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PARTIAL AVERAGING OF IMPULSIVE HYBRID SYSTEMS

Ocagua O., Ckpunuuk H. CxeMa 4aCTKOBOro ycepeJHEeHHs JJisl OJHOTO KJIacy
IMIOyJIbCHUX 3MIIIAHUX CUCTEM. Y CTATTI PO3IISAAETHCSA OOTIDYHTYBAHHS CXEMH YaCTKO-
BOTO yCEpEIHEHHs I OJHOTO KJIACY iIMITYyJIbCHUX 3MIMAHUX CHCTEM, KOJIM OJHE 3 DiBHIHD
€ iMmybcHUM udepeHIiaIbHUM PIBHAHHAM 3 [OX1IHOI0 XyKyXapH, a JIpyre — 3BUYalHUM
IMIyIbCHUM i ePeHITiaJIbHUM PIBHSHHSIM.

Kiro4osi ciioBa: MeTo[ ycepeIHEHHs, 3MiNTaHa CHCTeMa, TIoXigHa XyKyXapH.

Ocamuas O., Ckpunuuk H. Cxema 4acTUYHOro ycpeaHeHus Jisi OJJHOTO KJiac-
ca MMIIYJIbCHBIX CMEIIAHHBIX CUCTEM. B cTaThe paccMarpuBaeTcs 0O0OCHOBAHUE CXE€MBbL
YaCTUYIHOTO yCPpEOHEHUd IJId OJHOTO0 KJjIaCCa UMNYJIBCHBIX CMEITaHHBIX CHUCTEM, KOTJda OJHO
73 YPAaBHEHWIA sIBJISIETCS UMITYIbCHBIM JrddepeHnnaabHbIM YPABHEHUEM C IPOU3BOIHOM Xy-
KyXapbl, a BTOpOe — OObIKHOBEHHBIM UMITYJIbCHBIM Aud DepeHIua bHbIM Y PABHEHUEM.
KuroueBble cjioBa: MeTO/T YyCPEIHEHUsl, CMeIaHHasl CUCTEeMa, ITPOU3BOAHAsST XyKYyXaphbl.

Osadcha O., Skripnik N. Partial averaging of impulsive hybrid systems. This
paper contains the substantiation of the scheme of partial averaging for one class of impul-
sive hybrid systems where one equation is an impulsive differential equation with Hukuhara
derivative and the second one is an impulsive ordinary differential equation.

Key words: averaging method, hybrid system, Hukuhara derivative.

INTRODUCTION.

In practice, there are often considered the so-called hybrid systems — systems that
contain equations of different nature: for example, one of the equations is an equation
in partial derivatives and the other one is an ordinary differential equation, or one of
the equations is discrete and the other one is differential, etc. In this paper we consider
the case of a hybrid system, where one of the equations is a differential equation with
Hukuhara derivative and the second one is an ordinary differential equation. The
interest in such systems follows from the fact, that some parameters of the model
may be accurate, while the rest may contain the noise, errors and inaccuracies.

MAIN DEFINITIONS.

Development of the theory of multivalued mappings led to the question what
should be understood as a derivative of a multivalued mapping. The main cause
of difficulties for the inducting of such definition was the nonlinearity of the space
comp(R™), which led to the absence of the concept of difference. There are several
approaches to define the difference of two sets, one of them is the Hukuhara difference.

Let conv(R™) be the family of all nonempty compact convex subsets of R" with
the Hausdorff metric

h(A, B) = max{max min ||a — b||, maxmin ||a — b},
a€A beB beB acA
where || - || denotes the Euclidean norm in R".

(©) Osadcha O., Skripnik N., 2013



68 Osadcha O., Skripnik N.

Definition 1. [5] Let X,Y € conv(R"). The set Z € conv(R"™), where X =Y +Z,
h
is called the Hukuhara difference of sets X and Y and is denoted by X —Y .

Along with the inducted difference there appeared the concept of derivative.

Definition 2. [5] A multuvalued mapping X : I — conv(R™),I C R, is called
differentiable in the sense of Hukuhara at point t € I if there exists such Dy X (t) €
€ conv(R™) that the limits

. 1 h . 1 h
iltl}:loxt (X(t+At)X(t)> , ilfﬁ)Kt <X(t)X(tAt)>
exist and are equal to Dy X (t). The set Dy X (t) is called the Hukuhara derivative of
the multivalued mapping X : I — conv(R™) at point t.

