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ON EXISTENCE OF A SPECIAL KIND’S INTEGRAL MANIFOLD
OF THE NONLINEAR DIFFERENTIAL SYSTEM WITH SLOWLY
VARYING PARAMETERS

IITorones C. A. IIpo icHyBaHHs IHTErpaJJbHOIO MHOTOBU/Y CII€IiaJIbHOTI'O BU-
rasiy HediHiMHOT audepeHuianbHOT cucTreMu i3 NOBLIBHO 3MIHHMMM HapamMerpa-
mu. g HemiHIAHOI KOJIMBHOI OTHOYACTOTHOI M epeHItiaabHOl CHCTEMU IPYTOr0 MOPSI-
Ky, IpaBl 4aCTUHU SKOI BIJIHOCHO KyTOBOI 3MiHHOI 300pazKyBaHi y BUIJIsSAl aDCOTIOTHO TA
piBHOMIpHO 36ikHUX psiziie Pyp’e i3 MOBIILHO 3MIHHUMHU B TEBHOMY CeHCi KoedilieHTamw,
OTPHMAHO YMOBHU iCHYBAHHS iHTErPAaIbHOTO MHOTOBHIY aHAJIOTIYHOI CTPYKTYPH.

Kuarouosi caoBa: audepennianbaa cucremMa, MHOTOBH/I, TOBIIBHO 3MIHHUIA.

IITérones C. A. O cymecTBoBaHNN NHTErPAJIbHOIO MHOrooG6pasusi crieruasib-
HOro BUAA HeJIMHENHON auddepeHnmalbHON CUCTEMBI C MEIJIEHHO MEHSIOIIU-
Mucst napamerpamu. /[lis HenuHeHHONU KosiebaTebHON 01H0YACTOTHOM aud depeHmnalib-
HOI CHUCTEMBI BTOPOTO TIOPAJIKa, TPaBble YaCTU KOTOPOM OTHOCUTEIbHO YIJIOBOU HMepeMeHHON
peICTaBUMBI B BUJIe aOCOTIOTHO M PAaBHOMEPHO cxoAsdmuxcsd paaoB @ypbe ¢ MeJIEHHO MeHd-
OIUMHUCH B OLPEJETEHHOM CMBIC/IE KOIDDUIMEHTAMHE, IOy YEHbl YC/IOBU CyIeCTBOBAHMUS
WHTErPAJIbHOTO MHOTOOOPA3NsT aHAJOTUIHON CTPYKTYDHI.

KuaroueBsie ciioBa: and depernpanbrast cucTeMa, MHOT000pasne, MeIJIEHHO MeHSTIONNHCST.

Shchogolev S. A. On existence of a special kind’s integral manifold of the
nonlinear differential system with slowly varying parameters. Consider the second-
order nonlinear oscillating single-frequency differential system, the right-hand parts of which
with respect angular variable can be represented as an absolutely and uniformly convergent
Fourier-series with slowly varying in a certain sense coefficients. Establish the conditions of
existence of this system of integral manifolds of a similar structure. In this manifold system
are reduced to the one differential equation with respect angular variable. Preliminary the
auxiliary lemm’s in which construct the transformations, which reducing researching system
to the system with slowly varying, non oscillating, kind, are obtained. And coefficients of
these transformations are obtained in the form of analogous Fourier-series.

Key words: differential system, manifold, slowly varying.

INTRODUCTION. One of the powerful methods of the study of nonlinear systems of
differential equations is the method of integral manifolds [1,2]. Particularly important
role it plays in the research of multi-frequency oscillations, in particular, in systems
containing the slowly varying parameters [3]. An important object of study in the same
time and are single-frequency system [4]. In this paper the problem about existence of
the integral manifold, which represented by as an absolutely and uniformly convergent
Fourier-series with slowly varying parameters, are researched.
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MAIN RESULTS.

1. Basic notation and definitions.

Let G(go) = {t,e: t € R, €€ [0,50], g € RT}.

