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5// (&-&./6, 7+6 *2(2538 .&/9)&'(&. 2:%&;5/.6(30 1&8,./91 .&$'(20-/)2'(/. 
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(642(&./6, '-/(,&1 ;2(2* A/7*2'(/ ) *5$4+20 (5$:& +,1/.,5.31 / '/11&(5/--

.31 2(.2'/(&+@.2 && 2'/.  
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:$7&( ;5&7'(,)+&. +/C@ 2'&)20 '2'(,)+6=%&0 
z

V , *2(25,6, 5,).2 *,* (&1;&5,-

($5, / )69*2'(@, :$7&( F$.*E/&0 (2+@*2 5,7/,+@.20 *2257/.,(3 r .  

M,*/1 2:5,921, /'*213& '(,E/2.,5.3& ;52F/+/ '*252'(/ / (&1;&5,($53 

6)+6=('6 5&C&./61/ '+&7$=%&0 .&+/.&0.20 '/'(&13 2:3*.2)&..38 7/FF&-

5&.E/,+@.38 $5,).&./0 7)/A&./6 / (&;+2;52)27.2'(/: 

 
2

0

1
,

0,

z

z

d dV dP
r

r dr dr dz

d dT dV
r

r dr dr dr

" # $% &' () * +)
,
- # $ # $) . % &' ( ' () * + * +/

 (1) 

47& )(),(),(),( zPrTrrV
z

%  – '22()&('()&..2 '*252'(@, 7/.,1/-&'*,6 )69-

*2'(@, ,:'2+=(.,6 (&1;&5,($5, / 7,)+&./& ) 7)/A$%&0'6 A/7*2'(/,  – ;2-

'(26..30 *2>FF/E/&.( (&;+2;52)27.2'(/. 

0
-

H9 $5,).&./6 7)/A&./6 '+&7$&(, -(2 45,7/&.( 7,)+&./6 dP dz  ;2'(26.&. 

)72+@ 2'/ (5$:2;52)27, Oz , , ;2'*2+@*$ 7,..2& (&-&./& A/7*2'(/ ;2+.2'(@= 

/1 2:$'+2)+&.2, (2 ) 7,+@.&0C&1 )&+/-/.$ 45,7/&.(, dzdP  '-/(,&1 /9)&'(-

.20 / 9,7,..20 ) *,-&'()& /'827.242 ;,5,1&(5, 9,7,-/. 

H9 F/9/-&'*/8 '22:5,A&./0 '+&7$&(, -(2 '*252'(@ / (&1;&5,($5, A/7*2-

'(/ 72'(/4,=( ., 2'/ ')2/8 1,*'/1,+@.38, .2 ) (2 A& )5&16, *2.&-.38 9.,-&-

./0. <2>(21$ 13 12A&1 ;2(5&:2),(@ )3;2+.&./6 '+&7$=%/8 $'+2)/0 ., 2'/ 

(5$:2;52)27,: 

0,0 &&
dr

dT

dr

dV
z   ;5/  .0&r                                     (2) 

#(,E/2.,5.30 (&;+22:1&. ' ).&C.&0 '5&720, /1&=%&0 (&1;&5,($5$ , 

:$7&1 127&+/52),(@ 45,./-.31 $'+2)/&1 (5&(@&42 527, [3], ;5&7;2+,4,6 (&;-

+2;52)27.2'(@ 1,(&5/,+, (5$:2;52)27, )&'@1, :2+@C20 ;2 '5,).&./= ' (,*2-

)20 7+6 A/7*2'(/ / ).&C.&0 '5&73, / ;5&7;2+,4,6 '(&.*/ (5$:2;52)27, (2.-

*/1/ ;2 '5,).&./= ' ).$(5&../1 5,7/$'21 

0
T

R : 

)(Bi
0

TT
dr

dT
R 010& ,  ;5/  r R& ,                                  (3) 

47& R  – 5,7/$' (5$:2;52)27,, 
00

Bi -2& R  – *5/(&5/0 N/2 [3], 8,5,*(&5/9$=-

%/0 /.(&.'/).2'(@ (&;+22:1&., ., ;2)&58.2'(/ (5$:3, 
0
2  – *2>FF/E/&.( (&-

;+22(7,-/ )2 ).&C.== '5&7$. 