In M. Hukuhara papers [5] along with the concept of derivative the concept
of the integral of a multivalued mapping was inducted and the connection between
those two concepts was found. In 1969 F. S. de Blasi and F. lervolino were first
to consider differential equation with the Hukuhara derivative [1, 2, 3, 4]. Its so-
lution is a multivalued mapping. After that various existence and uniqueness theo-
rems were proved, the stability of solutions of this type of equations was considered,
integro-differential equations, impulsive differential equations, differential equations
with fractional derivatives, control differential equations with Hukuhara derivative
were considered, the possibility of applying some averaging schemes for such type of
equations was investigated [9, 7, 12, 13, 8, 10, 11, 6].

Consider the hybrid system

{ DyX = F(th’y)v X(tO) = Xo, (1)
y = g(thv y)7 y(tO) = Yo,

where I = [tg,T] C R; X : I — conv(R™) is a multivalued mapping; y : I — R™
is a vector function; F : I x conv(R™) x R™ — conv(R") is a multivalued mapping;
g: I xconv(R") x R™ — R™ is a vector function; X, € conv(R"), yo € R™.

Consider a class S of pairs (X (-),y()), where X(-) is a continuously differentiable
on [ in the sense of Hukuhara multivalued mapping, y(-) is a continuously differen-
tiable on I vector-function.

Definition 3. A pair (X (-),y(:)) € S is called a solution of system (1), if for all
t € I the following equalities fulfill Dy X (t) = F(t, X (t),y(t)), y(t) = g(t, X (¢),y(t))
and X (to) = Xo, y(to) = yo-

Theorem 1. Let in the domain
Q = {(taXay) : tO <t< tO +a, h(X7X0) < ba ||y - yOH < C}

the multivalued mapping F(t, X,y) and the vector function g(t, X,y) are continuous
and satisfy the Lipschitz condition in variables X and y, i. e. there exists such constant
A > 0 that

h(F(thlvyl)vF(ta X27y2)) < A [h(leXQ) + ||y1 - y2|H )
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lg(t, X1, 91) = g(t, Xa,y2) || < A[A(X1, Xa) + [ly2 — g2l] -
Then system (1) has the unique solution defined on the interval [to,to + d] where

b
d = min ( a, AU M>’ constant M satisfies the inequalities |F(t, X,y)| < M and

llg(t, X, y)|| < M in the domain Q.

MAIN RESULTS.
Consider impulsive hybrid system with a small parameter

DX =eF(t,X,y), t # 7, X(0) = X,
. 2
y=eg(t,X,y), t # 1, y(0) = yo, )

A-X|t:7',; = EIi(X7 y)a Ay|t:n = EJi(X7 y)v (3)

where ¢t € Ry; the moments of impulses 7,41 > 7;; X : Ry — conv(R™) is a multival-
ued mapping; y : Ry — R™ is a vector function; F' : R xconv(R")x R™ — conv(R"™),
I; : conv(R™)x R™ — conv(R™) are multivalued mappings; g : R4+ xconv(R™)x R™ —
— R™ J; : conv(R™) x R™ — R™ are vector functions; Xy € conv(R™), yo € R™.

Definition 4. A pair (X (-),y(+)) is called a solution of system (2), (3) if it is a
solution of system (2) on intervals between moments of impulses and satisfies impulse
condition (3) in the points of impulses ;.

It’s easy to notice, that the existence and the uniqueness of a solution of system
(2), (3) holds if the right sides of equations (2) satisfy Theorem 1 on intervals between
moments of impulses.

Consider the following partially averaged system:

DHXZEF(tang)7 X(O):X07 (4)
g = €§(t,X,g), g(()) = Yo,
AX‘t:U]' = Ejj(X7 y)v Ay‘t:G‘j = Ejj(X7y)7 (5)

where

T
lim #h thXydt—i—ZIXy)thXy)dt—l—ZI(X,y) =0,
T—oo 0 0<7:<T 0<o; <T

(6)
lim
T—o0

Of[g 6, X, y) —g(t, X,p)ldt + 3 Ji(X,y) — > Jj(X,y)

0<:<T 0<0,;<T

T

The following theorem that proves the closeness of solutions of systems (2), (3)

and (4), (5) holds.

