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The problem of the stress state of a rectangular elastic domain is investigated and solved
exactly. With the help of Fourier transformation the one-dimensional vector boundry prob-
lem in the transformation‘s domain is obtained. The components of the unknows vector are
the displacement transformations. The problem is solved exactly with the methods of the
matrix differential calculations, the fundamental solution matrix is constructed in the form
of the contour integral, which is found using the residue theorem. The constructed vector is
inversed by the corresponding formulas of inverse Fourier series. The numerical investigation
of the stress in dependence of the external loading value and domain‘s size is presented.
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1. INTRODUCTION

The problem of a rectangular domain stress estimation is not a new one,
nevertheless a lot of unsolved issues remain. This problem was considered and
solved in the different statements important to the engeneering applications as
with the help of analytical methods so and with numerical ones. To the last di-
rection one can reference the papers, where the boundary element-free method
(BEFM) was applied to two dimensional problems of elasticity. This method
is a direct numerical method which combines the boundary integral equation
method and an improved moving least-square approximation. This method, as
it was stated at [1], gives the higher computational accuracy. Another popular
solving methods are well known finite element methods. For example, at [2]
the discussion of the condition‘s type necessary for the penalty methods to pro-
vide a basis for the stable and convergent finite element schemes is proposed.
In paper [3] was considered the mixed finite element (for short MFE) approx-
imation of a stress-displacement system derived from the Hellinger-Reissner
variational principle for the linear elasticity problem. Many benefits of the
numerical methods can be attributed by their existence at many numerical
software applications, easy for using by the engineers.

But if one need to provide the calculation of the stress at the rectangular
domain in the neighborhood of the angular points, the numerical methods
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lose their efficiency as it is known. These points of the boundary condition
changing cause the stress with a special order of a singularity. To take these
singularities in the considaration, to propose the method which solve a problem
for a rectangular domain with regard of such singularities existence, one must
use the analytical approaches [4].

The world known papers of Konrat‘ev and Maz‘ya [5; 6] are connected with
the investigation of singularities at the angular points of an elastic domain.
Also the well known paper |7] was one of the pioneer papers in this direction.
The solution of the plane thermoelasticity problem for a rectangular domain
was constructed with the help of new solving method. This method permits
the construction of an analytical solution, corresponding to Saint-Venan prin-
ciple in the form of trigonometric series expansion using orthogonal set of the
eigenfunctions and associated functions. These investigations were successfully
continued by [8].

In paper [9] a simple method to solve a static, plane boundary value
problem of elasticity for an isotropic rectangular region was introduced. The
method is based on finite Fourier transform transfering the biharmonic equa-
tion to a nonhomogeneous ordinary differential equation of the fourth order.
Another analytical method of the plane two dimensional problem solving for
a rectangular domain was proposed at the papers Prof G. Popov [10; 11]. At
the paper [12] the method of solving the plane mixed boundary value problem
of elasticity on a rectangular domain was proposed. The problem of current
paper is solved exactly with the method of the matrix differential calculations,
this method was succesfully applied in the paper [13|. The constructed vec-
tor in transform‘s domain is inversed by the corresponding formulas of inverse
Fourier transform, so the displacements exspressions are found in the form of
Fourier series. The numerical investigation of the stress in dependence on the
external loading value and domain‘s size is presented.

The novelty of the presented paper is in the application of the new approach
[14] to the solving of the elasticity problem for a rectangular domain. The stress
state of a domain was investigated depending on a load properties and domain
size.