<5/+/;,./& )69*20 A/7*2'(/ * ).$(5&..&0 ;2)&58.2'(/ (5$:2;52)27, 7,-

&( $'+2)/& 

0)( &RV
z

. (4) 

 80 



"5,&),6 9,7,-, (1)–(4) 72+A., 9,13*,(@'6 *,*20-+/:2 (&25&(/-&'*20 9,)/-

'/12'(@= )69*2'(/ A/7*2'(/ 2( && (&1;&5,($53: 

)(T%&% . (5) 

<5&A7& -&1 ;5/'($;,(@ * .&;2'5&7'()&..21$ ;2/'*$ 5&C&./0 *5,&)20 9,-

7,-/ (1)–(5), 9,;/C&1 && ;2'(,.2)*$ ) :&95,91&5.20 F251&. G)&7&1 .2)3& :&9-

5,91&5.3& *2257/.,($ Rr /&3  / F$.*E//: 

,
)(

)(,)(,)(
00

0

0

0

%
4%

&3
0

&34
%

5
&3 M

T

TT
V

R
U

z
                         (6) 

47&  , ,  – ;+2(.2'(@, )69*2'(@ / (&;+2;52)27.2'(@ A/7*2'(/ ;5/ (&1;&-

5,($5& ).&C.&0 '5&73  . 

0
5

0
%

0
-

0
T

 G '/+$ ;2'(26.'(), ;&5&;,7, 7,)+&./6 dzdP  ;&5)2& $5,).&./& '/'(&13 

(1) 12A.2 27/. 5,9 ;52/.(&45/52),(@ ' 45,./-.31 $'+2)/&1 (2) / 9,;/',(@ 

*5,&)$= 9,7,-$ ) :&95,91&5.20 ;2'(,.2)*& ) '+&7$=%&1 )/7&: 

)
)

/

)
)

,

"

410&
3
4

&
3
4

&
3
3

1.(
+

$
'
*

#
3
4

3
3

3

&
3
3

1&
3

&3
&3&3

&3

;Bi,0,0
)(

;0,
)(

1
10

4

0

10

d

d

d

d

M
a

d

d

d

d

U
M

b
d

dU

           (7) 

47& 

2

000

4

02
0

3
0

0 4
,

2
(
+
$

'
*
#

-%
&

%

5
&

dz

dP

T

R
a

dz

dPR
b   – :&95,91&5.3& *21:/.,E// /9 )827-

.38 ;,5,1&(52) 9,7,-/. 

!+6 /.(&45/52),./6 ;2+$-&..20 '/'(&13 $5,).&./0 .,1 .&2:827/12 )3-

:5,(@ *2.*5&(.30 )/7 9,)/'/12'(/ (5) )69*2'(/ 2( (&1;&5,($53, (.&. 9,7,(@ F/-

9/-&'*$= */.&(/*$ ;52E&'', 7/''/;,E// 1&8,./-&'*20 >.&54// ) (&;+2)$=. 

G,A.2'(@ >(20 */.&(/*/ 5,'*53),&('6 $A& .&;2'5&7'()&..2 /9 ;&5)242 

$5,).&./6 '/'(&13 (7). H1&..2 ) >(21 $5,).&.// '27&5A/('6 F,*( )2912A.242 

.,+/-/6 (2-*/ ;&5&4/:, ., ;52F/+& '*252'(/ 7+6 A/7*2'(/, 7)/A$%&0'6 ) 

*5$4+20 (5$:& ;27 7&0'()/&1 ;&5&;,7, 7,)+&./6. 

D-&)/7.2, -(2 7+6 '+$-,6 (&-&./6 ?,4&.,-<$,9&0+6 [2], *247, )69*2'(@ 

A/7*2'(/ ;5/./1,&('6 ;2'(26..20, (.&. 1)( 63M , ;52F/+@ '*252'(/ )(3U  (2--

*20 ;&5&4/:, .& 2:+,7,&(. 

G 5,''1,(5/),&121 '+$-,&, *247, 13 $-/(3),&1 9,)/'/12'(@ )69*2'(/ 2( 

(&1;&5,($53, *2257/.,(, (2-*/ ;&5&4/:, 
U
3  :$7&( *25.&1 $5,).&./6 

0)()( &371303
UUU

MM .                                        (8) 

G+/6./& (2-*/ ;&5&4/:, ., 8,5,*(&5 $'(20-/)2'(/ )69*/8 (&-&./0 ;2*,9,-

.2 ) [4,5], ;2>(21$ ',1 F,*( ;5/'$('()/6 (,*20 (2-*/ ) ;5&7'(,)+&..20 1,(&-

1,(/-&'*20 127&+/ )69*242 (&-&./6 ')/7&(&+@'()$&( ) ;2+@9$ E&+&'22:5,9.2'(/ 

&42 7,+@.&0C&42 /9$-&./6. 

H';2+@9$=%/&'6 ) +/(&5,($5& [6–8] 9,)/'/12'(/ )69*2'(/ 2( (&1;&5,($53 

12A.2 $'+2).2 5,97&+/(@ .,: >1;/5/-&'*/& (;2'(52&..3& ., 2'.2)& (,:+/E 7+6 

 81



*2.*5&(.38 A/7*2'(&0) / (&25&(/-&'*/&, 6)+6=%/&'6, *,* ;5,)/+2, ,'/1;(2(/-

*,1/ /9)&'(.242 [9] 9,*2.,  

8 9TT :1;&% exp)( .                                           (9) 

<2'*2+@*$ 7,..2& /''+&72),./& .2'/( (&25&(/-&'*/0 8,5,*(&5, 2'(,.2-

)/1'6 /1&..2 ., 9,*2.& (9) / &42 .&*2(2538 ,'/1;(2(/*,8.  