Theorem 2. Let in the domain Q@ = {(t,X,y):t >0, X € Dy, y € Dy} the
following conditions hold:

1) the multivalued mappings F(t,X,y),F(t,X,y) and vector functions
9(t, X,v),g(t, X,y) are continuous in t, uniformly bounded with constant M and sat-
isfy the Lipschitz condition in X and y with constant \;
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_ 2) the multivalued mappings I;(X, y), L;(X,y) and vector functions J;(X,y),
J;(X,y) are uniformly bounded and satisfy the Lipschitz condition in X and y with
constant \;

3) limits (6) exist uniformly with respect to X € Dy and y € Da;

4) there exists such constant 0 < d < oo that

1 1
—i(t,t+T)<d, =j(t,t+7T)<d
Filtt+T) S d, 2t t+T) <d,

where i(t,t +T)[j(t,t +T)] are the numbers of points of a sequence {7;}[{c;}] on the
interval [t,t +T).

5) the solution (X (t),y(t)) of system (4), (5) with the initial condition X (0) =
= X, € D, C Dy, 5(0) = yo € D/2 C Dy is defined for allt > 0, € € (0,2] and
X (t) belongs with some p- neighborhood to the domain Dy, 3(t) belongs with some &-
neighborhood to the domain Ds.

Then for any n > 0 and L > 0 there exists such eo(n, L) € (0,&], that for 0 < e <
<o and 0 <t < Le™ ! the following inequalities fulfill:

h (X (1), X (1) <n.lly(t) =g <,
) re the solutions of systems (2), (3) and (4), (5)

where (X(-),y(+)) and a
a o X(0) € Di, y(0) = 5(0) € D5.

y(:
with the initial conditions X (O)

Proof. From conditions 1)-3) of the theorem it follows that systems (2), (3) and
(4), (5) have unique solutions that are defined for ¢ > 0 if X (¢) and y(t) (accordingly
X (t) and g(t)) belong to the domain Dy X Ds.

Replace systems (2), (3) and (4), (5) with the equivalent system of integral equa-
tions:

X(t) = Xo+e [ F(s, X(s)y(s))ds +¢ 5 L(X(r).y(r),
0 0<r; <t (7)

yw:m+{m&M%mmm+sz J(X (7). y(m),

0<r; <t

X@=%+ﬁFumwm»w+%z L(X(03), 5(05)),
! o (8)
g(t) =yo + Eof_(s,X(s),y(s))ds + €0<Z<tjj (X(O'J) y(aj))
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Then
h(X(t),X(t) =

=h (Xo +€OftF(87X(8),y(5))d8+€ > Li(X(7i),y(m),

o< <t

Xo+e fti s, X(s),9(s))ds +e 37 Ij(X(Uj%y(Uj)))

0 0<o;<t

(fF(S X(s)y(s)ds+ > Li(X(7),y(m:)),

0 o< <t

0<0o,; <t

J’F(S,X(S) g(s)ds+ 3% Li(X(0),5(0 ))) <
<

eh (fF(s,X(s),y(s))ds,JF(S,X(S),g(s))dS> +

< sbfh (F(S,X(s),y(s)),F(s,X(s),gj(s))) ds+
+e Y h(Li(X (1), y(m)), Li(X (1), 5(m))) +

0<r; <t

+eh <!F(3,X(s),gj(s))ds+ Yo L(X (), u(mi)),

o< <t

F(s, X(s),y(s))ds +e 35 L;i(X(05).9(05)) | <

0<o;<t

Crt—

<6/\f (X(s), X(s)) + [y(s) — y(s)[lds+
+eA Z [W(X (7). X (7)) + ly(7:) — g(7) ]+

0<m <t

+eh !’F(s,)_{(s),gj(s))ds—l— S L(X (), 5()),

o< <t

o o

0<0o,; <t

F(s,X(s),5(s))ds +e 32 Ij(X(Jj),z?(Uj)))

Similarly,

ly(t) — w(t ||<6Af[ X(s), X (s)) + lly(s) — g(s)l] ds+
ted X [h(X( 1), X (7)) + ly(ms) — 5(m)ll] +

o< <t

j Gs)ds+ X L(X(r)5(r)—

o<r; <t
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t
- s X ao)is -2 3 L(X (o)) (10)
0 0<0o,; <t
Divide the interval [0, Le '] in m equal intervals by the points ¢, = f—fl. Define
by (X, 9p) = (X (t), 4(tp)) the solution of system (4), (5) in division points

