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STRESS STATE OF THE BOX SHELL UNDER
THE INDENTATION OF TWO INCLUSIONS

Introduction. Thin-walled structures are widely used in various fields in modern technologies of
mechanical engineering, construction, aviation industry, shipbuilding, rocket engineering, oil, gas and
other industries. Variety of forms of such structures, various loading conditions and pinning, presence
of defects and inhomogeneities lead to wide range of different formulations of the problems of re-
search on strength characteristics of such structures and methods used for this purpose.

Literature review. The characteristic feature of this type of problems is the difficulty of solving
them both using analytical methods and numerical calculations on computer. Therefore, the study of
this problem is still relevant. Intensive search continues both in theoretical study of the problem and in
development of approximate numerical calculation methods. Study on the convergence of the numeri-
cal method is of great importance in the development of numerical methods for solving practical prob-
lems using the finite element method. It is very important to have an opportunity to explore the validi-
ty of numerical method by comparing it with analytical solution of such a problem.

Among the first studies in this area there are works of V.Z. Vlasov, G.Yu. Dzhanelidze,
Ya.G. Panovko, S.N. Kan, E. Reissner. Tasks for composite shell structures in accordance with their
actual interaction were solved by V.I. Mossakovskiy and his students using method of homogeneous
solutions. Application of direction with functions having non-integrable singularity developed by
G.Ya. Popov [1] and his students allowed to solve many problems for mechanics of deformable solids
including problems for shell structures.

The authors of this article developed a method that allowed to solve effectively the problem of stress
state of lamellar shells [2]. Application of this method with the method of regularization of divergent inte-
grals [1] allowed to solve a number of problems for the lamellar shells with defects, such as [3...6].

Aim of the Research is to solve the problem of plane-bending stress state of box shell with rectan-

gular profile and infinite length under the indentation of P
two symmetrically arranged thin rigid inclusions.
Main Body. Let’s consider the problem of stress 2a
state of box shell with infinite length and rectangular g 3 bt — B {y
profile under the indentation of two thin rigid inclu-
sions symmetrically located on the opposite fac- \
es (Fig. 1). z x
The load acting on shell will be assumed sym-  Fig. I. Loading scheme of rectangular profile
metrical about the plane of symmetry of the shell. shell with rigid inclusion: a, b — the geometric

Let’s use the method of calculating the box  dimensions of rectangular cross section of the
shells [2], retaining the notations. The problem reduc-  shell; 2c — the length of inclusion,; P — the con-
es to finding the solution of differential equa- centrated force
tions system
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DA*w(x,y) = Z(x, y),
A’ (x,y) = D(x, ),
D(x,y)=0/x[A+(1+V)0?/0y*]1X +0/y[A—(1+ V) /oy 1Y,
satisfying the conditions at the edge of the shell at

W =(1,) ={@.)=(M,) =0,

uy=—(w, +w.); (Wy=u, +u_,

(o) =—n"1V), +(V,)-],

(Vey=hl(o,), +(c,)1;

satisfying the symmetry conditions

—a<x<b,x#0,

y|<l

V,=¢,=v=r1,=0, —a<x<b; y=0,

Vi=¢,=u=1,=0, x=-ab; |y|>c¢
conditions for the inclusion
u(-a,)=9,(-a,)=0; w(-a,y)=38 |[y|<c (1)
under the conditions of equilibrium for the inclusion
[ Vi(-a,y)dy=—p/2, )

where P is the load acting on the inclusion;
0 is the upsetting of the inclusion;
u,v,w are the movements along the axis x, y, z ;

o,M,V,c,1 are the angle of rotation, the bending moment, the generalized lateral force, the

normal and tangential stresses respectively;
X(x,y), Y(x,y), Z(x,y) are the loads acting on the shell along the axis x,y,z respectively;

functions with lower index + denote the limit values of the corresponding functions on the edge,
and the values in angle brackets are their jumps: f, = f(£0); (/=1 —f..