1. Statement of the problem.

The elastic rectangular domain 0 < x < a, 0 < y < b (G is a shear modulus,
u is a Poison‘s coefficient, F is a Young’s modulus) meets a load at the upper
face of the domain

O-y(va) = —p(a:), Ta:y(xab) =0 (1)

The lower base conditions are fulfilled at the bottom edge:

Uy(2,0) =0, Tpy(x,0) =0 (2)
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The left and the right side are conditions of ideal contact

Uz(a7 y) =0, T:Ey(a7 y) =0 (3)

It is required to estimate the stress state of the rectangular domain 0 < x <
a, 0 < y < b satisfying the boudnary conditions (1)-(3) and the equilibrium
equations [15]
U (2, y) + U™ (2, y)+p0(U" (,y) + V' *(2,9)) =0

"

V' (@) + V** (2, y) o (V7 () + U™ (2,y)) = 0 (4)

Here the denotes are taken U(x,y) uz(z,y), Viz,y) = uy(z,y),

! of (z, * of (z,
/ (x,y) = fézy)a / (x’y) = fézy)a Ho = 1_12N-
2. The problem solving
The Fourier‘s transforms are applied to the equations (4) with the scheme

Un(y)\ _ [ (U(z,y) *sin(a,z) ™
(Vn(y) —Jo \V(z,y) * cos(anz) de, o = a (5)
It leads to the homogeneous system of the ordinary differential equations
in the transform‘s domain

"

Uy, (y) + (—a2 — p1002)Un(y) — poan Vi, (y) = 0
Vo (9) (1 + po) — a2Vi(y) + pocnUs (y) = 0
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Boundary conditions (1), (2) are reformulated in the terms of the displace-
ments

U,(0) =0, V,(0)=0
an Vo (0) = U, () =0, (2G4 AV, (b) + AanUy(b) =0 (7)
where \ = %, = [y p(x) cos(anz)dz.

To formulate the vector boundary state problem the vectors and matrices

are introduced
1 0 0 —Qy o
A — B =
<0 1+ Mo) ’ (Moan 0 ) ’

C_ <(—a§i —Ouoai) _22> 2oy = G%z;) ’

n

1 0 0 —Qy,
Dl:(o (2G+)\))’ El:(an)\ 0 >

S )]

flz(_(;n) f2=<8>

With the help of the introduced matrices, the differential operator of the second
order is constructed

Ly(Za(y)) = AZ,(y) + BZ,(y) + CZu(y) (8)

The vector boundary problem in the transform‘s domain is formulated with
the help of the introduced operator (8)

La(Zn(y)) =0
Here Ui(Zu(y)) = DiZ,,(y) + EiZn(y), b1 =0, by=b
To solve this vector boundary problem the fundamental solution matrix
Y (y) is constructed. To found it firstly the matrix e¥] (where I the unit matrix

) must be substituted into the equation (9). From the equality Lo(efVI) =
M (€)efY one can derive the M (&) matrix

52 - O‘?L - NOQ% _ganﬂo
M(©) ( Spoan &+ E2p0 — 062> (10)

The fundamental solution is found with help of formula Y (y) 27” b SYM~L(&)d¢

[16]. The calculation of the integral requires to know all poles of the under
integral function. To do it the determinant of the matrix M (§) was found

detM(€) = (1 + p10) (€ — o) (€ + an)?
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After contour integration procedure the two linear independent solutions of
the matrix equation were derived

N
o
Y(y) = Wﬂj‘ﬂo) ; Res[etYM71(€)], (N — number of poles)
1

Y(y) =1 T o (Yo(y) + Y1(y))
Yoly) = e (yampo + 2+ po Yyamlio

0 dan, — YO o —yanpo + 2+ po

e Y (yay, — 2 — g —YQun o )

Yi(y) = & 11

1) dawy, < YQun fio —YQnio — 2 — [0 (11)

The solution of homogeneous vector equation was constructed

Zut) =¥ (G1) + 72 (&) 12

Applying the boundary conditions U;(Z,(y)) = fi, ¢ = 1,2 one obtains the
linear algebraic system from which the constants Cj, i = 1,4 can be found

Clea”b(Zboz,%uo + 2010 + 2a,) + C’geo‘”b(Zba,%uo — 20,)+
+03€7a"b(—2b05721,u,0 + 200, + 2a100) + C4e*a"b(2baiu0 +2a,) =0