Let us estimate in the interval [tg, tx+1], where 0 < k < m — 1 the expression

ch <0ft F(s, X(s),5(s))ds + 0<Z<t1i(X(Ti)’ (7)),

Fs, X(s),9(s)ds +¢ 35 I;(X(oy), (g))) =

—ch C: tle(s,X(s),y(s))ds+tp<ﬂz<tp“Ii(X(T,»),y(n)) 4
] PG g6s + E R ()50
S| T Rex@ i T L)) +
+t{ F(s, X (S)’g(s))d”tk%fj@ (oj%y(aj))) <
<on( | T re s s S KL
S| T PRt S L e)00) >+
+eh <t{t F(s,X(s),5(s))ds —l—tkg:iqfi()z(n),g(n)),
ISR st B LG «m))s
o AT AT .z +11( fF s Xpaist % f (%) | +
(t:}:lFsXp,yp>dst+p<%2<til(xp,yp tTFsX(M(s))dsf;%zdil () y(fm)
h(fF(s,Xos) HeDds+ 3 LX) r0). f Fls Ko gidds 1 Xk,yk>
B

tp<tT;<t

+h fF S Xk,yk)d8+ E I; (Xk,yk) IF(S Xk,yk)d8+ Z I; (Xk,yk)
tp<o;<t
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tp<oj <t

HeDds+ 2 LK ()0 J»ﬂ <
> :f“h( (), 56)), Fls Ko p)) ds 5 A (LK), 5), KKy )

ty<Ti<tpi1
tpt1
tp

+h fF(S Xk,yk)dS—I— Z I (Xk,yk fF S, X( )

+ f h(F(SaXp737p)aF(5 X(s)7gj(s))ds) ds + Z h( ( (UJ) y(UJ)) I( payp))

tp<oj<ipt1

F(s Xp7yp)d5+ - > I (Xp:yp) f F(S:Xmgp)dSJf > I (Xpayp)> +
tp<Ti<tp+1
tpia

+e

te <1<t
JF

Jh(F(s,X(5),5(s)), Fs, Xp, 5i)) ds + 35 0 (L(X(73),5(7:), 1i(X, G)) +

(8, Xk Gp)ds + > Li( Xk, Uk), fF 8, Xy gp)ds + > Li( Xk, Uk)
b <m <t
t

th<o,;<t *
t{ (8, Xk, Ur), F(X (s) g(s)))ds+tk§%:j<th(jj(X(Uj)yg(o'j))7j’(Xk,ﬂk)) <
iolf X(5),9(s)), F(s, X, Gp)) ds t+<ﬂz<tpfl( (X (70),5(7:)), 1i(Xp, 5p)) +
Pfr _

tp<oj<tpt1
tp+1
) TR Ko+ 3 1Ko
=

tpy<Ti<tpi1

+

F(s, Xp,5p), F (s, X(s),9(s))) ds + 32 h(1;(X(0;),9(0;)): 1;(Xp, 5p))

p

f F(s, Xp,0p)ds + > Li(Xp,9p) |+
tp<oj<tpi1

+eh fF $, X, gr)ds + > Li( Xk, k), fF(S X, gr)ds+ > I (Xk»yk)>
<<t te<o, <t
Similarly

€

Ofg<s,5<<s>,y<s>>

ds+ Y Ji(X(m),5(n) — [g(s, X
0<n<t 0

<e z [Tug(s X(s),5(5))

pvyp)H + f ||9(3 Xy Gp) — (s, X (s),9(s
f B Ve -]+
Tl[g(Svvagp)

tp

T (XG0 500,)

— g(s,Xp, gjp)H ds+
+ X (X (), 4(r) -

y Y\Ti J
tp<Ti<tp41

)Hds—l—

k—1

+e >

p=0

9(s, Xp, p))ds + > Ji(

znyp > J( pvyp)
t <T1<tp+1 t <aj<tp+1

t

[la(s, Xk, 9x) — g

tr

+e

(5, Xi, gp)lds + > Ji( Xk, k)

te<mi<t tp<oj<t
Notice that
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h(X(s5), Xp) = h (X(s), X (tp )<€fh(F(X(v) y(v)), {0}) dv+
+ Z h( (X (), 5(05)), {0}) <eM(d+1)(s =),

T e =l = o) - ) <
<e[loX@.g)ldo+ 3 (17;(X(@;),9(05)I < eM{d+1)(s ~ 1y).
Thenp .