Because of symmetry the equilibrium condition for the tangential stresses are performed automat-
ically, and the displacement of the inclusion & is unknown beforehand.

Let () and p(y) be the unknown lateral force and tangential stresses on the inclusion

x(W) =V (=a,); wy)=1,(-a.y),
that differ from zero by (1) on inclusion | y| <c only.
Let’s apply the Fourier transform to the elastic bending and flat unknown variables and denote
Wa @ M, Uy %q _T WoM uy(M)) 0y
= e y
0wVu Zy Xono) 20V, Z Xu(y)

If transformants are indexed with + (+ for plate — for bending problems) in the notations of [1]
and the transformant of Laplace operator is denoted by L

Lf =[d?*/dx* —a?]f,
then we come to the problem in transformants for the system of differential equations
L fE=qf(x)+ P (x), —a<x<b,x#0,
q;(x)=Ri X, +aR;Y,, q.(x)=D"Z,, 3)
B (%) ==, 0R8(x +a), By (x)=—x,D73(x+a)

—00

with boundary conditions for x = —a,b
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Rife=Rifs =0 “4)
and conditions at the edge of the shell
SifE=0, j=L12,
S3fd =otE[H [ ], Hify =aE[S; [ ], ()
Sifo =Dh7'[Hs f;7), Hifd =—Dh7'[S5 /5]

The following notation of differential operators and functionals R},S7,H;,T are used [2]:

o f
Rif =" k=01 Ref =[L+(1£v)o]f,
X

R§f=a—i[L—(1iv)oc2]f, Lf:%_azf’

S =T =T")f, H =T~ +T")f, T*f=f(20),

Sif=SIRif1, Hif=HIR; ], Tef =TIR; f].
The solution of (3) ... (5) will be found as the solutions of two following tasks.
The first task is to find the solution of the problem for the shell without the inclusion under the
action of arbitrary load, but without taking into account the load on inclusion. In system (3) this prob-
lem corresponds to the right side of gZ(x) . Its solution is found in [2], let’s mark it by index ¢ and

assume that it is known.

The second task is to find the solutions for the shell with the inclusion under the load on the in-
clusion. Its solution is also built on the scheme presented in [2] and the presence of inclusion is re-
placed by the action of unknown load y(») and p(y) which action in system (3) is accounted in form

of components

;)= [ G (x )P dt==1,D7'G,(x,~a),

b
S 0= [ Gu(x.)Prdi = —p,0R2G, (x.~a).

The solution to this problem let’s mark by index p . Here the wave over the operator R, means
that it applies to the second variable of the Green function G, (x,&), and the Green function is con-
structed for the boundary value problem

Pu(x)=0, xe(a,b);u’'=u"=0, x=—a,b.

Solution of the problem in transformants p,(y) and y,(») is obtained by solving the algebraic

system of fourth order
AF =p H, +y.H,

with coefficients of matrix A4

hD! 0 -C5 Cs
A= 0 (*E)™! —Cp Coo

—Cj, Cs, ~o*E 0 |’

—Cg Ci 0 —Dh™!

where coefficients of matrix 4 and vectors H, " and H , are obtained as a result of use of functional
H:, T+ (j=0,3) to the Green function G, (x,§)

J2> 7
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Cj =H!T[G,],
H, =[0,0,0H{R; G, (x,~a),—oH{R; G, (x,~a)]",
H,=[D'H;G,(x,—a),D"'H,G,(x,~a),0,0]".
To determine the functions %(y) and u(y) let’s find the inverse values of transformants w, (x)

and v, (x) and use the condition (1). After the separation of weakly converging parts of cores we ob-
tain the system of integral equations of the form

j{(y—n)zm y=n| 0 }[x(n)} in+ WKnKlz}[x(n)} dn{@(y)} ©
’ 0 ~n|y=nl]{pm) ] " [ KKn | p(n) 5,(»

where K;(y,n) are infinitely differentiable functions;
8,(»), 6,(y) are upsettings of inclusions caused by loads y, p respectively.
The first of integral equations (6) has no solution in class of integrable functions and its solution

must be sought in the space of functions with non-integrable singularities of the form (1- yz)‘% using

the apparatus of the regularization of divergent integrals [7].
To solve the system (6) let’s use the method of orthogonal polynomials and seek p(y) as series of

expansion in terms of Chebyshev polynomials of the first kind 7,,,,(s) and y(y) as series of expansion
in terms of polynomials of special kind m, () obtained as a modification of Jacobi polynomials [8]:

1 o
H(S) = 6(1 - Sz) 2 Z u2m+lT'2m+l (S)a

m=0
X(S) = SZ XZmTC2m (S)
m=0
Considering the spectral ratios [8]
1
j (t—1)2In|t—1|m,, ()dt =27P,, (1), (—-1<t<1),
I 21 )y L= rU )T (), (i),

Nl-s2 |y-s]|

we obtain an infinite system of linear algebraic equations for the coefficients of the expansion

{szauzim}
o (AR 4R
[X” ]+Z bl b [X” j:s("’j, 1=0.,
Moy i\ Aot Ay )\ Mok 0

where coefficients of the system A/} (i, j=1,2) and the right sides ¢, are expressed in terms of rapid-

ly converging integrals, which include Bessel and Gamma functions for different &,/ =0, .

Results. Solution of the system when substituted in the equilibrium condition (2), taking into ac-
count the linearity of dependence of upsetting on the load, allows to define the amount of upsetting & .
The values of the elastic unknowns can be determined by using the solution of the problem in the
transformants (3) ... (§) and the convolution theorem.

To determine the upsetting & there were carried out the numerical calculations in case when the
shell is loaded by forces P applied to the means of inclusions. Values of the dimensionless analogue
of upsetting 8° related to the physical value were calculated by the ratio d=06°- P/ Eh . Calculations
were performed for a number of values a/b and ¢/a when v=0,3, h/a=0,01. And the system of
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linear algebraic equations was solved by the method of §°10™
reduction while maintaining five members of expansion
providing an accuracy of at least three significant digits.
Fig. 2 shows the dimensionless values of upsetting 5°
for the four cross-section ratios a/b = {0,5; 1; 2; 4},

depending on the inclusion length ¢ related to one of
geometric sectional dimension « .

Conclusions. Note that when ¢ — 0 the values of
inclusions upsetting match with known results on the
deflection values under the point of application of con-
centrated force of shell without inclusions loaded with
two symmetrically arranged forces. 0 1 2 3 cla

In conclusion, note that proposed method [2] al-
lowe?d to replace the considergtion pf stress state of the depending on the length of inclusion c/a. for
spatial anglgd deS}gn by consideration of stress state of . o . ¢ of geometrical dimensions a/b:
the band with a linear defect that allowed to halve the ;__ ,p=05.-2 " b=1:3—ab=24— ab=4
number of differential equations needed to be solved and )
to simplify the conditions for coupling.

As it is known, the exact solutions of such problems have not been obtained by other authors and
numerical or experimental results are not shown. However, it was carried out the verification of used
method by considering the modeling problems. In particular, it has been successfully considered the
problem with inclusions infinite by length on the opposite faces loaded with infinite distributed load.
This problem has a trivial solution and is solved by methods of strength of materials. The comparison
showed the advantages of the proposed method.