C1e“(—2Gba? 11y — 2Gan 1o + 2 ) 4+ Coe® P (—2Gba2 g + (2G + N)2a,)+
+C3e™ b (—2Gba2 1 + 2Gan g — 2 ) + C1e®P(2Gba2 o + (2G + N)2ay,) =
= _pn4an(1 + NO)

C1 (20 + 2ant1p) + Ca(—2a) + C3 (20, + 20 p0) + Ca(20,) =0
Co(2 4 po) + Ca(—=2 — pp) =0

The application of the inverse Furier's formula finalizes the stated problem‘s
solution

25 , Voly) | 2
U = - U, nt, V(w, = - Vi n 13
(z,y) angl (y) sin (z,9) " + angl (y) cosanx (13)
The last step is to find the term Vj(y) as a special case, which can be

derived from the boundary problem:

1"

Vo(y)=0, 0<y<b
Vo(b) = —po/(2G +X), Vo(0) =0 (14)
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After it (15) solving the formulas (14) are rewritten at the form:

o
— % nE:l Un(y)sinapz, V(x,y)= (2G1—)£3;\ + — Z Vo (y) cos apz
(15)

2. Numerical results.

There are presented some numerical results for different loads and domain
size.

Displasments U(x,y) and V (z,y) are shown at the Fig. 1-4 correspondigly
for the external load p(x) = (x — 2.5)%2. At the Fig. 1, Fig. 3 and Fig. 2,
Fig. 4 the displacements are presented for the 0 < x < 5, 0 <y < 6 and
0<z<10, 0<y <15 correspondigly.

Fig. 1. U(z,y) Fig. 2. U(z,y)

It can be seen that with the increasing of the domain size the value of the
displacements increasing too. Distribution pattern of the displacements are
changed, which can be seen on Fig. 1 and Fig. 2. for the displacement U(x,y)
and on Fig. 3, Fig. 4 for the displacement V' (z,y).
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Fig. 3. V(z,y) Fig. 4. V(x,y)
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Fig. 7. oy(x,y) Fig. 8. oy(x,y)

Stresses 0;(x,y) and oy(x,y) are shown at the Fig. 5-8 correspondigly
for the external load p(z) = (z — 2.5)%2. At the Fig. 5, Fig. 7 and Fig.
6, Fig. 8 the stresses are presented for the 0 < z < 5, 0 < y < 6 and
0 <z <10, 0<y <15 correspondigly.

One can see that the changes are similar to the displacement‘s changes.

Investigation was also made for the another external load function, but

in this paper they are not presented because of the similar pattern of the
dependencies.

2. CONCLUSION

The proposed method was applied to solve the boundary stress state prob-
lem of the elastic rectangular domain. The exact solution of the stated problem
was derived. The displacments and stersses were investigateted for the different
domain sizes and external load functions.

The future development is to solve the stress state problem for the rectan-



The stress state of a rectangular elastic domain 95

gular domain with the boundary conditions of the first main elasticity problem.