spzo Zlh(F(s X(5),59(5)), F (5, Xp.5p)) ds <
<o 3 AL (X)) + 16) — ] s <
<el-2eM(d+ é tlfl (s —tp)ds = 2e®AM(d + 1) Z (tp+1 tp)?

p=0 ¢,
< ,\ML2(d+1)

=e2AM(d+1) - (k+1)- (sm)Q— m
7p)) <

)

fY S ()., K,
<edy X A(X(n),Xp) + 5(n) = Gpll] <

p=01,<7;<tpi1

k k

<ed Y 2xeM(d+1)(ri —tp) =2e2AM(d + 1) ZOt <Et (i —tp) <
P=0t, <7 <tp+1

(k+1) < 2AJVIL;;1(d+1)7

p=0t,<7;<tpi1
<2MAMd+1)- Ly Y 1< EAMEERD g L

p=0t, ‘rl<tp+1
t

Iﬁ: ( (vagp)vp(X(s%g(s))) ds <

pf [ (X X(s)) + |Gp _g(s)w ds < AML;(dJ,_l)’
h (X (0),5(07)), [;( Xy, 5p)) < DML D)

v%i iy

2

p+1
Similarly

tp+1 — 2

_ AML?(d

ez J lote. Xts ). 5(5)) = gls, X, )| ds < LD,
2AM L2d(d+1)

p=0t, <Tz<tp+1
tp+1 2
€ ZO tf Hg pvyp) — (X(s) )Hds < %(d—t—l)’
p P
AML2d(d 1)

e S (X (o) 5(05)) — T (K gy)|| < 2L

p=0t,<0;<tpt1
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Using condition 3) of the theorem there exist such monotone decreasing functions
f1(t) and f2(t) that tend to zero as t — oo, that for all (X,y) € D1 x Dy we have:

(IF(S X y)d5+z I X y) ‘Ofi(sang)dS+ Z ‘TJ(X’:U) St‘fl(t)a

0<r; <t 0<o;<t

(9(s,X,9) —g(s, X, 9))ds + > Ju(X,9) — > J;(X,7)
0<7;<t 0<o;<t

<t fo(t).

o o

Then

p+1 tp41
( JF(s, Xp,Up)ds + > Li(Xp,Up)s fF(s X, Gp)ds+ Y I (Xp,yp)> =

t <Tl<tp+1 tpy<oj <tp+1

tp1
_5h<fFSXp’yp dsffF(s mep ds+ > Ii( p»yp) EI( pvyp)7

0<7;<tpq1 0<7:<tp

tp+1 h _—_
fF pvyp ds—fF p,yp)ds"‘ > I( pvgp)_ > Ij(XPagp)> <

0<0;<tpt1 0<0;<tp

<e

tpt1 tp41
h fF pvﬂp)ds"‘ > L(X s Up)s fFS vayp)d5+ > I( pv%))"’

0<T;<tp41 0<0j<tpi1

+h fFSvayp)dS+ZI( s Up)s fFSvayp)d5+ZI( pvyp)

0<7;<tp 0<0;<tp
S eltprr - frltprr) +1p - fl(tp)] <2 S%PL]Tfl (2) =mle),
T7€|0,
where 7 = et lir% ~1(g) = 0. Similarly
e—

tpt1

€ [g(s,)_(p,sz) (s, thyp ds"’Z Ji( p>yp Z jj(Xpagp) < 72(e)s

tp tp<Ti<tpy1 tp<o;j<tpi1

where lim y5(g) = 0;
e—0

<fF 8, Xk, U )ds +>° Li( Xk, Uk), fF 8, X J)ds +3 I (Xk,yk)> < 7(e),

th te<ri<t tk<0]<t
t — — — — —
€ f (Q(Sale??k) - g(legk)) ds +Z Jl(Xkagk) 72 JJ<Xk7gk) S 72(5)’
i1 tr <1<t tp<o;<t
So

®
o o

h( F(s, X(s),5(s))ds + Y. L(X(1),9(r)),

o<r; <t

o o

0<0o,;<t

F(s, X(s),y(s))ds + > Ij(X(crj),y(aj))><
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AML2(d+1) 4XML? AML2(d+1
< @+l = d(d+1)+%+(k¢+l)vl(a)§

m

(11)

INMI?
< - 2d+1)(d+ 1) + mvyi(e) = p1(e,m),

(5, X(s),5(s)))ds+

Q |

e@ﬁj@mm

+ 30 Ji(X (), 5(n)) — X2 Ti(X(05),9(05))

0<m <t 0<o,;<t

d(d+1) +

AML?(d+1 A\NML? AML?(d+1
< MLAED MIEEED | et 1yme) <

< ML o1 4 1) (d+ 1) + ma(e) = pale,m).