G :&95,91&5.20 F251& 9,*2. (9) /1&&( )/7: 

8 9
0

000
0

0

,exp,
1

exp)(
T

M
:

&<<1;&%((
+

$
''
*

#

4.

4<0
&

%
%

&3 .          (10) 

O/9/-&'*/0 '13'+ ;,5,1&(5,  
0
<  '+&7$&( /9 '+&7$=%&42 )35,A&./6: 

)][ln(

)][ln(
0 Td

d %
0&<    ;5/  

0
TT & . 

M,*/1 2:5,921, )&+/-/., 
0
<  7+6 7,..20 A/7*2'(/ 8,5,*(&5/9$&( /.(&.-

'/).2'(@ /91&.&./6 )69*2'(/ ;5/ /91&.&.// && (&1;&5,($53.   

I&2:827/12 2(1&(/(@, -(2 
0
<  6)+6&('6 *+=-&)31 ;,5,1&(521 *5,&)20 9,-

7,-/ (7),(10). <,5,1&(5  2:&';&-/),&( 2:5,(.$= ')69@ 1&A7$ (&5127/.,1/-

-&'*/1 '2'(26./&1 7)/A$%&0'6 A/7*2'(/ / && 7/.,1/-&'*/1/ 8,5,*(&5/'(/-

*,1/, ;5/ >(21 1,(&1,(/-&'*,6 ;2'(,.2)*, (5&:$&( '2)2*$;.242 /.(&45/52),-

./6 $5,).&./0 7)/A&./6 / :,+,.', (&;+,.  

0
<

<2'(,.2)*, 9,7,-/, ) *2(2520 )69*2'(@ A/7*2'(/ ;5&7;2+,4,&('6 ;2'(26.-

.20, (.&. , +/C&., $;216.$(20 2:5,(.20 ')69/. G 5&9$+@(,(& 7/.,1/*, (,-

*242 (&-&./6 .& 9,)/'/( *,* 2( (&;+2)242 '2'(26./6 7)/A$%&0'6 A/7*2'(/, *2-

(252& F251/5$&('6 :+,427,56 )69*20 7/''/;,E//, (,* / 2( $'+2)/0 (&;+22:1&-

., ' ).&C.&0 '5&720. 

0
0
&<

 -&( (10) ;5/)27/( 9,7,-$ (7) * '+&7$=%&0 F251&: 

)
)

/

)
)

,

"

410&
3
4

&
3
4

&((
+

$
''
*

#

4.

4<
13.(

+

$
'
*

#
3
4

3
3

3

&((
+

$
''
*

#
4.

4<
13&

3

&3
&3&3

&3

.Bi,0,0
1

exp

;0,
1

exp

1
10

04
0

1
0

0

d

d

d

d
a

d

d

d

d

Ub
d

dU

  (11) 

H.(&45/52),./& ;2+$-&..20 '/'(&13 (11) ;5&7'(,)+6&( 2;5&7&+&..3& 1,-

(&1,(/-&'*/& (5$7.2'(/, ;2>(21$ 245,./-/1'6 ) 7,+@.&0C&1 /9$-&./&1 '(,-

E/2.,5.38 5&A/12) (&-&./6 ' 1,+31 7/''/;,(/).31 5,9245&)21 A/7*2'(/ 

, -(2 ;29)2+/(, '285,./) >*';2.&.E/,+@.30 8,5,*(&5 9,)/'/12'(/ (10), 

$;52'(/(@ &42 F$.*E/2.,+@.30 )/7: 

)1( ==4

)exp()(
0
4<0&3M .                                            (12) 

M247, 7+6 :&95,91&5.242 ;52F/+6 (&1;&5,($5 )(34  12A.2 9,;/',(@ '+&-

7$=%$= *5,&)$= 9,7,-$: 

 82 



)
)
/

)
)
,

"

410&
3
4

&
3
4

&4<3.((
+

$
''
*

#
3

4<
3

3
3

&3
&3&3

,Bi,0

,0)exp(8
)(

1
10

0
40

d

d

d

d

a
d

d

d

d

                          (13) 

47&   – :&95,91&5.30 ;,5,1&(5 9,7,-/.  8/
00

aa <&

P,1&., [6] )/7,  ;5/)27/( (13) * ;52'(21$ 

7/FF&5&.E/,+@.21$ $5,).&./= 

4<.&3&
0

4 )(),ln( xxyax

)exp(2 0&.77 yy  ' ;&5)31 /.(&45,+21  

 ).exp()(
1

2 ycy 0&7

P.,-&./& ;2'(26..20   2;5&7&+6&('6 /9 $'+2)/6 5&4$+65.2'(/ (&1;&-

5,($5.242 ;52F/+6 ., 2'/ (5$:2;52)27,. M,*/1 2:5,921, 7/FF&5&.E/,+@.2& 

$5,).&./& 7+6 )

1
1
&c

(xy  ;5/./1,&( )/7  )exp(1 y
dx

dy
0>& . 

