
Fesenco A. A. The problem of the stationary heat-conduction for the semi-

infinite layer. The exact solution of the stationary heat-conduction problem for the semi-

infinite layer was constructed. The lower and lateral faces of the layer are heat-insulated.

The temperature is given at the upper face of the layer and is distributed through the known

area. The initial problem is reduced to the one-dimensional boundary problem with the help

of the integral Fourier transformation. The solution of this problem is constructed in the

explicit form. The multiply integrals with the oscillation function are obtained after invers-

ing of the integral transformation. For their calculation the special method based on the

Sonin’s formula using is proposed. The numerical analysis was done for the investigation of

the temperature distribution in the layer depending on the area parameters of the initial

temperature.

Key words: layer, thermal conductivity, the integral transformations, the cylindrical func-

tion.

©



0 < x <∞, −∞ < y <∞, 0 < z < h. (1)

x = 0 z = 0

∂T (x, y, z)

∂x
|x=0 = 0,

∂T (x, y, z)

∂z
|z=0 = 0, (2)

T z = h x ∈ [0, A] y ∈ [−B,B]

T (x, y, h) = f(x, y), x ∈ [0, A], y ∈ [−B,B]. (3)

△T (x, y, z) = 0, △ =
∂2

∂x2
+
∂2

∂y2
+
∂2

∂z2
, (4)

T ′′(x, y, z) =
∂2T (x, y, z)

∂x2
, T ··(x, y, z) =

∂2T (x, y, z)

∂y2
, T ,,(x, y, z) =

∂2T (x, y, z)

∂z2
.

x

Tα(y, z) =

∫ ∞

0

T (x, y, z) cosαxdx, T (x, y, z) =
2

π

∫ ∞

0

Tα(y, z) cosαxdα. (5)

−α2Tα(y, z) + T ··
α (y, z) + T

,,
α (y, z) = 0, T ,α(y, 0) = 0, Tα(y, h) = fα(y), (6)



fα(y) =

∫ ∞

0

f(x, y) cosαxdx. (7)

y

Tαβ(z) =

∫ ∞

−∞
Tα(y, z)e

iβydy, Tα(y, z) =
1

2π

∫ ∞

−∞
Tαβ(z)e

−iβydβ. (8)

T ′′
αβ(z)−N2Tαβ(z) = 0, z ∈ (0, h), (9)

T ′
αβ(0) = 0, Tαβ(h) = fαβ , (10)

fαβ =

∫ ∞

−∞
fα(y)e

iβydy, N2 = α2 + β2.

Tαβ(z) = C1 sinhNz + C2 coshNz.

C1 = 0, C2 =
fαβ

coshNh
.

Tαβ(z) = fαβ ·
coshNz

coshNh
. (11)

T (x, y, z) =
2

π

1

2π

∫ ∞

0

∫ ∞

−∞
fαβ ·

coshNz

coshNh
· cosαx · e−iβydαdβ. (12)

T (x, y, z) = 1
π2

∫∞
0

∫∞
−∞

[

∫∞
0

∫∞
−∞ f(ξ, η) cosαξ · eiβηdξdη

]

·

· coshNz
coshNh · cosαx · e−iβydαdβ.

(13)

T (x, y, z) = 1
π2

∫∞
0

∫∞
−∞ f(ξ, η)·

·
[

∫∞
0

∫∞
−∞

coshNz
coshNh · cosαξ · cosαx · eiβη · e−iβydαdβ

]

dξdη.



T (x, y, z) = 1
2π2

∫∞
0

∫∞
−∞ f(ξ, η)

[

∫∞
0

∫∞
−∞

coshNz
coshNh ·

·[cosα(x− ξ) + cosα(x+ ξ)] · e−iβ(y−η)dαdβ
]

dξdη.

(14)

α

T (x, y, z) = 1
4π2

∫∞
−∞

∫∞
−∞

coshNz
coshNh · [cosα(x− ξ) + cosα(x+ ξ)−

−i sinα(x− ξ)− i sinα(x+ ξ)] · e−iβ(y−η)dαdβ.

T (x, y, z) = 1
4π2

∫∞
0

∫∞
−∞ f(ξ, η)

[

∫∞
−∞

∫∞
−∞

coshNz
coshNh ·

·[e−iα(x+ξ) + e−iα(x−ξ)] · e−iβ(y−η)dαdβ
]

dξdη.

(15)

N2 = α2 + β2

1

2π

∫ ∞

−∞

∫ ∞

−∞
F (

√

α2 + β2)e−iαx−iβydαdβ =

∫ ∞

0

tF (t)J0(t
√

x2 + y2)dt, (16)

J0(t)

J0(t, x, y, ξ, η) = J0(t
√

(x− ξ)2 + (y − η)2) + J0(t
√

(x+ ξ)2 + (y − η)2).

