I. M. Vinogradov and G. Polya nearly at the same time
got the non-trivial estimate for the number of quadratic residue classes prime modulo
in the interval [1,z], where « < p. It was the first problem on the distribution of
solutions of the congruence f(x,y) =0 (mod p™), where f(xz,y) is a polynomial with
coefficients from the field Z,,. Nowadays the problem on the incomplete residue system
is defined in the following manner.

Let f(z1,---,z,) be a polynomial with integer coefficients and let Z, be a residue
class ring modulo ¢, where ¢ € N\ {1}; let Ag(ai,b1, -+ ,an,b,) be the number of
solutions of the congruence

flz1, - ,2,) =0 (mod q), (1, -+ ,2,) €R, (1.1)

where

aigxi<ai+bi,i:1,n,
R := 0<a;<a;+0b; <gq, . (1.2)
az,bZENU{O},Z:ﬁ

The purpose of our work is the derivation of the asymptotic formula for the
congruence of special form with the use of the solutions of proper congruences modulo
p", where p is prime and n € N\ {1}.

NoOTATION. Latin letter p (with an index or without one) is always the notation
of a prime number.
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Z,, — residue class field prime modulo p.

Z4 — residue class ring modulo q.

7«7, 70" — Landau and Vinogradov symbols respectively.

(a1,...,ar) — greatest common divisor of ay,...,a; € Z.

vp(a) — index of power, with which a prime number p is included in canonical
decomposition of a € Z. If (a,p) = 1, then v,(a) = 0.

AUXILIARY ARGUMENTS. The purpose of our work is the derivation of the asymp-
totic formula for congruence analogously to Postnikova work [2].

az® + by =¢  (mod p"), (2.1)

where p > 5, (a,b,¢,p) = 1.
The congruence (2.1) is equivalent to the congruence

y*=c—axr® (mod p"). (2.2)
Let (z0,y0) be an arbitrary solution of the congruence
y* =c—ar® (mod p). (2.3)

If there is no such solution, our initial congruence has no solutions at all.

Firstly one can concede that zo #Z 0 (mod p). For every ¢, t = 0,p" 1 we set
A(t) = ¢ —a(zg + pt)® (mod p").

Let the congruence

y*=c—axd (mod p), (2.4)

have k, k > 1 solutions. From elementary theory of numbers we have that the
congruence
y = A(t) (mod p"), (2.5)

also has k, k > 1 solutions for every t.

Let us denote y1(t),...,yx(t) as all the solutions of the congruence (2.5). Fur-
thermore, we have x solutions y1(0),...,y.(0) in the case, when ¢ = 0. Let y(0) be
one of these solutions.

Lemma 1. 2.1 Let s = [;% (n+wvp(a))|. Then there exists the polynomial f(t),
deg f(t) =5
F(t) = ®o(wo) + pM @1 (w0)t + - - + p* @y (o)1,
such that
yi(t) = y:(0)f(t) (mod p"), i=1,...,k.
Moreover, all the coefficients ®;(xo) € Z, \; e NU{0}, j =0,s, Ag =0, \; > j%’
j=1s.

Proof. From (yo,p) = 1 we obtain that the congruence (c—az3)z =1 (mod p")
has the unique solution. Let us denote it as :1:2).

We shall suppose, that 0 < xp <p—1,1< mz) < p"~!. We consider the expansion
in series of the function

e

U(w) = (1 — 3awx%x6 — 3ax01:é)w2 — ax;]w:g)
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in powers of w:
(o)
Jj=0

We equate the two expressions for the derivative of the function (using the written
above equations) and easily get:

’
E FXwi 1 — 3awzdzy — 3azorgw? — azgw’) =

=-7 Z ijj(3ax(2)x£) + 6azozow + 3azyw?).
j=0

After this we equate the coefficients at equal powers of w and get the recurrence
relation:
) 9j / 3(7—1 j— 2
+DXj = Zja:z:gonj + %azozo){] 1 +2 1 azOX] 2. (2.6)

We should notice that Xy, X7, Xo can be directly defined:

2 ! !
3axgrg Y _ Baxory, 3 a2de

Xo=1 Xi=-—"—, Xo= 1 354 %00 -

Let us consider the following polynomial

w) = inwj,
j=0

in which a value of s will be defined later. Now in view of this formula we shall
consider the following equations:

Ui (w) = B(w)* = (Us(w) = B(w)) (Us(w) + B(w)) (U (w) — B(w)?) (2.7)

1
where B(w) = (1 — Bawadzy — 3azoryw?® — azgw? B

From the expansion in series of B(w) we obtain that the coefficients at powers of
w in the expansion in series at the left of (2.7) go to zero, when j = 0,s. Since the

coefficients X; € Q, the coefficients of U,(pt) are rational numbers too.

But we have .
t) = X;p't),
=0

Let us denote

; cj
X]p] = pAJja (Cj7p) = (d]7p) =1 (28)
J
From formula (2.6) we can see that the denominators at j = 2,3, ... in formula
9; 2 ! 3G-1) i=2
Xy = X; X1+ ———azryX;_
1 4(j+1)ax0:to ]+2(j+1)aw0$0 j 1+4(j+1)ax0 j—2
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are the divisors of 227!,
From the formula for an index of power, with which a prime number p is included
in canonical decomposition into factors, we have

N~ J p—2
vp (Xjp7) > — o1 + vp(a) = JE + vp(a) (2.9)

Let us consider the series U(w) over the field of p-adic numbers Q,. Then from
the result that has been received before we get, that for every w € Q,, ||wl|/, < 1 the
series converges and, furthermore, for w = pt, t € Z we have:

Ulot) = Uulpt) (mod ") i 5= |22 (w4 e

We shall define ¢; from the congruence e;d; = ¢; (mod p™) and put

S

F6) =" e;pht.

J=0

We know that X; depend on zy. That is why we shall write that

ej = CI)]'(LL‘()), _] = O,S.
Thus, we established the assertion of lemma. ]

Lemma 2. 2.2 Let p > 5 be a prime number. With the notations of Lemma 2.1
for 3 =3,4,...,s we have:
5] — 7

min (Aj, Aj—1,Aj—2) < J+7+ PESE

Proof. Let us consider for every j = 1, s the following values X, Y}, Z;, which
are defined by the relations:

3axd, 3azer, 3 2

X0:1, X1:— 1 7X2:—T—3—2a21“3:r0,
3azdz,
Yo=0, Y1 =1, Yp= - =050,

Zo=0, Z1 =0, Zo =1,

and for j =3,4,...,s, X;, Y; and Z; satisfy the recurrence relation (2.6).
We shall consider the determinants

Xj2 X1 X
Aj=|Yo Y1 Y|, j=34,...,s.
Zj—2 Z]—l ZJ
o2
In particular,As = 7%.

From now on we consider appearing fractions modulo p™.
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We know that (xé,p) = 1. But then v,(A3) = vp(a). Furthermore, for j > 4 we

easily get
1

G =10 -2)

| — 3 ’ AN
Aj= %axOAj71 = (ax)’

As. (2.10)
Let us denote
Vp (Xj?ﬂ) =vp(Aj)s vp (Yﬂﬂ) = vp(15)s Vp (ijj) = p(75)-
It is clear that p; = Aj_1, 7; = Aj_2. And from formula (2.10) we obtain
Xjm2p? 72 Xjoap? ™t X NI
JG-DG=2)] Yoop ™ Yiap ™t Vil | = (azg) Agp¥
Zi_op?™2 Zj_api™t  Zjp
We factor out from the rows of the determinant
pin (A Ai—1Ai-2) pmin(M;Mfuwfz)7 pin (75 Ti—1,72)
and come to conclusion:
min (>‘j7 )\j—h Aj_g) + min (ﬂjv Hi—1, ,LLj_Q) + min (Tj, Tj—1, Tj_g) < 3] — 3.
But we already know that
. p—2
Mgy fj—15 j—2 2 (.] - S)E + Vp(a):
. -2
T T2 2 (= 95 4 w(a).
p—1
That is why we obtain:

. ) ) -2 .
min (Aj, A\j—1,A\j—2) <35+ (25— 7) % + (j — 6)vp(a).