D-&)/7.2, -(2 ;5/&1+&12 (2+@*2  1)exp( ?y   /+/, -(2 (2 A&    2(*$7, 

)3(&*,&( ) . <2'*2+@*$ +&),6 -,'(@ )'&47, .&2(5/E,(&+@.,, (2 .&-

2:827/12 ;2(5&:2),(@, -(2:3     

,0?y

ln( 4
0

30?4< a

.14 ?3a
N&95,91&5.,6 ;52'(5,.'()&..,6 ;&5&1&..,6 ]1,0[@3 , '+&72),(&+@.2, .&2(-

5/E,(&+@.2'(@ ;27*25&..242 )35,A&./6  )yexp(10  )2912A., ;5/ . 1?a

#+&72),(&+@.2, ;5/ 9.,-&./68 ;,5,1&(5,    2('$('()$&( 5&C&./& 9,7,-

-/ (13), , ' ./1 / 5&C&./& 9,7,-/ 2 '(,E/2.,5.21 .,;25.21 .&/92(&51/-&'*21 

(&-&.// .@=(2.2)'*20 A/7*2'(/ ) *5$4+20 (5$:&, *247, && )69*2'(@ /91&.6&('6 

;2 9,*2.$ (12). 

1Aa

B,';5&7&+&./& (&1;&5,($5 )72+@ 5,7/$', (5$:3 .,07&.2 [6] ) )/7&:  

BC
D

EF
G 3.1

<
&34 024

0

)1(
4

ln
1

)( c
a

c
,                                 (14) 

47& c  – *2.'(,.(, /.(&45/52),./6, 2;5&7&+6&1,6 /9 $5,).&./6 

((
+

$
''
*

#

.1
1&

. 2)1(

4
lnBi

1

8

ca

c

c

c
,                                  (15) 

;2+$-,&1242 /9 45,./-.242 $'+2)/6 (3) (&;+22:1&., ' ).&C.&0 '5&720. 

H.(&45/52),./& $5,).&./6 
240

)1(

4

3.

3
&

3 ca

c
b

d

dU
 ' $'+2)/&1  0)1( &U  7,&( 

(
(
+

$
'
'
*

# 03
.

.
0

3.

3
&3

c

cc

cca

c
bU

)arctan()arctan(

1

1

1
)(

2

4

2

0
.       (16) 

<52F/+@ )69*2'(/ A/7*2'(/ ;2+$-,&1 ;27'(,.2)*20 5&C&./6 (14) ) (12): 

24 )1(
4

)( 3.&3 c
c

a
M .                                        (17) 

<2 /9)&'(.21$ 5,';5&7&+&./= '*252'(&0 (16) 12A.2 ;27'-/(,(@ '&*$.7-

.30 2:Q&1.30 5,'827 A/7*2'(/ -&5&9 (5$:2;52)27 / .,0(/ '5&7.== ;2 ;+2-

%,7/ '&-&./6 '*252'(@ ;2(2*,: 

 83



ac

c
bU

cp 1.
10&

)1(0
.                                        (18) 

R'+/ )&5.$(@'6 * (6) / )';21./(@, -(2 
z

V
R

U
0

0)(
%

5
&3 , (2 '(,.2)/('6 2-&-

)/7.31 F/9/-&'*/0 '13'+ (18). G&+/-/.$  12A.2 (5,*(2),(@ *,*  – -/'-

+2 B&0.2+@7', [2] 7+6 7,..242 '(,E/2.,5.242 (&-&./6 A/7*2'(/ ;&5&1&..20 

)69*2'(/.  

cp
U Re

O251$+$ (16) ' $-&(21 (18) 12A.2 ;&5&;/',(@ ) )/7& 

(
(
+

$
'
'
*

#
.

30
.

3.

3.
0&3 )1(

)arctan()arctan(

1

)1(
1)(

2

4

2

c
c

cc

c

c
UU

cp
.             (19) 

H9 F/9/-&'*/8 '22:5,A&./0 '+&7$&(, -(2 .,07&..3& 5,';5&7&+&./6 

 /1&=( >*'(5&1$13 ., 2'/ (5$:2;52)27, , 47& )69-

*2'(@ 72'(/4,&( 1/./1,+@.242, , '*252'(@ / (&1;&5,($5, A/7*2'(/ – 1,*'/-

1,+@.38 9.,-&./0: 

