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ON NUMBERS OF THE TYPE n = (u? + dv?)w IN ARITHMETIC
PROGRESSION

Let us R(n) denotes the number of representations of positive integers n by form

n = (u> +v?)w, u,v € Z, w € N. The function R(n) is an analogue of the divisor function
ds(n). Summarize the Heath-Brown results on distribution of value of the divisor function
ds(n) on an arithmetical progression n = a(modq), (a,q) = 1, with increasing the arith-
metical ratio together with z, an asymptotic formula for summatory function for R(n) was
being construct, which is a non-trivial for ¢ — co. The proof of this result use the truncated
functional equation on the line Res = 1 + A, |A| < 3 of the Hecke Zeta function with
transport of an imaginary quadratic field Q(v/—d).
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INTRODUCTION

Definition. Let denotes by R(n) the number representations a positive integer
n in the form n = (u? + dv*)w, u,v € Z, w € N, d is a free square positive
integer. The function R(n) you can consider as an analogue the arithmetic
function d3(n) (a number of representations of n as a product of three natural

numbers: dz(n) = > 1 ).

n=ninans

We denote
K(d) = {u+z\/&v1u,v c Z}.

For a € K(d) we put N(a) = u? + dv?, Sy(a) = Au = ARe(a). Our aim

deduce an a asymptotic formula for summatory functions

F(z) =) R(n);

n<e

n=a(modq)
n<x
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NoTATION. We will use the following notations:

o G := {a + bV/di la,b € Z,i* = —1} is the ring of integer elements of the
field Q(v/—d);

G, is the ring of residues of G module ~;
« G ={weG,, (wy) =1}
e s C, s=0+ Res, t=1Ims;

e I'(2) is the Euler gamma function;

by f < g (or f = O(g)) for x € X, where X is an arbitrary set on

which f and g defined, we mean that exists a constant C' > 0 such that
|f(z)] < cg(x) for all z € X.

Let us denote shifting the Hecke function

Z S 51752 Z egmzarg (w+461) _eQﬂiRe(zSQw)’
weG
Res > 1, 61,02 € Q(vV/—d), dis a free-square, d > 0; (the pair (d1,02) we call
a shift of w).
In the domain Res > 1 the series for Z,,(s; 1, d2) is defined by an absolutely

convergent Dirichlet series.

1. AUXILIARY ARGUMENTS

Lemma 1. The shifting Hecke zeta-function of the field Q(v/—d) satisfies the

functional equation

m°T <g|27n| + S> Zm(5;51,52) =
— p—(1-s) <g|2 | 41— ) Zm(l — s _52’51)6—27FZ‘R8(52(51)'

Moreover, Z,(s;d1,62) is an entire function if m # 0. If m = 0 the for 62
not integer element from Q(v/—d) the Z,,(s;01,02) is also entire function. For
m = 0 and d2 is an integer element of Q(v/—d) the Hecke zeta-function is

holomorphic except at s = 1, where it has a simple pole with residue .
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Proof. For §; = 6o = 0 and m = mg, where g is a number of units in
the ring G we get the well-known Hecke zeta-function Z,,(s,G) of the first
kind with the exponent m (see Hecke [3]). In [1] this lemma has be stated in
case d = 1. But for the completeness of treatment we restore a proof of our
statement.

We start from the relation

oo
[(s) - jw+ 0|7 = /ea:p(—x w4 6122 da.
0

For Res > 1 and m € Z we have

02
g9 . _ —z|w+d1)%,.s—1
F<2]m\+s) Zm(s,él,ég)—/ Z e x5~ .

0 UJEG
w#—0d1

Let us denote 0; = d;1 + i\/géjg, j=1,2.