When v,(a) = 0, the result takes the form:

5 —17
p—1°

min ()\j»)\j—la )\j_g) <Jj+7+

O

Now we consider the case, when xyp = 0 (mod p). If the congruence yt = ¢

(mod p) has no solutions, the congruence (2.5) has no solutions (z,y) under the
condition z =0 (mod p).

That is why we suggest that our congruence has a solution. Let y1,...,yr be

all its solutions. A solution of the congruence (2.5) we search in the form x = pt,
y; = y,(t), j =1, k, where

y;(t) = y;(0) (1 +plait® + pM2ast® + - + arp’\"tST) , t=0,pn 1
Moreover, r < ["T’l] and

Nj>4, 5=2,...,r (a;,p)=1,1=1,...,m
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MaIN REsuLTs. Let A(Ty,T%) be the number of solutions of the congruence (2.2),
which belong to the rectangle R = {0 <2z < Ty, 0 <y < Ts}. Then let A(Ty,T>) be

the number of pairs of fractional portions , that have got into the rectangle

T
p’ p"
{0 <u< z%’ 0<ov< ;%}7 when a pair (z,y) range over the set of the solutions of
the congruence (2.2).

Let x(v) be the characteristic function of the interval [O, Z—ﬁ} . Using the descrip-

tion of the solutions of the congruence (2.2), we can write

le?)‘ZZ Z X<yz > Z ) X(yﬂ)) DOIED

=1 @0 o<t<Tt i=lo<t< Tt

ML

where the sign ”*” means the summation over such xzg € Z,, that g # 0 and the
congruence y* = ¢ — axj (mod p) has solutions (it has , x > 1 solutions yo € Z,).
Furthermore, y;(¢) runs all the solutions of the congruence (2.5) in the first sum
and the congruence y* = ¢ — a(pt)® (mod p™) (2.5)" for the second sum respectively.
We shall extend the characteristic function xq. g(u) of the interval [o, f], 0 <
B+ a < 1 periodically with period 1 to the whole real axis. We need the following

assertion.

Lemma 3. (Vinogradov’s "glasses”, see [1]) Let 0 < A < %, A<pB-—a<1-A.
Then for every natural v there exists the periodical function with period 1 ¢(u) such,
that:

p(u) =1, if a+A<u<f-A;
o(u) =0, if 0<u<a+Aorf+A<u<l;

0<opu) <1, if a—A<u<a+Aorf-A<u<pB+A,
and the function is monotone in each of these intervals.

Moreover, the function ¢(u), has the expansion in a Fourier series

m=-+oo

%D(x) _ ﬂ —a+ Z ameZﬂ'imu’
m=—o0
m#0

where |ap| < min( B—a |m| (ﬁ) )

Furthermore, we need the theorem of Vinogradov on the estimate of the expo-
nential sum.

Theorem 1. Let f(z) = a1z —|— agac + o+ ap 2™t be a polynomial with
real coefficients. Moreover, a, = 2 —|— 5, (a,q) = 1, 1 < q¢ < r for somer €
{2,3,...,n+1}. Let us define T from the condition:

1. q=P7,1<q< P;
2. 7=1,P<qg< P}
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3. q=P 7, Prl<qg< P

Then
P

Z e27rimf(x)

r=1

no2p g
< (8n) 2 m= P,

where m € N, [ = log w; P =z

5n+43

Theorem 2. 3.1 Let p > 5 be a prime number and 1 < Ty, < p™, p- v <T) <
p", n > 13. Then for the number of the solutions A(Ty,Ty) of the congruence (2.2)
(with the condition (a,p) = 1), for which the following asymptotic formula is true:

7

T T N . 1—01
a(Ty, Ty) = 12'(a;c’p)+0<T1 e””) (3.1)

where N (a, c;p) is the number of the solutions of the congruence y* = c—ax® (mod p).