)(),(),( 3433 UM )0( &3

(
+
$

'
*
#

<
&4((

+

$
''
*

#
.

.
0&&

a

c

c

c

ca

c
bU

c

a
M

4
ln

1
,

)arctan(

1

1
,

4
0

max0maxmin
.     (20) 

<2+$-&..2& 5&C&./& (14)–(17) 2 '(,E/2.,5.21 .,;25.21 (&-&.// A/7*2-

'(/ ;&5&1&..20 )69*2'(/ ) *5$4+20 (5$:& 27.29.,-.2 2;5&7&+6&('6 .,:2521 /9 

-&(35&8 .&9,)/'/138 :&95,91&5.38 ;,5,1&(52) 
0
< , , , .  Bi a

0
b

D(1&-&..30 )3C& F,*( 245,./-&./6 10 ?= a  72;$'(/1242 9.,-&./6 ;,-

5,1&(5,  $*,93),&( ., .&2:827/12'(@ :2+&& 7&(,+@.242 /''+&72),./6 ;5&7&-

+2) '$%&'()2),./6 5,''1,(5/),&1242 5&C&./6 (14)–(17).   

a

<5&2:5,9$&1 '22(.2C&./&  (15)  * )/7$  

((
+

$
''
*

#
.1

0
.

&
)1(Bi

8
exp

)1(

4
2 c

c

c

c
a .                                         (21) 

H''+&7$&1 ;2)&7&./& F$.*E// Bi),(caa &  ;5/ F/*'/52),..21 9.,-&.// 

*5/(&5/6  ((.&. ;5/ 9,7,..38 $'+2)/68 (&;+22:1&., ' ).&C.&0 '5&720).  Bi

H9 F/9/-&'*/8 '22:5,A&./0 )3(&*,&(, -(2 F$.*E/6 (21) 6)+6&('6 .&;5&-

53).20 / .&2(5/E,(&+@.20, ;2'*2+@*$ ;2'(26..,6 0 . K.,+/9 '+&7$=%/8 

F251$+  

Hc

(
+
$

'
*
# .00

.
&

.

00
& )1(2)1(

Bi

8

)1()][ln(

)][ln(
,

)1(

Bi

8
1

)][ln(

)][ln(
32

2

2

2

cc
c

c

cd

ad

c

cc

cd

ad
, 

;29)2+6&( '7&+,(@ )3)27 2 (21, -(2 F$.*E/6 )  245,./-&., / 72'(/4,&( ')2-

&42 1,*'/1$1, 

(ca

(
(
+

$
'
'
*

#

.1
0

.
&

)1(Bi

8
exp

)1(

4

*

*

2
*

*
* c

c

c

c
a    ;5/   

Bi

4

Bi

16
1

2*
0.&c .                (22) 

"521& (242, ;5/  / 0Ic JIc  /1&&( 1&'(2 .  0Ia

 84 



a 1,2 

 
 

#+&72),(&+@.2, +=:21$ 9.,-&./= ;,5,1&(5,  /9 /.(&5),+,  '22(-

)&('()$=( 7), )2912A.38 9.,-&./6 *2.'(,.(3 /.(&45/52),./6 , ;5/-&1 27.2 

/9 ./8 [ , , 75$42& 

a [,0[
*

a

c

,0[
*

cc @7 [,]
*
J@77 cc , (.&. )c()( aca 77&7 .  

M,*/1 2:5,921, /1&=('6 7)& )&()/ 5&C&./6 (14), *2(253& 2;5&7&+6=('6 

*2.'(,.(,1/  / c7 c 77 .  *,9,..3& )&()/ “'+/),=('6” ) (2-*& >*'(5&1$1, , 47& 

5&C&./& $A& .2'/( ;5&7&+@.30 8,5,*(&5 ('1. B/'. 1.)  
*

c

<26'./1 '*,9,..2& '+&7$=%/1 2:5,921 – ;5&7&+@.2& 9.,-&./& ;,5,1&(5, 

 6)+6&('6, 5,).2 *,* / , F$.*E/&0 *5/(&5/6 N/2, (.&. ;2+.2'(@= 2;5&7&+6-

&('6 /.(&.'/).2'(@= ;52E&'', (&;+22:1&., 7)/A$%&0'6 A/7*2'(/ ' ).&C.&0 

'5&720.  

*
a

*
c

<2'*2+@*$ 

2

000

4
0

32
(
+
$

'
*
#

%-

<
&

dz

dP

T

R
a , (2 ;5/ F/*'/52),..38 8,5,*(&5/'(/*,8 

A/7*2'(/ / )3:5,..38 $'+2)/68 (&;+22:1&.,, ;5&7&+@.2'(@ 9.,-&./6 ;,5,-

1&(5,  '+&7$&( ;2./1,(@ *,* 1,*'/1,+@.2 )2912A.30 ;&5&;,7 7,)+&./6 
*

a

*
)( dzdP  )72+@ 2'/ (5$:3 (1,*'/1,+@.30 5,'827 A/7*2'(/) ;5/ *2(2521 &%& 

';5,)&7+/)2 '(,E/2.,5.2& 5&C&./& 9,7,-/ (14)–(17).  