T (x, y, z) =
1

2π

∫ ∞

0

∫ ∞

−∞
f(ξ, η)

[
∫ ∞

0

t
cosh tz

cosh th
· J0(t, x, y, ξ, η)dt

]

dξdη. (17)

f(x, y) = C C

T (x, y, z) =
C

2π

∫ A

0

∫ B

−B

[
∫ ∞

0

t
cosh tz

cosh th
· J0(t, x, y, ξ, η)dt

]

dξdη. (18)

T (x, y, z) =
C

2π

∫ ∞

0

t
cosh tz

cosh th
·
[

∫ A

0

∫ B

−B
J0(t, x, y, ξ, η)dξdη

]

dt (19)



J0(t
√

(x± ξ)2 + (y − η)2) = 2

π

∫ π/2

0

cos[t cosψ(x± ξ)] cos[t sinψ(y − η)]dψ.

T (x, y, z) = C
4AB

π2

∫ π/2

0

∫ ∞

0

t
cosh tz

cosh th
SA,Bt (ψ) cos(tx cosψ) cos(ty sinψ)dψdt. (20)

SA,Bt (ψ) = (tA cosψ)−1 sin(tA cosψ)(tB sinψ)−1 sin(tB sinψ).

JA,Bt (x, y) =
4AB

π2

∫ π/2

0

SA,Bt (ψ) cos(tx cosψ) cos(ty sinψ)dψ, (21)

SA,Bt (ψ) ψ

(−π/2, π/2) 2

sinψ = τ, (22)

JA,Bt (x, y) =
2AB

π2

∫ 1

−1
FA,B
t,τ (x, y)

dτ√
1− τ2

,

FA,B
t,τ (x, y) =

sin(tA
√
1− τ2)

tA
√
1− τ2

sin(tBτ)

tBτ
cos(tx

√

1− τ2) cos(tyτ).

x = 0 y = 0

JA,Bt (0, 0) =
2AB

π2

∫ 1

−1
FA,B
t,τ (0, 0)

dτ√
1− τ2

=
2AB

π

1

N

N
∑

k=1

FA,B

t,τ
(N)
k

(0, 0), (23)

τ
(N)
k = cos

2k − 1

2N
π, k = 1, N, (24)

τ
(N)
k

T (0, 0, h) = 2C
πN

∑N
k=1

∫∞
0
tFA,B

t,τ (0, 0)dt =

= 2C
πN

∑N
k=1

∫∞
0

sin(tA
√
1−τ2

k
) sin(tBτk)

tA
√
1−τ2

k
Bτk

dt,

(25)



T (x, y, z) = 2C
πN

∑N
k=1

∫∞
0

cosh tz
cosh th

sin(tA
√
1−τ2

k
) sin(tBτk)

tA
√
1−τ2

k
Bτk

·

· cos(tx
√

1− τ2k ) sin(tyτk)dt.
(26)

∫ ∞

0

sinmx sinnx

x
dx =

1

4
ln

[

m+ n

m− n

]2

, m > 0, n > 0, m (= n. (27)

m = 0 n (= 0 n = 0 m (= 0
n < 0 (m < 0)

m (= n A
√

1− τ2k (= Bτk B/A = 1√
1− τ2 − τ (= 0

cosψ (= sinψ ψ (= π
4 τ (= ± 1√

2

A (= B

T (0, 0, h) =
C

2πN

N
∑

k=1

1

τk
√

1− τ2k
ln

[

√

1− τ2k + (B/A)τk
√

1− τ2k − (B/A)τk

]2

. (28)

N

T (0, 0, h) =
C

πN

N/2
∑

k=1

1

τk
√

1− τ2k
ln

[

√

1− τ2k + (B/A)τk
√

1− τ2k − (B/A)τk

]2

. (29)

τN = −τ1, τN−1 = −τ2, ...,

N (−1, 1)
N τ(N+1)/2

ε→ 0 τk = τk+ε τk = 0 k = (N+1)/2

T (0, 0, h) =
C

πN



2
B

A
+

1

2

N
∑

k=1,k $=N+1
2

1

τk
√

1− τ2k
ln

[

√

1− τ2k + (B/A)τk
√

1− τ2k − (B/A)τk

]2


 . (30)

B/A = 1/2
B/A = 2 y B/A = 1/4

x N



N = 70 C = 1

T (0, 0, h) = 0,999445; T (0, 0, h) = 0,999444; T (0, 0, h) = 0,998545.

fα(y) =

∫ ∞

0

f(x, y) cosαxdx = C ·
∫ A

0

cosαxdx = C · sinαA
α

,

fαβ =

∫ ∞

−∞
fα(y)e

iβydy = C · sinαA
α

∫ B

−B
eiβydy =

= C · sinαA
α

· 2(e
iβB − e−iβB)

2iβ
= 2C · sinαA

α
· sinβB

β
.

T (0, 0, h) =
2C

π2

∫ ∞

0

∫ ∞

−∞

sinαA

α

sinβB

β
dαdβ =

=
4C

π2

∫ ∞

0

∫ ∞

0

sinαA

α

sinβB

β
dαdβ =

4C

π2
· π
2
· π
2
= C,

β

z = h/2 0 < x < 2A −2B < y < 2B h = 1 C = 1
B/A = 1/2 B/A = 2 B/A = 1/4

0,7
B/A = 2 B/A = 1/4

(h = 2)

B/A = 1/2