Then grountruthing shows that the functions

2
f(v1,v2) = exp <—$ (811 4+ v1)? + d(012 + 02)2]>

~ T 71_2
f(or,v2) = 2P <_x (611 + v1)? + d(d12 + 02)2]>

satisfy the conditions of Poisson summation formula. Hence, putting

G)m(x, (51, 52) =
=D wea exp(—z(w + 51)%) - (w + 61)9exp (QWRe(gw))

and applying the Poisson formula, we find

7.(.2

Oo(z,d1,02) = g@o <$,52, —51> exp (—27m'Re(51$)) i

Consider the operator
d 0 0
— = — +iVd—.
= 2 Ve,
Then the following equalities hold for the m > 0

m

(~20)" Oz, 51, ~02) = O (61, 62)
1
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and
T N\ 4 77'2 . —
;(—QM) TOm <x’61’ —52> exp (—2%1(6162)) =
m 2
(ng (WGO < ;02 ,—51> exp (—27m'Re(51(52))> .

So, for any m € Z the following functional equation

T\ gm+1 w2 . —
O (x,01,02) = (E) Om <x,52,61> exp (7271'1Re(5152)) (1)

hold.
Now, applying reasoning used for the proof of functional equation for Rie-
mann zeta—function (see [4]) by the functional equation for a theta—function

O, we infer
glm| : = (1-28) g (o 5y
r 5 + 8| Zm(s;01,02) =7 exp ( 27mRe(51(52)) I,,(01,92),

where
In(01,02) =

00 _ 1

= [ 3 exp(—z|w+ 81 *)(w + 61)9" - exp(2miRe(Saw)) "2+ 29" gy =
’ wl;éinsl

[+ [ = Tm1 + T2

0

™

In integral I,,, we apply the functional equation (1) for ©,,(x,d1,d2) and

make substitution x = 72y~!. We have

r <1g|m| + 8> Zm(5561,02) = 72 lexp (—2772'Re(51572)) X

/ Z exp( x!w+51\ Y(w + 62)9"exp(—2miRe(5w))w *8+2\9m\dx+

T weG
w#—bd2
i / S° eap(—alw + 81[2)(w + 61)™ eap(~2mi Re(Fpw) e+ 2y
T wel
w#—01
™ . — i
+ e(m, d2) —3 e(m, 61)exp(—2miRe(d102)) - — (2)
where
1 ifm=0andacdG,
e(m,0) =

0 otherwise.
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The relation (2) was obtained for Res > 1. However, the right part of
this equality is an analytic function in all-complex s-plaines except maybe the

points s = 0 and s = 1, which can be the poles.

Finally multiplying (2) be exp(2miRe(810))7 2571 and making the substi-

tution s — 1—15s, d;1 — d9, d2 — 1, we obtain that the right part doesn’t vary,

and hence proved the following functional equation for m > 0

7T <g|m\ + S) Zm(8;01,02) =
= =t (%|m| +1- 5) Z (1 — 5309, 61)exp(—2miRe(6162)).

For m = —m/, m' > 0, we put 6; = —0}, d2 = —05, and then we obtain
(8 52,51) (8 —(52, 51) and Z (1 — S, 51, —52) (1 — S5 —51,52)

Thus, for any m € Z

7 °T ( |2 ul + S) Zm(s;02,01) =
= 7~ (=) ( |2 m| +1- > Z (1 — 53—01, 62)exp(—2miRe(6162)) =

=g (=91 (g|2m| +1-— s) Z_m(1 — 5501, —62)exp(—2miRe(6102)). O

Consequence 1. For §; ¢ G (but 69 € Q(v/—d)), then Zy(0;1,02) =0

Consequence 2. In the strip € < Res < 14 ¢ we have

(5 — 1) Zm(5;01,09) < ([t| + 3)(t* + m?)krgh2,
1—20)(1—
where k1 = ( 01)5_ 2{-:0 + 6), ko = — 10_:_2&;, € > 0 an arbitrary little num-

ber, holds.

This follows of once if we employ by the Phragmén—Lindel6f principle and
the estimates for Z,,(s;d1,d2) on the band edge —e < Res < 1+ ¢.