Proof. From the equation (3.1) it follows, that it is sufficient to us to calculate
the inner sums in the sums ), and ) ,. Let us calculate the inner sum in the first
sum. From the description of y(t) (see Lemma 2.1) we obtain:

Z . <yp(:)> _ Z . <<I>0(xo)—Q—p)‘l@l(xo);n—i----+pAS<I>S(3c0)tS> ,

SN XS
1< 1<

where s = [;% (n+ Vp(a))}.
We shall consider the most important case, when v,(a) = 0, because the general
case may be resolved to the case vp(a) = 0. We choose 0 < A < % (we shall

define its value more precisely later). Let ¢ (u) be the function from the Vinogradov
lemma about ”glasses” for « = —A, f = z% + A and let ¢3(u) be the function for

a=A, 3= 1% — A. We can see from Picture 1, that for every u € R the inequality
v1(u) < x(u) < p2(u) takes place and that is why

dYooxw = > e +0(A)= > @a(u)+0(A). (3.2)

uel[0,1) ue[0,1) u€[0,1)

From the lemma about ”glasses” we have

x(u)

o1(u) Pa(u)

-A 0 A E—A%Q—Q—A

p p
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o) + pM @1 (20)t + - - - + e By (o)t°
ZX(%( ) TP Pr ()t A - 4 P B )t>

T Pt
t1<71
Og(w0) + M@y (wo)t + -+ - + pre Dy (o)t
= Z“”l< S PRI 0 () = (3.3)
T p ‘
t1<71

:p’ll+?+ < ) Z‘am‘ Ze o +0(A).

t1<

Let us define the largest value of j, for which by Lemma 2 the following condition
takes place:

57 -7
min (A, Aj—1, Aj— 2)<]+7+ <(n—1). (3.4)

—7 5
ST

Thus, we get that j =
Now with the help of Vinogradov theorem we shall get the estimate for the inner
sum with respect to ¢ in the formula (3.3) on such index of [%] or [%] -1,
for which \; < n— 1. Thus, we have 22531 < \;. From (y;(0),p) = 1, (®;(z0),p) =1

we get, that the coefficient at ¢/ has the form of the irreducible fraction yi(}?}f%

and 1 <n—\; < 5"+34
By our suggestlon P =T < p™, and that is why we have, that p"~1 > Q >

pm+3 In terms of Vinogradov theorem P = p , and this means, that we have come

to the first case of the theorem. Let us put p”~* = P7. That is why P < P, 7 < 1.
On the other side we have n — A\; <1, p < P7, p < p("~D7 We have the estimate
— <7<

[4n;25 .

Let us put [ = logM By virtue of the fact, that s >n, 7 < 1, s < 2n we

have that log 12(n — 1)n < I < log27n%(n — 1).
Let us denote more
T 1 -« 1
3(s—1)21" Tn3log27n? — p= 3(n—1)21log12(n — 1)n’

p =
And then Vinogradov theorem gives the following result:
yi((l)(pxl4’1(10)t+---+p’\5 *Ps(zo)ts)

E : eZTrim o7 S

T
t1<?1

1—— 1
1 7n3 log 27n3
< (1271)%”10% 27n2(n—1)m 3(n—1)2 log 12(n—1)n (Tl .
o p

We divide the sum over m into two parts: m < % and m > %. We use the estimate

2
|am| < ﬁ for the first sum and the estimate |a,,| < \il (ﬁ) for the second
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sum.
And then, using Abel lemma on partial summation, choosing

A <T1>—ml1gzm
p

and taking account of the condition n > 13, we obtain:

DD L (W)

1=1 xo
-1
T1T2 T 14n3 log 27n3 Tnlog?n
Yy (B o (B ein) ).

1=1 xq

We do the same things for the second sum and obtain the similar result. And after

that we get the asymptotic formula (3.1). O

Remark 1. One can consider the congruence ™ + y*> = 1 (mod p™) on the

condition, that (m,p) =1, p > 5 and get similar results.

ConNcLUSION. Nontrivial asymptotic formula for the number of the solutions of
the congruence az® + by* = ¢ (mod p") was obtained.
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