P,7,./& ;&5&;,7, 7,)+&./6, ;5&)3C,=%&42 
*

)( dzdP  ;5/)&7&(, :+,427,56 

)69*20 7/''/;,E//, * )29./*.2)&./= 72:,)2-.242 (&;+2)242 ;2(2*, )72+@ 5,-

7/$', (5$:2;52)27,. 

G37&+&..2& (&;+2, ) '/+$ ;5/.6(38 $'+2)/0 (&;+22:1&.,, $A& .& :$7&( 

2()27/(@'6 )2 ).&C.== '5&7$ / ;5/)&7&(, ) *2.&-.21 /(24&, * 4/7527/.,1/-&-

'*21$ (&;+2)21$ )953)$ [10]. 

H9 (22) '+&7$&(, -(2 .,/:2+@C/& 9.,-&./6 ;5&7&+@.38 ;,5,1&(52) 1
*
&a  / 

 72'(/4,=('6 ;5/  ('1. B/'.1), (.&. ;5/ .,+/-// :&';5&;6('()&..242 

2()27, 7/''/;/5$&1242 (&;+, )2 ).&C.== '5&7$.  

1
*
&c J&Bi

 )&+/-&./& A& (&;+2/92+/52),..2'(/ ;2(2*, A/7*2'(/ ($1&.@C&./& -/'-

+, ) )+&-&( $1&.@C&./& *,* , (,* / , , ' ./1/ / ;5&7&+@.2 72;$'(/1242 

9.,-&./6 7+6 ;&5&;,7, 7,)+&./6  

Bi
*

a
*

c

*
)dzdP(   )72+@ 2'/ (5$:3.  

0,0

0,2

0,4

0,6

0,8

1,0

0 1 2 3 4

*
a

J&Bi  

10Bi &  

3Bi &  

c

1*( 1. C(/%#%2*#1,  <0% 0(;+%5'-> ;'(5"'%:> $0%1"0%: . )(caa & Bi

 85



c

0,0

0,3

0,5

0,8

1,0

0,6 0,7 0,8 0,9 1,0 1,1 1,2

1 2

3  

 

 

<5/ ;2+.20 (&;+2/92+6E//, *247, 0Bi & , :$7&1 /1&(@ , * 0c & * 0a & , 

8 9 0dP dz
K
& , (.&. '(,E/2.,5.30 5&A/1 (&-&./6 A/7*2'(/ ;&5&1&..20 )69*2'(/ 

) ;5/.E/;& .& 12A&( :3(@ 5&,+/92),.. 

",* :3+2 2(1&-&.2 )3C&, 5&C&./6 c7  / c 77  $5,).&./6 (21) 2;5&7&+6=( 7), 

)2912A.38 5&A/1, '(,E/2.,5.242 (&-&./6 A/7*2'(/ ;&5&1&..20 )69*2'(/ ) 

*5$4+21 (5$:2;52)27&. 

P.,-&./&  6)+6&('6 2:%/1 / ;5&7&+@.31 7+6 2:2/8 5&A/12), :$7$-/ 7+6 

–)&()/ .,/:2+@C/1, , 7+6  – .,/1&.@C/1.  
*

c

c7 c 77
R'+/ ;5&2:5,92),(@ '22(.2C&./& (21) * )/7$ 

((
+

$
''
*

#
.1

.
&

)1(Bi

8
exp

4

)1( 2

c

cc

a

c
 

/ ;27'(,)/(@ &42 ) F251$+3 (18) / (20), (2 2*,A&('6, -(2 $)&+/-&./& ;,5,1&(5, 

 ((.&. a dzdP ) 7+6 c 77 – )&()/ )392)&( $1&.@C&./& 5,'827, A/7*2'(/ / 7/''/;,-

E// 1&8,./-&'*20 >.&54//, , ' ./1/ '22()&('()$=%/8 9.,-&./0 '*252'(/ / 

(&1;&5,($53 ., 2'/ (5$:3.  

<2'+&7.&& ;52(/)25&-/( /9)&'(.31 F/9/-&'*/1 .,:+=7&./61 / ;29)2+6&( 

.,1 $()&5A7,(@, -(2 – )&()@ /1&&( -/'(2 1,(&1,(/-&'*$= ;5/527$.  c 77
I&2:827/12 97&'@ A& 2(1&(/(@, -(2 ;5&7&+@.30 ;&5&827 * 5&C&./= ?,4&-

.,-<$,9&0+6 ( 0 ) )2912A&. (2+@*2 7+6 
0
I< c7– )&()/. <2>(21$ ) 7,+@.&0C&1 

9.,-&./&  :$7&1 2(2A7&'()+6(@ ' *2.'(,.(20 /.(&45/52),./6 c . c7
R%& 27.20 2'2:&..2'(@= /''+&7$&1242 (&-&./6 / &42 *,-&'()&..31 2(+/-