If we substitute (11) in (9) and (12) in (10), we will get

h (X (), X(1) < Oft[ s), X (s)) + lly(s) — 5(s)[] ds+
+€/\O<Z<t (X (7:), X (7)) + lly(7:) = G(@)]] + 1 (e,m),
ly(t) =gl <e Oft [h(X(s), X(s)) + lly(s) — g(s)|l] ds+
+€A0<2<t [h(X(7), (ﬂ)) + IIy(Tz) g} + e2(e,m).

Adding these two inequalities and applying the analogue of Gronwall—Bellmann
lemma [14] we get

h (X (), X (1) + ly(t) — 5O < (p1(e,m) + pale,m)) (1 +eX) OV e <
< (p1(e,m) + pae,m)) (1 +eX) T esM <
< (p1le,m) + pa(e,m)) (1 + NP € A <
< (p1(e,m) + pa(g,m)) eldHDAL =
— (L% (24 + 1)(d + 1) + my(e) + maae) ) el DAL,

Then for every summand the inequality holds:
h(X(t), X(t) < (%(m +1)(d+1)+mr(e) + mw(g)) e(d+DAL
ly(t) —g@)| < (%(20[ +1)(d+ 1)+ myi(e) + m72(€)> p(d+1)AL

Let 71 = min{p,n,£}. Choose m to satisfy the inequality

2d+1)(d+1) < %

Then fix m and choose g € (0, ] such that for e € (0, ] the inequalities hold

p(d+ 1AL AML?
m

el M (€) < L e DM mag(e) < T
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Then h (X (t),X(t)) < m and |Jy(t) — §(t)|| < m if the solution (X (t),y(t)) be-
longs to the domain D; X Dsy. And it follows from condition 3) of the theorem as

m = min{n, p, ¢}
So, we get that for any n > 0 and L > 0 there exists such €9 € (0,£] that for

e € (0,&0] and t € [0, Le 1] the following inequalities fulfill

h (X (1), X (1) < n, lly(t) — g0l < n,

where (X(t),y(t)) and (X (t),§(t)) are the solutions of systems (2), (3) and (4), (5)
with the initial conditions X (0) = X (0) € D}, y(0) = 5(0) € D5.
The theorem is proved.

Example 1. Consider the impulsive hybrid system

X € conv(R?),y € R.

1 sint sint
DyX =c¢ [( cos 2t 2y2 >X +H2+e*‘+sin(ln(1+t)),1 ( cost >:| s

Xo=50s| o )>
. Yy . 9
Y =¢e—==sint, yo=0.1.
RY

AX|,_, =eX, Ay|,_, = —ey, i = 2mi, i = 1, 00.

The averaged system is:

- 1 0 5 0
DX =c¢ |:< 0 2@2 >X+H2+sin(ln(1+t)),l < 0 >:| )

Xo = Sos

y
2| X]

7N

0 )
0.1.

7?0:

A)_(’t:Tj =eX, Agj|t:Tj = —¢y, 7; = 2mj, j = 1,00.

The graphs of the solutions of initial system and averaged system see on mext page.

ConcLUSION. This paper contains the substantiation of the scheme of partial
averaging for one class of impulsive hybrid systems where one equation is a differen-
tial equation with Hukuhara derivative and the other one is an ordinary differential
equation. In case when the right-hand sides are periodic in time one can obtain a
better estimate. Namely one can show that for any L > 0 there exist C'(L) > 0 and
eo(L) > 0 such that the conclusion of the theorem holds with n = Ce.
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a) When € = 0.1:

eps=0.1

eps=0.1
0128

0115 /

e

///////////////////

0.108

(a) (b)

Image 1. (a) The graph of the solutions of initial system X (¢) (black)
and averaged system X (t) (gray). (b) The graph of the solutions of
initial system y(¢) (black) and averaged system (t) (gray).

b) When ¢ = 0.05:

eps=0.05

s
0.108 / /
J / ]

0106

0104 /

0102

(a) (b)

Image 2. (a) The graph of the solutions of initial system X (¢) (black)
and averaged system X (t) (gray). (b) The graph of the solutions of
initial system y(t) (black) and averaged system 3 (¢) (gray).
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