Definition 1. We say, that a function f(¢,¢), in general a complex-valued, belongs
to the class Sy, (g0), m € N U {0}, if
1) f:G(eg) = C; 2) f(t,e) € C™(G(ep)) with respect ¢;
3) d¥f(t,e)/dtk = ek fr(t,e) (0 <k <m),

def “ *
1Fllsmien = Y sup |[fi(t,€)] < +o0.

k=0 G(eo

Definition 2. We say, that a function f(,¢,0) belongs to the class F? (go, )
(m e NU{0}, a € (0,+00)) if
1) t,e € G(eo), 0 € R; 2) f:G(g9) x R = Ry

3) f(te,0) = Z fult,€) exp(ind),

n=—oo

and:

a) fn(tve) € Sm(go)v f,n(t,ﬁ) = fn(t75)§
b) K € (Oa +OO): ||fn||5'm(50) < Kexp (—|TL|O[), n € Z;

[ee]

def
&) NfllEs o) = D Ifalls,ceo) <

n=—oo

K(l1+e™@)
1—e @

So the function f(t, ¢, d) and its partial derivatives with respect ¢ up to m-th order
inclusive are analytic with respect 6 € R.
We state some properties of the norm | - || o (co,a)- Let u,v € Ff, (g0, ). Then
1) Wkl (oo ey = 1< | 0l e
2) Hu—'_U”F,e”(EO, a)s
3) uwvllre (co.0) < 2™ Ul 72 (0,0 * V][ F0 (20.0)-
The property 3) in [5] are proved. Functions of the class F? (gg, ) are form a
linear space, turning a complete normed space by introducing the norm | - |
If my < mg, then FY_(c0,a) C FY (c0, ).
If £ < €9, then F? (e9,) C FY (g1, ).
Definition 3. We say, that a function f(t,e,x) belongs to the class SZ (e, xo, d),

Ff (e0,0)

m

if
1) t,e € G(eo), € R;2) f: G(eg) X R—>R'

3) fl(te ) Zflts (z — z0)!,

and
a) fi: G(eo) = Ry b) fi(t,e) € Sm(eo);
c) the series 3,70 |1 fill s, (c0) (¥ — 20)" is convergent if |z — | < d.

Thus function f(¢,e,x) is real, analytic with respect x, if | — 29| < d together
with its partial derivatives up to m-th order inclusive. Moreover Vz € (zo—d, zo+d) :
flt,e,x) € Sm(eo).
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Definition 4. We say, that a function f(t,e,0,2) belongs to the class F% (g, 20,d)
(m e NU{0}, a € (0,+00)) if
1) t,e € G(gg), 0 e R, 2 €R; 2) f: G(ao)xRxR%R

3) f(te,0,z)= Zanltemeac—mo)l

n=—oo (=0

and
a) fn,l(tvf‘:) S Sm(50)7 f—n,l(tag) = fn.,l(ta 5)5
b) 3K € (0,+00): VneZ Vpe (0,d):
Ke~Inle
| fr it )l () < i

Thus real function f(¢,¢,0,2) and its all partial derivatives with respect ¢ up to
m-th order inclusive are analytic with respect § € R and z if |z — z¢| < d. Moreover
V€ (vg—d,xo+d): f(t,e,0,x)€ FY(c0,0).

2. Statement of the Problem.

Consider the following system of differential equations:

9 — X (t,e,0,2) +calt,e,0,2),
(1)
%ﬁ = w(t7 E) + M@(ta g, 97 1’.) + €b(t, = 97 I),

where t,e € G(eo), 0,2 € R; X,0 € F%(go,,70,d), a,b € F? T (g0, oy o, d),
w € Sp, ( )Cl:I(lfw—w0>0 ,ue((),uo)
€0

We study the question of the existence of the integral manifold z = w(t, e, 6, u) €
S Flf(sl,oq) (k<m—1, g1 < &g, aq < ) of the system (1).