Fig. 2. The value of inclusion upsetting &°
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AHOTAIIA / AHHOTALIUSA / ABSTRACT

B.O. I'puwun, B.O. I'puwuna, B.B. Peym. Hanpy:keHuii cTaH Kopo04aToi 000/I0HKH NPH BAaBJIeHHI B Hel 1BOX
BKJIIOYeHb. TOHKOCTIHHI KOHCTPYKLIi Pi3HOr0 MPOdisifo MIMPOKO BUKOPUCTOBYIOTHCS B Oy NIBHUITBI, aBialliiHill IPOMHCIIO-
BOCTI, CyIHOOYAyBaHHi, pakeToOyQyBaHHi, Ha)TOBIH, ra30Biif MPOMHUCIOBOCTI. Pi3HOMaHITHICTh ()OPM TaKHX KOHCTPYKIii,
YMOB HaBaHTa)KCHHS, HASIBHOCTI 1E(EKTIiB 1 HEOQHOPITHOCTEH MPHUBOAUTH 10 IIMPOKOTO CIIEKTPa IOCTAaHOBOK 3a/1a4 MIITHOC-
Ti 00’€KTIiB 1 METOMIB iX Po3B’sA3yBaHHS. XapaKTepHa OCOOIMBICTE 3ajad MOJIOHOTO THIy € CKJIAIHICTh iX aHANITHYHOTO 1
YHCENBHOTO po3B’si3yBaHHs. OmiHKa 301KHOCTI YHCEIBHOTO METOY PO3B’s3aHHS BEMarae MO>KIMBOCTI HOPIBHSIHHS OTpUMa-
HUX YHCEJILHUX PE3yJIbTATIB 3 pe3ysIbTaTaMy aHAJITUYHOTO PIlIeHHS BiJITOBIHOT 3a/1au4i.

Po6GoTa npucBsiueHa po3B’sI3aHHIO 3a/1a4i PO HANPYKEHUH CTaH KOpoOuaToi 000JI0HKH NPSIMOKYTHOTO Tpodisio i He-
CKIHYEHHOI IOBXMHH NP BAABIIIOBAHHI B 000JIOHKY JIBOX CUMETPUYHO PO3TALIOBAHMX JKOPCTKUX TOHKUX BKJIIOYEHb. 3a1aua
3BOJUTHCS 10 CUCTEMH IHTErpallbHUX piBHSHB. P0O3B’sI3yBaHHs IIYKAeThCs y MPOCTOPi (QyHKLIH, 110 MalOTh HEIHTETPOBHI
0COOJIMBOCTI 13 3aCTOCYBaHHSM amapaTy peryispu3sainii po30ikHUX iHTerpaiiB. HeckiHdeHHa cucteMa JiHIHHUX anredpaid-
HHX PiBHSHb, IO OJEPXKYETHCS, PO3B’A3YETHCS METOIOM peayKuil. YHCeabHO OTPUMaHi 3HAYCHHS 0CaJ0K BKIIIOYCHB 3aJICK-
HO BiJ] JOBXXHMHH BKITFOUYEHb 1 CIIBBIIHOIICHb T€OMETPHYHHUX PO3MIpiB MOMEPEUHOTO Iepepi3y 0O0TOHKH.

Kniouosi crosa: nanpysxeHui craH 000JOHKH, HEIHTEIPOBHI OCOOIMBOCTI, peryJisipu3aris po30DKHUX iHTerpaiB, Me-
TOJ OPTOrOHAJIBHUX MHOTOWICHIB, OCAJKH BKIIFOUCHb.

B.A. I'puwun, B.A. [ puwuna, B.B. Peym. Hanpsiz;keHHOe cOCTOsIHHE KOP0O0OYaTOoii 000/10YKH NPHU BIABJINBAHUM B
Hee IBYX BKJIKOYeHHH. TOHKOCTEHHbIE KOHCTPYKIUH PA3IUYHOTO MPOQUIIS IHPOKO UCTIOIb3YIOTCSl B CTPOUTENBCTBE, aBUA-
LHOHHOHN TPOMBILIUICHHOCTH, CyIOCTPOCHHUH, PAKETOCTPOCHUH, HE(TSIHOW, ra30BOM MPOMBILUICHHOCTH. Pa3zHOOOpasue Gpopm
TaKUX KOHCTPYKIUH, YCIIOBHI HATPY>KSHUS, HATMIHS Ae(PEKTOB U HEOJHOPOJHOCTEH IMPUBOAUT K IIMPOKOMY CHEKTPY ITOCTAHO-
BOK IIPOYHOCTHBIX 3314 M METOJIOB MX PEeIIeHHsI. XapaKTepHOH 0COOEHHOCTBIO 3a4a1 OJ0OHOTO THIIA SBISIETCS CIIOKHOCTD UX
QHAJIMTHYIECKOT0 U YUCIIEHHOTo perreHust. OneHka CXOMMMOCTH YHCICHHOTO METO/Ia PeIleHHs TpeOyeT BO3MOXKHOCTH CpaBHe-
HUS ITOJTyYEeHHBIX YHCJICHHBIX PE3yJIbTATOB C PE3yNIbTaTaMU AaHATUTHIECKOTO PEIICHNUS COOTBETCTBYIOIICH 3aJaunl.