For ¢ € IN let us denote x a multiplicative character of the group Gy :

l l
X(@) := x(N(«a)). We have for §; = ql 0oy = qQ li,lo € Zy:

. l2

Iy egmiargw 2miRe( 2w

Zm, <3§X7 q> = Z WXQ (N(w))e (q >7
wel
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Iy lg) 1 ( 12>
Zm Sy —y — - Zm SIX, — .
( q q @(Q)Z Xy

X

In [3] we have the following truncated functional equation.

Lemma 2. Let q € N, m € Z, d > 0 be a free-square rational integer, R 728 an
ideal class of the field Q(v/—d); s € C, s=o+it, 7 € C, argr = actg?,
o+ 9
2
4 ifd=1;
g=192 ifd=3;

1 in other cases;

1 1
ag® (2 + (§Im| + o)) dg? (2 + (§lm| +0)°)?
v 27| 7| rY= 27|72
2(M +5 2(M +5
X:<1+(+)logac>; Y:<y—|—(+)>.
glm| glm|

Then for t> + gm? > const the following truncated functional equation for

l2>
Zm | $5Xgy— | =
< g

< (1
egmiargw 2mRe<*2w> g 277N (w)
= Y —— [ x¢(N(w)e a xI'* [ s+ =|m|, ——=——— +
wER N(w)s a 2 \/(716]
N(w)<x
1
2

L(s+glml)  ,eg Nw)i=

dq2
i (w)
N(w)<x
27N (w)

* g -M -M
)T (1= s+ Ipm|, 772NN ) Lo (x—M L y-M),
(S e )) ( )

—e (I‘ (4m|+1 - s) 5 X2 (N (w )e—gmiargwe*%me(é@ "

where M > 0 is an arbitrary number.

. g 200N (w) > ( g 2N (w) ) g -1
I"({z4+=m|,————7 | =T (z+=m|, ———7- ) - T (z24+Z|m .
(2 §iml. 2220 2, ) (s Gl

201N
Moreover I'* (z + g\m|, Wﬂ) in all indicated parameters have the
2 \/ﬁq
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estimation

< ea:p( *! |+ )
2|m|+Rew 2 2 %
P s ) e )
N (i (Yot +o2) ) )

I 1
Similarly truncated equation is true for Z,, < 1 , 2) , where l1,12 € Gy.
q g

We shall need

Lemma 3. The zeta—function Gurwits £(s,u) determined by the relation for
Res >1

o0

£(s,u)zz(n+1u)s, (0<u<l)

n=0
is an analytic for all s € C (except s = 1), where it has a prime pole with

residue 1. Moreover &(s,u) satisfies the following Gurwits relation

o'(1 —5) | . ms <= cos2nma TS e sin 2nma
E(S’u)_W{Sln2;W+Cos2nlnl—s .

Lemma 4. Let s = 0 +1it, |o| <2, 7 € C, argr = <I + \t\*1> sgn(Ims).
There exists a constant to > 1 such that uniformly at |t| > to, T, we have the

truncated functional equation

F (s; (n + u)7§ﬁ> +anF (1 —s(n+ u)75ﬁ>

(n+u)®

77)) Z F <1 — s;m—%ﬁ) o—2minu

ul—s

+

_l’_

1

1) b F <—s;n72 ﬁ)

5 l) Z nl-s +
2 In|<ylogy
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+0 (™ 4y,

where
sgn(n) if n #0; .
Uy = gnn) ifn 7 b = —isign(n)emmv
1 if n = 0;

)

1 1
= [t2(V2|r])7Y, y=t|12|7|(V2)"t, M >0 - arbitrary constant.

Moreover, uniformly in all parameters
Rew -1

Z|? Z 1 1 A
Fw,Z)=140 | exp _1ZF . Q x |14+ ,|t|2,|71|
|7f| |t|§ 2 |t|§

where | =1 if [n +u| < x and |n| <y, and | = 0 in other cases.