3. Auxiliary Results.

We denote:

Xo(t,e,z) = /Xter

Let us assume that the following conditions.
(A). There is a real function x(t,£) such that
1) Xo(t, &, z0(t,€)) = 0;

2) inf
G(eo)

8X0(t7 g, Z'()(157 5))
oz

3) in system (1) a function (¢, €) is taken as a point z( and is taken as d-sufficiently

small positive number in the d-neighborhood of the point zq is no other roots of the

equation Xy (¢, e, z) = 0, than xg. Owing to the condition (2) the number d are exists.
(B) Parameters p and ¢ are related by inequalities:

’—7>0; (2)

MT—Q S Eml_l, (3)
in which r,m; € N, r > 2my, m > 2mq, m; > 1,

5
M+E<6a (4)
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in which § € (0, +00).
Lemma 1. Let the condition (A). Then
1)V reN T pu.€(0,up) such that ¥ p € (0, ) exists the transformation of kind

$:y+zuk(t7fa%y)ﬂk7 6:¢+ka(taeaway)uk7 (5)
k=1 k=1

where ¢,y € R, ug, vy € F£Y(go, 0, g,dy1) (dy € (0,d), k =1,r), which reducing the
system (1) to the form:

=S Yt e )k + Y (t e, 0,y 1) + ean(t e, 0,y 1),
(6)
e = w(t,e) + 3, Bult,e, y) b + p 1@, (t e, 0.y, 1) + by (L, 0,9, 1),

where Yy, ® € SY, (20, 0, d1), Yy, @, € FEY (20, @, 20, d1), ar, by € FY, (0, v, w0, d1);
2) 3 pk € (0, 1) such that ¥V p € (0, uk) exists inversion:

y=x+p(teb,z,p), o=0+qte 0,z ), (7)

where p,q € FO%(e,a,,d3) (d2 € (0,d1)).

Proof. The formulas determining for sufficiently small values ;1 the functions
Uk, Vg, Yi, P (K = 1,7), Y, @, a,, b, are obtained in [6]. From these formulas it
follows that these functions belong to the specified class in the formulation of lemma.
We now establish the reversibility of the transformation (5). We rewrite it in the form:

r=y+pult,e,0,y, 1), 0=p+pv(te py,p), (8)
where

T T
= upt,e, o, v=> wlt.e, oyt
k=1 k=1

Obviously u,v € F£Y(eg, o, g, d1).
We sustitute relations (7) in (8). Then we obtain the nonlinear system for p, ¢:

p+pu(t,e,0+qz+p,u)=0, g+ pv(t,e,0+q,z+p,u)=0. (9)
We choose some p € (0,d;) and denote:

Do ={z € R; |z — x| < p},

m

ng,(507a)> :

We seek a solution of the system (9) by iterative method, identifying as an initial
approximation py = qo = 0, and subsequent iterations are defined by formulas:

M(p) = max ( sup [lu(t, .8, 2, 1)

F9 (e0,a)) SUP |‘v(ta5707$7/”‘)|
x€Dg x€Dy

Pk+1 = _Mu(t7670+qk7x+pkau)7 dk+1 = _Mv(ta579+Qk>l’+pk7M)- (10)
Now we choose dy € (0, p) and denote

Dlz{iEGRZ |:l?—1‘0|§d2}.
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We have: p1 = —,uu(t,s,e,x,u), q1 = —,U/U(t,E,H,%“U,)-

F9 (g9,a) — M Sup ||u| Ff (g0,a) <p Sup ||UHF7H (g0,) < /j/M( )

m m

sup |[p:|

xeD1

sup [|q1]l e (cg,0) = 1 s [Vl 7o (co,a) < 1 sup [Vl o (co,0) < M ().

€Dy

We assume by induction that

sup ||p1€Hng(so,a) < N/M(,U'): sup ||le||FSz(€0,0t) < /LM(M)
zeDy zeDy

Then if x € Dy, we have:
|z + pr — zo| <[ — 0| + |pk| < do + pM(p).