IHoowcunenxos O. B.
HAINIPYX>KEHUN CTAH IPSIMOKYTHOI ITPYXKHOI OBJIACTI

Pesrome

YV 3ampononoBaHiit poboTi mOcCTiKeHa 1 pO3B‘sA3aHa 3aJa4a PO HAMPYKEHUN CTaH TPSMO-
KyTHOI Ipy»KHOI objiacti. 3a J0noMororo inrerpajbHoro nepersopenus @yp’e B mpocropi
TpaHCHOPMAHT OTPHUMaHA OJHOBHMipHA BEKTOpDHA KpaiioBa 3aga4da. KoMIOHeHTH IIyKaHO-
ro BeKTOpa € TpaHcdopMaHTH mepeMimneHb. OTpmMaHa KpaiioBa 3ajada pO3B‘si3aHa TO-
9HO 3a JIOIIOMOIOI0 METOJ/Yy MATPUIHOTO JAU(EPEHIaIbHON0 YUCIeHHS, (PYyHIAMEHTAIbLHAN
PO3B’AI30K IIPEJICTABJIEHNN SK iHTerpaJs II0 3aMKHYTOMY KOHTYDY, SKHil, B CBOIO 4epry, OyB
3HalIeHnit 3 BUKOPUCTAHHSIM Teopemu mpo Jmmkn. OTpumana ajarebpaldHa CHCTeMa Biji-
HOCHO HeBiJIoMuX KoedilieHTiB O6y/ia po3B’s3aHa IIJISIXOM BUKOPHUCTAHHs MeToy Kpamepa.
OcraTo4Hni po3paxyHKOBI OPMY/IN JJIs IOJIsI TIEPEMIIIEHb 1 HAIIPY?KeHb 1100y I0BaHI IIJISIXOM
3acTocyBaHHsT 06epHEHOTO meperBopeHHss Pyp’e. JlocmimKeHO oISt epeMileHb Ta HAIIPY-
2KEHb I PI3HUX BHUJIIB HABAHTAXKEHHs 1 PO3MIpPiB IPAMOKYTHOI 00J1acTi.

Karowosi caosa: miwana 3adava npyschocmi, mownull po3e‘a3ok, NPAMOKYMHG 00AaCMb,
eexmopra Kpatiosa 3adaua, Gyrdamenmaivha MampPuya.

IHoowcunenxos A. B.
HANPSI>)KEHHOE COCTOSIHUE MPSIMOYI'OJILHOM YIIPYIOM OBJIACTU

Pesrome

B npemyioxkennoii pabore ucciieIoBaHA U PEIIeHa 3a7a9a O HAIPSI?KEHHOM COCTOSHUU IIPsi-
MOYTOJIbHON yupyroit obsactu. C moMoInbio nHTEerpatbHoro npeobpasosanus Oypbe B po-
CTpaHCTBe TPAaHCHOPMAHT IIOJIyIeHa OJTHOMEPHAsI BEKTOPHAs KpaeBas 3aaada. KOMIOHEeHTbI
BEKTOPa MPEICTABISIOT coboit TpancdopmaHnThl cMmerenuii. [losmydennass kpaeBast 3amada
pellleHa TOYHO C IOMOIIBIO METOa MAaTPUIHOrO AuddepeHraIbHOr0 NCInucenus, GpyHia-
MEHTAJIbHOE DEIIeHre MPECTaBIEeHO B BHJI€ MHTErPaJia IO 3aMKHYTOMY KOHTYDY, KOTODBIi
B CBOIO OYepe/ib ObLI HalJIeH UCIIOJIb3ysl TeopeMy O Bblderax. llosydennas ajrebpandeckas
CHUCTEMa OTHOCHTEJIbHO HEN3BECTHBIX KO3 PUIINEHTOB, OblIa PellleHa IIyTeM UCIOIb30BAHUS
merona Kpamepa. OkoHuaresbHBIE pacueTHBIE (POPMYJIBI JJIsI TIOJIsT CMEIEHN U HATIPST>KEHU I
IIOCTPOEHBI ITyTEeM IIpUMeHeHus: obpaTHoro npeobpasosanus Pypoe. [IpescraBiaens: ancien-
HbIE MCCJIeJIOBAHUS [T0JIsI CMEIIEHNsI U HAIIPSIZKEHWH JIJIs1 PA3HBIX BUJIOB HAIPY3KH U PA3MEpPOB
NIPSIMOYTOJIBHOM 00JIaCTH.

Karoueswie caoga: cmewannas 3a0aua ynpyzocmu, mMowHoe PeweHue, npamoy2oioHasd 00-
AGCTMDb, BEKMOPHAA KPAELBAA 3a0a4a, HYHOGMEHMAALHAA MAMPUYA.
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