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J (x, u) =
N−1
∑

k=0

gk (x (k) , u (k)) + Φ (x (N)) → min (1)

x (k + 1) = fk (x (k) , u (k)) , k = 0, 1, . . . , N − 1,
x(0) = x0.

(2)

x (k) ∈ Xk n Xk ⊆ R
n

k = 0, 1, . . . , N u (k) m

gk : R
n × Rm → R

1 fk : R
n × Rm → R

n

k = 0, 1, . . . , N−1 Φ : Rn → R
1

u (k) = Ψr (br, x(k)) , k = 0, 1, . . . , N − 1, r ∈ {1, . . . , p}, (3)

Ψr (br, x(k)) r = 1, . . . , p
br ∈ Rr Rr ⊂ R

ir ir ∈ N

{Ψ∗r}
b∗r k = 0, 1, . . . , N − 1

{Ψ∗r} {b∗r}
x∗ (k)

s ∈ {1, 2, . . . , N − 1}

Js (x, u) =
N−1
∑

k=s

gk (x (k) , u (k)) + Φ (x (N)) → min (4)

x (k + 1) = fk (x (k) , u (k)) , k = s, s+ 1, . . . , N − 1, (5)



x (s) = x∗ (s) , (6)

u (k) = Ψr (br, x(k)) , k = s, s+ 1, . . . , N − 1, r ∈ {1, 2, . . . , p}, (7)

x (k) ∈ Xk, k = s, s+ 1, . . . , N

{Ψ̃r}
{b̃r} k = s, s+ 1, . . . , N

{Ψ∗r} {b∗r}

k = s, s+1, . . . , N

Js (x
∗, u∗) > Js (x̃, ũ) ,

x∗(t) u∗(t)
x̃(t) ũ(t)

v(k) =

{

Ψ∗r (b
∗
r , x

∗(k)) , k = 0, 1, . . . , s− 1,

Ψ̃r

(

b̃r, x̃(k)
)

, k = s, s+ 1, . . . , N − 1.

y(k) =

{

x∗ (k) , k = 0, 1, . . . , s− 1,

x̃ (k) , k = s, s+ 1, . . . , N.

J(y, v) =
N−1
∑

k=0

gk (y (k) , v (k)) + Φ (y (N)) =

=

s−1
∑

k=0

gk (x
∗ (k) , Ψ∗k (b

∗
k, x

∗(k))) +

N−1
∑

k=s

gk

(

x̃ (k) , Ψ̃k

(

b̃k, x̃(k)
))

+Φ(x̃ (N)) =

=

s−1
∑

k=0

gk (x
∗ (k) , Ψ∗k (b

∗
k, x

∗(k))) + Js (x̃, ũ) <

<

s−1
∑

k=0

gk (x
∗ (k) , Ψ∗k (b

∗
k, x

∗(k))) + Js (x
∗, u∗) = J (x∗, u∗) ,

u∗ (t)



Bs (z) = min
{Ψr},{br}

{

N−1
∑

k=s

gk (x (k) , Ψrk (brk , x(k))) + Φ (x (N))

}

, (8)

x (k + 1) = fk (x (k) , Ψr (br, x(k))) ,
k = s, s+ 1, . . . , N − 1, r ∈ {1, . . . , p},

x (s) = z,

(9)

x (k) ∈ Xk, k = s, s+ 1, . . . , N

Bs (z) = min
{Ψr},{br}

Js (x, u) .

({Ψ∗r} , {b
∗
r}) x∗ (k)

Bs (z) = min
{Ψr},{br}

{

N−1
∑

k=s

gk (x (k) , Ψrk (brk , x(k))) + Φ (x (N))

}

=

=
N−1
∑

k=s

gk
(

x∗ (k) , Ψ∗rk
(

b∗rk , x
∗(k)
))

+Φ(x∗ (N)) =

= gs
(

x∗ (s) , Ψ∗rs
(

b∗rs , x
∗(s)
))

+

+
N−1
∑

k=s+1

gk
(

x∗ (k) , Ψ∗rk
(

b∗rk , x
∗(k)
))

+Φ(x∗ (N)) =

= gs
(

z, Ψ∗rs
(

b∗rs , x
∗(s)
))

+

+

N−1
∑

k=s+1

gk
(

x∗ (k) , Ψ∗rk
(

b∗rk , x
∗(k)
))