We choose p so small, that pM () < p — da. Then

IN

Fi(eo.e) = 1 SUD lu(t, &, 0 + qr, © + pr, 1)1 7o (c0,0)

m

SUP P41l
zeD

Ff (g0,a) < MM(ILL)

m

< p sup [lu(t,e,0,z, p)l
z€Do
sup |[qk+1llFe (c,0) = 1 sup [[o(t,€,0 + qr, @ + pis )| 70, (c9,0) <
€Dy x€D;
< p sup ||U(t7€7€a$au)||an(so,a) < MM(:U/)
x€ Do

Thus for all iterations is satisfied:

Ff (g0,a) = /’(‘M(:u)

m

sup ||pr(t, €, 0,2, 1)l o (c,0) < WM (1), sup |lqx(t,e, 0,2, )|

x€Dq reDy

Since the function u,v € F£Y(eg, o, g, dy) then 3 L(u) € (0,+00) : V D, q, ]%,;1;6
€ F%%(gq, a, 29, ds) such that

sup 1B(t .0, 2, 1)1 50 (co.0) < HM (1), sup [|B(t €, 0,2, 1)l o (o) < 1M (1),
xeDq x€D4

sup [|q(t,€,0, 2, W)l po (co,a) < #M (),  sup la(t,e. 0,2 o (co,0) < 1M (1)

zeDy €Dy

the unequalities:

N

Sug ||’U,(t,€,9 + Z]vvx +5a M) - U(t,€,0 + Zjvl‘ +57 M)”an(so,a) =
reD,

Ff (g0,a) + Sup ||p p||F9 (60,a)>

m

< L) <sup 17—l

SU-[I)) ||1)(t7€, 0+ QNJ +57 N) - ’U(t,E,9 + 5796 +ﬁa /J/)Han(ao,a)
zeDy

m

< L) (sup 1= e + 500 15 (go,aQ
x€D 1



On existence of a special kind’s integral manifold . . . 85

Hence we obtain:

sup [[pr+1 — PrllFe (co,0) =
zeDy

N

= sup [u(t,e,0 + qr, @ + pr, p0 — u(t,€,0 + qr—1, % + pr—1, W Fo (c0,0) <

zeDy
F‘I?l (EU 7O‘)> )

=K SUE ||U(t7579 + 4k, T +pk:/1'0 - U(t,€,9 + qk—1,T +pk717u)||an(60,a)
zeDy

< uL(p) ( sup g5 — Gkt £ corc + 5D [k — po_i]
x€Dq x€Dq

sup [|gk+1 — @kl 72 (co,0) =
zeDy

IN

<20 (590 Bt = g + 500 I~ il )
€D €D
Therefore, for the convergence process (10) to the solution of the system (9), which
belong to the class F%(gq, o, 1o, ds) is sufficient condition 2uL(p) < 1.
Lemma 1 are proved.
We consider equation:

Y(ta57yvﬂ) =0, (11)

where Y = 3; _ Yi(t,e,y)pu* 1. In [6] shows that Y (t,e,y) = Xo(t €, y). Therefore,
on the basis of the assumption (A), the equation

Yl(tagay) =0 (12)
have the root yo(t,&) = zo(t,€) € Si(eo), and

inf ale (t, &, %0 (ta 6))

i =v5>0.
G(&()) ay ’y

Lemma 2. Let suppose the assumption (A). Then 3 ds € (0,400), tr, € (0, fir),
where p, are defined in Lemma 1, such that ¥ u € (0, ur,) the equation (11) have the
root y*(t,e, ) € Sim(e0), such that

|y*(t,€,p,) - yo(t,6)| < :Ud?’ < ds,

Y, *
inf (9 1(t7€:y (t,a,,u)”u)

= > 0.
ot a9y Y1(1)
Proof. We write the equation (11) in the form
Yilt,e,y) + Y (te,y,0) =0, (13)
where Y = > ko Yi(t, e, y)pF~2. Then the assertion of Lemma follows from the results
7, p. 695-702].
We denote

Ot e,y 1) = Y Byt e, y)ut
k=1
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and rewrite the system (6) in form:

W= pY (te,y, ) + 1Y (e, 0,y 1) + an(t, 2,0, 1),
(14)

42 = w(t,e) + pu®(y, e, y, p) + p 1@t €, 0y, 1) + by (L, 0,9, 1),

where Y, ® € SY (g0, y*, d2 — pds).
Lemma 3. Let suppose the assumption (A). Then 3e* € (0,e¢), da € (0,da—pd3)
such that ¥V e € (0,e*) exists the chain of reversible transformations of kind:

y=2+eg(te v, z1,p), ¢ =11 +ehi(te, ¥, 21, p), (15)
21 = %2 + 6292(t:6aw2a 227,u)7 ¢1 = ¢2 + 52h2(t7€7’¢)2722:u)? (16)