Lemma 5. Consider a Dirichlet polynomial

Y a
P(s;l,q,N) := —Z
n—ln
For any real values Ty and T1 we have
To+T A N N
T
P(s;l,q, N)]Pdt <« T+ — - — anl?
[ 1PGiam) G X

To nzl(rdeq)

(It is some generalization of Montgomery Theorem for an integrals at the
Dirichlet polynomials).
MAIN RESULTS

Let us C denotes the following conditions

5 Iy +ilgV/d

) l17l2€ZQ7 qe]Na q>]-7
(13 + 13 - d)ly = a(modq)
a,lo € Zy, (a,q) = 1.

Then the generating series for R(mgq + a) have the form

F(s;a,q):th)ZZo <s;2,0>§<3, l;) Res > 1, (3)

(©)
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l
where & <5, 0) is Gurwits zeta-function.
q
Thus the Perron formula for an arithmetic progression gives

C+iT
s

Z R(n) = 2%” (F(s;a,q) - Z R::)) : %ds—l—

n=a(modq) cir neB
n<e

where B := {a,a(l £ gN(w)|w = 1, £i}.
l
The Gurwits function & (s, 0> is an analytic on all completely s-plane
q

except at the point s = 1 with residue 1. At a point s = 1 there is expansion

§<s,l;>:Si1+co<l5>+c1<l;>(s—1)+..., (5)

Iy
where cg < > E+ ( ] ) , E it Euler constant.
q 2

in series

Moreover, Z,,(s; 01, d2) is an analytic function on all plane of complex num-

bers except of the case m = 0, dy € G, when Z,,(s; 01, d2) have first polarized:

Zo(s:6,0) = S_Ll+a0(5)+a1(5)-(s_1)+... , (6)
where
ag(8) = E+ L'(1,xa) + bo(8) + Y N1 6+ B), 6 #0, (7)
peB

E is the Euler constant, B = {0, +1, +i};

X4 is the Dirichlet L-function with the non-principal character module 4;

1
|bp(d)| < an absolute constant, by(d) =4+ O <N2(5)> . (see [3], [6])
Applying the Phragmén—Lindel6f principal and the estimations & (s, b>
q

0
and Z <s; ,0) on the boundary of the strip —¢ < Res < 1 + € may be
q

calculated for I'ms =t, |t| > to > 3

1+e—6
1 3 1+2¢ ote
F(s;a,q) < <q2+s\t\ 2+E) (¢ 1e) 1z (8)
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(with constant in symbol ” <« ” is an absolute constant).
S

Let us calculate res {F(s; a,q) - :c} . We have use the expanding (5) and
s= S
(6):

N mxp(a, q) z
res {F(s,a,q)s} =5 log? +E—-1)+

= a(z)

oo EG;
N(ap)=a(modq)

+$
q2

where p(a, ) is the number of solutions of the congruence u? +v? = a(modq),
Qg

(a,q) =1, and ag (aO> from (7) for 6 = —.
q q

Hence (7) gives

2L a®) =200 rr )+ o) +
q
aoEGq
N(ap)=a(modq)

Q

x —1 %]
tr L T g)
aoeGq peB
N(ap)=a(modq)

Next,
=00y YN (5+O‘°> :0(””310@;) (11)
q ap€Gy BeEB q q2
N(ap)=a(modq)
pla,q) = c(a,q)qH <1 - X4]§p)> , 0<c(a,q) <2
plg
(see [2]).
So,
res {F(s;a,q)x}:WOogz—i-E—l) +0 %logx (12)
s=1 s q q 0

Now we are in a position to prove the main theorem.

Theorem. Let us a,q € N, (a,q) = 1. Then the asymptotic formula
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Y R(n) = cla, q)%H (1 . X‘ip)) <log;2 YE- 1) +

n=a(modq) plg
n<x
3
x5
+0 —llog?’x ,
qbs
holds.
Proof. Consider the rectangle with the vertexes in points
T, c+iT l—i- T 1 T
c—iT, e+il, 5 +1iT, 5 —1i
(T > 1 and its precise meaning be determined).
We have
LT R(n)\ R(n)\ =
n)\ x n)\ x
o / (F“;‘“q)‘z m>sdszm{<”35“’q>‘zm> s}+
c—iT neb
c—iT %-ﬁ-iT %—l—iT
1 1 1 R(n)\ z*
= o o Fls: _ Z ds =
o2 / omi omi / ( CLUEDS s ) s
) 17, neB
isz isz §7ZT
R(n) \ «*
_L«E?{(F(s,a,q)— Zns) s }—f—[l—fz—]g (13)
neB
is say.