Pabora nocBsieHa peIeHuIo 3a1a41 O HaNpsHKEHHOM COCTOSTHUM KOpoO4YaTol 000JI0YKH MPSMOYTOJIBHOTO PO(GUIIS 1
0ECKOHEYHO! JUIMHBI IIPU BJIABJIMBAaHUU B HEE JBYX CHMMETPHYHO PACIIOJIOXKEHHBIX KECTKMX TOHKHMX BKJIIOYCHHH. 3amada
CBOJIUTCS K CUCTEME UHTETPAIbHBIX YPaBHEHUH. PelleHne uiercs B NpocTpaHCcTBe (QYHKIMH, UMEIOIINX HE HHTETPUPYEMBbIe
0COOEHHOCTH C MPUMEHEHHEM almapara peryJsipu3aiuu pacxoismuxcs uHrerpanos. Ilomyuaemas GeckoHeuHas cucTeMa
JTHHEHHBIX anreOpandecKuX ypaBHEHHH PemaeTcsi METOJ0OM peayKIuH. UNCIeHHO MOTydeHbl 3HaUCHHS 0Ca 0K BKIIIOUCHUH B
3aBUCHMOCTH OT JUIMHBI BKITIOYEHHI ¥ COOTHOIICHHI T€OMETPHIECKIX PA3MEPOB IONIEPEIHOTO CEIEHHST 0O0TO0UKH.

Kniouesvie cnosa: HampspKeHHOE COCTOSHHE O0OJIOUKH, HEHMHTETPHPYEMBIC OCOOCHHOCTH, PEryJIsIpH3aIis PacXoms-
IIMXCS] HHTETPAJIOB, METOJ OPTOTOHAJIBHEIX MHOTOWIEHOB, OCaIKH BKITIOYECHHH.

V.A. Grishin, V.A. Grishina, V.V. Reut. Stress state of the box shell under the indentation of two inclusions. Thin-
walled structures are widely used in various fields in modern technologies of mechanical engineering, construction, aviation
industry, shipbuilding, rocket engineering, oil, gas and other industries. Variety of forms of such structures, various loading
conditions and pinning, presence of defects and inhomogeneities lead to wide range of different formulations of the problems
of research on strength characteristics of such structures and methods used for this purpose. The characteristic feature of this
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type of problems is the difficulty of their analytical or numerical solving. Assessment of convergence of numerical method
solution requires the ability to compare the numerical results with analytical solution results of the corresponding problem.

The research is devoted to solving the problem of stress state of box-shell with rectangular profile and infinite length
under the indentation of two symmetrically arranged thin rigid inclusions. The problem is reduced to a system of integral
equations. The solution is sought in the space of functions that have nonintegrable singularities using the apparatus of the
regularization of divergent integrals. Obtained infinite system of linear algebraic equations is solved by the method of reduc-
tion. There are obtained the numerical values of the upsettings of inclusions depending on inclusions length and ratios of
geometric dimensions of the cross-section of the shell.

Keywords: stress state of the shell, nonintegrable singularities, regularization of divergent integrals, method of orthog-
onal polynomials, upsetting of inclusion.
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