— —1
Zm1—2 — Zml—l + Eml gml—l(t7€7/¢)ﬂL1—la Zml—lvﬂ)’

(17)
wm172 = "/)mlfl + Eml_lhmlfl(uey d]mlfh Zmy—1s N)v

where gj, h; € F:;Cj’ (e*, a,y*,dy) (j =1,mq — 1), which reducing the system (13) to
the kind:

dzml 1

MY(tE Zmy — 17M)+MT+1Z mi— 1(t€ wml 15 #my— 15:”)_'—

+ Zml ' Ekak(t’ €, Zmy—1, M) + Emlaml (tv g, 'l/)m171a Zmq—1; N)a
(18)

A —
wdtl - = (U(t7€) +M@(t7€,zm1,1,,u) +,MT+1@m1,1(t,E,¢m1,1,zm1,17,u)+

+ Zm171 kﬁk(tvg’ Zml—lvﬂ) + €mlgm1 (t’67¢m1—1727ﬂ1—1vu)7

PYmq—1,2m * Zm ~ 7
where Zm1 laq)’ﬂu—l eF," ' v 1(5 aaay*vdél) akaﬂk € S Y 1(517y*ad4)7am1,bm1 €

m—mi+1

Ymi—1:2mq -1/ _x
EF"m mi (E,Oé,y,d4).

Proof. We apply to the system (14) transformation (15) and require that the
transformed system has the form:

92— LY (t e, 21, 1) + W Z1(t e, 1, 21, p)+

+Ea]-(t7 £, 21, ,U') + 5252 (tv g, ¢7 21, ,u)7
(19)
% = (.U(t, E) + Mé(tE? 21,[14) + lu’r+1(b1(t7€7w17zlaﬂ’)+

+Eﬁ1(t7€: Zlap’) + 52’52(@&%%;#%

where the function Z1, @1, aq, /3’1,52,52 are to be determined. Then for the functions
g1, h1 we obtain the following system of the differential equations in partial derivatives:

(w(t,e) + pud(t, e, 21, 1)) 55 foL L Y (te, zl,u)agl
(20)

+a1(t»€azl7:u) = ﬂ%zfl#) g1+ ar(t757¢lazl7u)7
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(w(t,e) + p®(t, e, 21, 1)) 55 Ohy L uY(te, zl,u)gh1+
(21)

+61(t757217:u) = u%thu) g1 + b’l'(tvnghzlnu)'

The functions Z7, @1,52,52 defined from the following systems of the linear algebraic
equations:

Eg% (1)1 + (1+5891) Zl = i\;;’(t757¢1 +€h1,21 +€glnu‘):

(22)

(1+€ahl)¢1+€6h1Z1 O, (t,e, 91 +hi, 21 + g1, o),

(1 + 6891) as + Egill~ =
Y (t.e, day(te, hi, )
_ % (t sazzlf+v1€g1)g% 4 o (t,e w+uzasw1 z1+v2eg1, 1) hy+
dar(t,e, hy, )
4 a (t,e 1/)+uzgz11 z1+V2eg1, 1) g1 — %%’

(23)

E% 62+(1+58h1)52:

2
_ p O ®(te,z1+vzegr) 2 Oby(t,e,0+vaehy,z1+vaegi,p)
=3 522 91+ o1 ha+
Oby-(t,e,9+vachi,z1+vaeg, i) _10m
+ o2 91~ <t

where vq,v9,v3,v4 € (0,1).

We denote zp = y*(t, e, 1) and expand the functions Y, ® in the series in z; — o,
which converge at |21 — 29| < p1, where p; € (0,dy — uds). Due the conditions of
Lemma value p; can be chosen so small that in p;-neighbourhood of the point zg the
are no, except zg, other roots of equation Y (¢,¢, z1, u) = 0.