-/&1 2( '+$-,6 ;2'(26..20 )69*2'(/ [6] '+$A/( .,+/-/& (2-*/ ;&5&4/:, 
U
3  ., 

;52F/+& '*252'(/ / '$%&'()2),./& (2-*/ 1,*'/1$1, >.&54// 7/''/;,E// 
E
3 , 

*2257/.,(3 *2(2538 5,).3 '22()&('()&..2: 4 71 c
U
&3 , 4 31 c

E
&3 , ;5/-&1 

. M2-*, ;&5&4/:, ;52F/+6 '*252'(/ ;2;,7,&( ) 2:+,'(@ (&-&./6 

 (2+@*2 ;5/ $'+2)// 

EU
3=3

10( ?3? ) 71Hc  ('1. 5/'. 2). 

K.,+/9 ;2+$-&..242 5&C&./6 (14)–(17) 12A.2 9,)&5C/(@ '2;2'(,)+&./&1 

8,5,*(&5/'(/* '(,E/2.,5.242 ;2(2*,, ;2+$-&..38 ' $-&(21 ;&5&1&..2'(/ )69-

*2'(/ / *247, &= ;5&.&:5&4,=( )0(
0
&< . 

1*(. 2 D**0!%'(1- 1*5"$ U3 – (1) % – (2)  $($ E.'$)%% $*'#1('1- . cE3

 86 



N&95,91&5.3& ;52F/+/ '*252'(/ / (&1;&5,($53 7+6 (&-&./6 ) *5$4+20 

(5$:& A/7*2'(/ ' ;2'(26..20 )69*2'(@= ' $-&(21 1,'C(,:2) (6), 12A.2 9,;/-

',(@ ) )/7&  

(
+
$

'
*
# 30
.

&34
30

0&3 400
2

0
0

Bi

Bi4

16
)(,

2

1
)(

a
bU , 

47& '285,.&.3 5,.&& )3:5,..3& 1,'C(,:3 2'.2).38 8,5,*(&5/'(/* A/7*2'(/ 

/ 9,7,-/ ) E&+21.  

B,';5&7&+&./& '*252'(&0 )  .& 9,)/'/( 2( (&5127/.,1/-&'*242 '2-

'(26./6 7)/A$%&0'6 A/7*2'(/ / ) (2-.2'(/ '2);,7,&( ' *+,''/-&'*/1 ;52F/-

+&1 ?,4&.,–<$,9&0+6 [2]. D-&)/7.2, -(2 '5&7.66 ;2 ;+2%,7/ '&-&./6 (5$:2-

;52)27, '*252'(@ :$7&( 5,)., 

(0 3U

4
0

0
cp

0& bU . 

G29@1&1 2(.2C&./& '5&7./8 '*252'(&0 

B
C

D
E
F

G
.1

1.&
)1(Bi

8
exp)1(

0 c

c
c

U

U

cp

cp
 

/ 1,*'/1,+@.38 (&1;&5,($5 
2

max

0

max

Bi (1 ) 4 8
ln(1 ) exp

4 Bi Bi (1 ) Bi (1 )

c c c
c

c c c

G D G4 .
& 1 1 . . 1

D
E B E4 . 1 . 1 . B
F C F C

. 

<2'+&7./& F251$+3 ;5/ J&Bi  ., ;5&7&+& 5&C&./6 ' ;&5&1&..20 )69*2-

'(@= 7,=( '22()&('()&..2: 20 &
cpcp

UU  / )2ln(40
maxmax

&44 . 

!+6 ;52/9)2+@.38 -/'&+  ;272:.30 '5,)./(&+@.30 ,.,+/9 ;52)27/+'6 

-/'+&..31 ;$(&1. 

Bi

<2+$-&..3& 5&9$+@(,(3 ;527&12.'(5/52),+/ .,+/-/& 567, *,-&'()&..38 

/ *2+/-&'()&..38 2(+/-/0 (&-&./6 A/7*2'(/ ' ;&5&1&..20 )69*2'(@= 2( '+$-

-,6 (&-&./6 ' ;2'(26..20 )69*2'(@=. S(2 $*,93),&( ., E&+&'22:5,9.2'(@ ;52-

)&7&./6 /''+&72),./6 ., 4/7527/.,1/-&'*$= $'(20-/)2'(@ 5,';5&7&+&./0 

(14)–(17), ;2+$-&..38 7+6 9,)/'/12'(/ (12), / '5,).&./6 &42 5&9$+@(,(2) ' (,-

*2)31/ 7+6  (&-&./6 ' ;2'(26..20 )69*2'(@=.  