In the integrals I; and I3 we apply an estimate under the integral function

by (8). So we have

1 2
¢ x2T3
L, L € —+ T (14)
Tq S
q2
Next
To T —T
Iz < / +/+ / = Jo+ J1 + Jo. (15)
Ty To -T

We put Ty = ¢°, € > 0 an arbitrary constant.
The integral J; and Js estimate in the same manner.
We shall estimate Jj.
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It is well known that

T 2
1 1

/ f ( + itvu> 1.

To ’ uz™

The truncated functional equation for Z,,(s,d1,0) forth m = 0. We can

1
write <for g, ac€ Gy, s= 3 +it) :
q

dt < Tlog? (qT). (16)

-

Zo(s;61,0) := Z(5;01,0) = N(9)°¢ > N(w) 27"+
w=a(modq)
N(w)gXl

—2it 1"1_' —omiRe( &Y 1.
+ 7; ‘ X (? Zt) . Z e 2miR ( q >N—5+lt(w)}+
N§+lt(q) F(§ +Zt) N(w)<vi
IOgX1Y1> —M+2
O —=——]+0(]t
< N(q) (1 )

(X1 = ,Y1 =y in designation of Lemma 2) =

=Y +> 40 <1°§V)((;;/1> +O ([t (17)

its say.

Now using (9), the Cauchy inequality and the relation (16) we obtain

%+iT
R S
/ F(s;a,q)—ZTgsmids <
17, neB
Q—zT
T
1 1 dt
< [T T e ) - 5] 4
To u
T J T 2d %
2 2 t 1 1 t 1
< [(=] +)ZQ\>t‘/5(2+”’“)‘u;+ﬁ 7] et
0 To

+0 <E3g(qT)> +0 (ng log? T> (18)

Hence, putting T' = we from (13), (14), (16), (18) obtain the statement

) ‘H
G| Gt

theorem.
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CONCLUSION

Having used Z,,(s;01,0) rather than Zy(s;01,0) may be achieved the
asymptotic formula of distribution of values of the function R(n) in arithmetic

progression and in narrow sectors.

Beaosvopos I'. C., Bopobiiosa A. B.
Yucaa Buay n = (u? + dv?)w B APUOMETHYHII [TPOTPECIT

Pesrome

Hexait R(n) o3nadae KiabKicTh 300paskeHb HATypaabHOro n y Burasm n = (u? + v?)w,

u,v € Z, w € N. ®ynkuiss R(n) € anamorom dyskuii ainbHukiB d3(n). YsarajsHooo4n
pesynbrar Xiz-Bpayna npo posnoain snadenb dyukuii ds(n) Ha apudmerndsiit nporpecii
n = a(modq), (a,q) = 1, 31 3pocraiouoo pasoM 3 x pi3HHNEO mporpecii g, nobyroBa-
Ha acuMmnrorudHa dopMmyna Juisi cymMaropHol GyHKUil mius R(n), sika HerpuBiajabHA JIst
q < x%log_3m. IIpu moBermenHi MBOrO pe3yNBTATY BUKOPUCTOBYETHCH CKOPOUEHE (DYHKITIO-
HaJIbHE PiBHSHHSA J3eTa-pyHKIT [eKKe 3 ysIBHOTO KBaJIPATUYHOIO I10JIsT Q(\/Td) 3 3CyBOM
Ha npsaMmiit Res = 3 + A, [A] < .

Karouosi caosa: yasue keadpamuywne nose, dzema-pynkuyia Lexxa, pad ipizae, dynruyio-

HAADHE PIBHAHNA, CYMAMOPHA PYHKULA.
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