D(t,e, 21,1 ZCD (t, e, p)( zlfzo)l, (24)
=0

Y(te,z1,p1) = > Y (te, 1) (21 — 20) (25)
=0

In the case Gi(nf) [Yi(t, e, 1) = v1 (1) > 0. Then
€0

OVEEZ) 3 101 p e 20) (26)
=0

O (L, 21, 18) o= v -1

S S (e )~ ) @7)

=0
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We expand the functions a,., b, in the double series, whish converge at 1 € R
and |z1 — 20| < p1:

Qr (tv g, 1/)17 /u’) = Z Z Qrkl (ta g, /U’)eikwl (Zl - Zo)la (28)
k=—o00 I=0

b’l“ (ta g, wl7 ,Ll,) = Z Z brkl (ta g, M)eikwl (Zl - ZO)l' (29)
k=—o00 1=0

We seek a solution of the system (20), (21) in the form of a double series:

gl(t7€7w1mu) = Z Zglkl(tagmu‘)eikwl (Zl - Zo)lv (30)
k=—o00 =0
hl(t7€7¢l7,u') = Z Z hlkl(taavu)eikwl (Zl - ZO)l' (31)
k=—o00 =0
Then
a91 l
ikgipe™ (z1 — 20)", 32
0r k_z_oog J1kl 1— 20) (32)
% = i ilglkleikwl(zl - zo)l_1 (33)
621 ’
k=—00 1=0
Ohy N ik !
— = ikhik e (21 — 20)!, 34
90, k;@; 1kl (21 — 20) (34)
Oh _ DD ihape (2 — 2)' (35)
921 k=—o00 =0

We substitute expressions (30), (32), (33) in the equation (20). Using (24) we
obtain:

(ww) S (e )z — )) S S kg (21 — 20)'+
=0

k=—001=0
00 0o 00 .
+ (M Y Yt e, ) (2 — ZO)Z) > Y lgie (2 — 20)! T
=0 k=—oo0 (=0

(36)
+a1(t7 g, 21, /j/) = <l’[’ Z l}/l* (t’ g, :u)(zl - ZO)l1> X
=1

X 3 Y gt e, w)e® Vi (z —z20) + X Y amlt e, p)et V(21 — 20)t

k=—o0 =0 k=—00 =0

We equate in the left and right sides of the equality (36) the coefficients at e?*¥1.
At k = 0 we obtain:

(HZYz (t,e, 1) (21 — 20 >Zl9101 (21 — 20)" '+

=0
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+au(t,e, 21, p1) = (#Zle*(t,&#)(zl - Zo)ll> x

=1
X Zglol(zl - Zo)l + Z arOl(tvea M)(Zl - Zo)l- (37)
1=0 1=0
We denote:
al(t7 &, 21, ,u') = Z a'r‘Ol(ta g, )U’)(Zl - ZO)l =
1=0
27
1 2
= %/ar(t,&wlyzl’#)dd)l € 521 (g0,20,p1),
0
quoi(t,e, ;) =0 (1=0,1,2,...).
At k # 0 we denote:
Arko
g1ko = — " ; " , 38
pY(t e, n) —ik(w(t,e) + pd@i(t, e, 1)) (38)
n—1
1y [(n+1—=2))Y, 5 (t e, p) —ik®_ (¢ €, )] gug+arkn(t, €, 1)
_ _J=0
gurn = (0= V7 (b e 1) + k(@ (t,2) + 1050, 1)) (39)

n=12,...; keZ/{0}.

Since i(nf)w(t,e) =wp > 0, then
€0

Glgf) lw(t,e) + u®s(t, e, p)| > wo — /‘H(I)S(tﬂgvﬂ)HSm(Eo) >w >0,
0

if pl|®5(t, e, 1)ls,, (20) < Wo—wi. From (38) follows, that gixo(t, €, 1) € Sp—1(c0), and

Harko(t7 g, ,LL) ||Sm—l(50)
|k\w1

Hglko(ta g, M)HSm,l(so) S

From (39) follows, that ¥V n € N: gixn(t, &, 1) € Sm—1(g0).
Since series (24), (25), (28), (29) converge at 1 € R and |21 — 29| < p1, then
Jo € (0,p1), M € (0,+00) such that:

M M
H(D?(H»Smfl(é'ﬂ) < ?7 H}/Z*HSm—l(EO) < ol—17
MeIkle Mekle
larkills, o) < 7> Mormills, o) < —7—