"521& (242, '+&7$&( 5,95,:2(,(@ 1&(27/*$ -/'+&..242 5&C&./6 *5,&)20 

9,7,-/ (11) ' E&+@= )36'.&./6 2'2:&..2'(&0 (,*242 (&-&./6 ;2 2(.2C&./= * 

5&C&./=, 5,''12(5&..21$ ) .,'(26%&0 5,:2(&. 

 

 

6'&$.7&3.7: 

1. F% 60%2( @., G1A(01 F8. T/7527/.,1/-&'*,6 $'(20-/)2'(@ //  ';&8/ 

;5/*+,7.20 1&8,./*/: #:. '(,(&0. 1983–84 44. – L.: L/5, 1986. – 284 '. 

2. H*&):'#$%& H.I. L&8,./*, A/7*2'(/ / 4,9,. – L.: I,$*,, 1987. – 840 '. 

3. H-$*/ J.K. M&;+21,''22:1&.. – L.: S.&54/6, 1971. – 560 '. 

4. H%', L;:-L;:*. M&25/6 4/7527/.,1/-&'*20 $'(20-/)2'(/. – L.: H97. 

/.2'(5. +/(., 1958. – 194 '. 

5. M+%>1%'9 I. M&25/6 ;245,./-.242 '+26. –  L.: I,$*,, 1974. – 711 '. 

 87



6. J#+('*/ G.D. M&-&./& A/7*2'(/ ;&5&1&..20 )69*2'(/ ) *5$4+21 (5$:2;52-

)27& // H9)&'(/6 )3'C/8 $-&:.38 9,)&7&./0. I&F(@ / 4,9. – 1961. – U12. – 

#.83-88. 

7. J#+('*/ G.D. D 45,./E,8 '(,E/2.,5.242 5&A/1, / $'(20-/)2'(/ +,1/.,5.2-

42 (&-&./6 A/7*2'(/ ) *5$4+20 (5$:& ' $-&(21 (&1;&5,($5.20 9,)/'/12'(/ 

)69*2'(/ / (&;+22:1&., // H9)&'(/6 )3'C/8 $-&:.38 9,)&7&./0. I&F(@ / 

4,9. – 1963. – U1. – #.77-80. 

8. D(9('*/ G.J., N7+*'#$%& K.G. D ;52F/+& '*252'(&0 +,1/.,5.242 ;2(2*, )69-

*20 A/7*2'(/ ' $-&(21 (&;+2(3 (5&./6 / /91&.&./6 *2>FF/E/&.(, )69*2'(/ 

2( (&1;&5,($53  // H9)&'(/6 )3'C/8 $-&:.38 9,)&7&./0. I&F(@ / 4,9. – 1960. 

– U1. – #.85-92 

9. O0"'$"+, N.3. "/.&(/-&'*,6 (&25/6 A/7*2'(&0. – V.: I,$*,, 1975. – 592 '. 

10. P*#1('!8%:' G.J., 4"08('*/ J.I., Q.!:"/ G.3.  D 4/7527/.,1/-&'*21 (&-

;+2)21 )953)& // !2*+,73 KI ###B. – 1965 – M.163, U1. – #.133-136.  

 

 

 

 !"#$%&'()*+, -.-., ."!/%*& 0.1. 

 !"#$%&"!'( ')*(+ ,(-%.% (/ /0(.."1 &’2/3(!'1 4 3,45$"04 ',4#"6,"&"-( 
 

 !"# $%& 

 !"#$%&' (')$*(+!&' "!,*- .*(/&/ 0 1.02$'30 ".04'5.'6'(* *7 6.#806#&&93 

6’971': (/)/5#;*: "# !1)5'&!&;*#$%&': 7#$!+&')"* 6’971')"* 6*( "!35!.#"0./. 

<"./3#&* 2.#&/,&* 7&#,!&&9 5#.#3!".*6 7#(#,* "# 6)"#&'6$!&' :8 7#$!+&*)"% 6*( 

03'6 "!5$''43*&0 5'"'10 .*(/&/ *7 7'6&*=&*3 )!.!('6/>!3. ?'72$9&0"* 91*)&* "# 1*-

$%1*)&* 6*(3*&&')"* 6*( 6/5#(10 "!,*: .*(/&/ *7 &!73*&&'- 6’971*)"-. @1#7#&* 5!.)5!-

1"/6&* &#5.931/ 5'(#$%=/8 (')$*(+!&% 7# (#&'- 5.'4$!3'-.  

 
 

 

Dragunovsky N.N., Tsarenko A.P. 

 

Peculiarities of a variable viscosity fluid flow in circular pipe 
 

SUMMARY 

Fluid flow in the circular pipe was studied with account of viscous dissipation and vis-

cosity exponential temperature dependence. The problem parameters limit values were ob-

tained and their dependence on the fluid flow heat exchange with environment was estab-

lished. The qualitative and quantitative distinctions between variable and constant viscos-

ity fluid flows were considered. The perspective directions of further investigations on this 

problem were indicated. 
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