+Φ(x∗ (N)) . (10)

N−1
∑

k=s+1

gk
(

x∗ (k) , Ψ∗rk
(

b∗rk , x
∗(k)
))

+Φ(x∗ (N)) =

= min
{Ψr},{br}

{

N−1
∑

k=s+1

gk (x (k) , Ψrk (brk , x(k))) + Φ (x (N))

}

,

min
{Ψr},{br}

{

N−1
∑

k=s+1

gk (x (k) , Ψrk (brk , x(k))) + Φ (x (N))

}

=Bs+1 (x (s+ 1, z)) .



x (k, z)

{Ψr (br, x(k))} = = {Ψ∗r (b
∗
r , x

∗(k))} .

Bs (z) = gs
(

z, Ψ∗rs
(

b∗rs , x
∗(s)
))

+Bs+1 (x (s+ 1, z)) .

x (s+ 1, z) = fs
(

z, Ψ∗rs
(

b∗rs , x
∗(s)
))

Bs (z) = gs
(

z, Ψ∗rs
(

b∗rs , x
∗(s)
))

+Bs+1

(

fs
(

z, Ψ∗rs
(

b∗rs , x
∗(s)
)))

. (11)

({Ψ∗r} , {b
∗
r})

({Ψr} , {br})

Bs (z) = min
{Ψr},{br}

{

N−1
∑

k=s

gk (x (k) , Ψrk (brk , x(k))) + Φ (x (N))

}

≤

≤
N−1
∑

k=s

gk (x (k) , Ψrk (brk , x(k))) + Φ (x (N)) .

(12)

Bs (z) ≤ gs (z, Ψrs (brs , x(s))) +Bs+1 (fs (z, Ψrs (brs , x(s)))) .

({Ψ∗r} , {b
∗
r}) x∗ (k)

Bs (z)= min
{Ψr},{br}

{gs (z, Ψrs (brs , x(s))) +Bs+1 (fs (z, Ψrs (brs , x(s))))} . (13)

Bs(z)
s = 0, 1, . . . , N −1

{

Ψ∗rs
} {

b∗rs

}

gs
(

z, Ψ∗rs
(

b∗rs , x
∗(s)
))

+Bs+1

(

fs
(

z, Ψ∗rs
(

b∗rs , x
∗(s)
)))

=
= min
{Ψrs

},{brs}
{gs (z, Ψrs (brs , x(s))) +Bs+1 (fs (z, Ψrs (brs , x(s))))} ,

(14)

u∗ (s) = Ψ∗rs
(

b∗rs , x
∗(s)
)

, s = 0, . . . , N − 1

z = x x∗(·)
{

Ψ∗rs
} {

b∗rs

}

{

Ψ∗rs
} {

b∗rs

}

Bs(z)

Bs (z) = gs
(

z, Ψ∗rs
(

b∗rs , x
∗(s)
))

+Bs+1

(

fs
(

z, Ψ∗rs
(

b∗rs , x
∗(s)
)))

.



gs
(

z, Ψ∗rs
(

b∗rs , x
∗(s)
))

= Bs (z)−Bs+1

(

fs
(

z, Ψ∗rs
(

b∗rs , x
∗(s)
)))

=

= Bs(x
∗(s))−Bs+1(x

∗(s+ 1)).

J (x∗, u∗) =
N−1
∑

k=0

gk (x
∗ (k) , u∗ (k)) + Φ (x∗ (N)) =

=

N−1
∑

k=0

[Bk(x
∗(k))−Bk+1(x

∗(k + 1))] + Φ (x (N)) =

= B0(x
∗(0))−B1(x

∗(1)) +B1(x
∗(1))−B2(x

∗(2)) + . . .+

+BN−1(x
∗(N − 1))−BN (x

∗(N)) + Φ (x (N)) .

BN (x
∗ (N)) = Φ (x∗(N))

J (x∗, u∗) = B0 (x0) . (15)

{Ψrs} {brs}

gs (z, Ψrs (brs , x(s))) ≥ Bs (z)−Bs+1 (fs (z, Ψrs (brs , x(s)))) =

= Bs(x(s))−Bs+1(x(s+ 1)).

J (x, u) ≥ B0 (x0) . (16)

J (x, u) ≥ J (x∗, u∗)