Following known techniques [8], suppose by induction, that

Plef\k|a
lg1ki(ts e, i)l S_r(co) £ —— (=0,n—1).
g
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We show that the constant P > 1 can be chosen so that:

Pne—|k\a
Hglkn(t7 g, M)”Sm—l(eu) < Uin

Let 71 (p) — the constant, which defined in Lemma 2. From (39) we obtain:

1
X
n— 1)y (p) + |klwr

||glkn||Sm_1(60) < (

n—1
x| a2 Y I 1= 2] 1Yl o) < 918115, o)+

J=0

n—1
+p|k[2m ! Z 197 ills0_1 o) * 191k |8 (c0) F l@rknll i) | <

7j=0

2m_1 M P]e ko

< | Prete
(n — Dy (p) + [klw “Z —
PJe lkla  pre—lkla
+M|k’|z onJ FER— —
om—1pre—lklo n—1 1
- 1—92iPF 4 ulkl S Pi 11| =
((n = D)y (p) + [Klwr)o™ “ZVH 1P+ ul \]ZO +
2m_1Me_‘k|0(
= X
((n = Dpmi () + [kfwr)o™
(n+3)Pn+l_(n_1)Pn+(n+1) 1
(P —1)2 Ik\ — 1
om=1pre=Ikla 3(n + 1) Pt pn

< k Pnfl ) 40
S = i) T+ Fwnor [P e MMt } (40)

Let P > 1+ pg, where pg > 0. Then from (40) we obtain:

K02m71M67|k|a
n—1)py(p) + |klwi)o™

lgirnlls,, 1 (o) < [ [u(n+1)P" '+

K02m71Mef\k\a
((n = Dy (p) + [klwr)o™

where Ko = 3(1+ po)?/p + (1 +po)/po + 1.
We estimate:

+plk| PP P = (u(n +1) + plk| + 1) P71,

pn+1)+plkl+1  pn4 1)+ plk| 1 <
pyi(n—1) +wilk]  pyi(n—1) +wilk] = py(n—1) +wilk| —
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1 pw(n+1) + plk| 3 W+ T
Twr opmn—1)twilk] T wr o opy +wr’
where 7 = |k|/(n — 1).
The function s(7) = (u+u7)/(py1+wiT) at py1 < wi is monotonically decreasing,
5(0) = 1/, hence s(7) < 1/7;. Thus for sufficiently small p:

p(n+1) + plk| +1 <K,
pyi(n — 1) + wi k|
where K7 = 3/wy + 1/v:. Hence:

KoK 2m 1 Me Ikl pr

O-”L

l91knll5,,_1(c0) <

We require that
K0K12m—1Me—|k\a pnt _ e—\k\a
o” o”
It’s enough to satisfy the inequality P > 1+ KoK,2™ ' M.
Thus equation (20) have a solution g1 (t, &, 1, z1, 1), which belong to class

P™.

Ffﬁljl (g0, @, 20,0/ P). Since in neighbourhood |z1 — 29| < p1 the are no, except zo,
other roots of equation Y (t,¢, 21, u) = 0, then equation (18) has no singular points,

z

except 205 hence g1 (t7 g, d}l: 21, /J’) € F:rbzl—’ll (507 a, 20, pl)
Let’s go to equation (21) with an already defined function gi(¢,¢, 1, 21, ), We

denote: X
0®(t, ¢, 21, 1

u% : 7/91(ta5a¢15217ﬂ)d¢1+
Z1 v

0

/Bl(ta€7zla:u) =

27
1
_‘_% / bT(t7 g, ’d)lv 21, .u‘)d’l[}l
0

Then 51(t7 €, %1, ,LL) € S’fr;fl(gov 205 pl)

Using arguments similar to those given for the equation (20), we see that equation
(21) have a solution hq (¢, e,%1, 21, 1) € F;;bll_’? (€0, o, 20, p1)-

Now consider the systems of the linear algebraic equations (22), (23). Obviously
3 &1 € (0,e0) such that V ¢ € (0,e1) the determinants of theese systems are sep-
arated from zero. Hence the system (22) have a unique solution ®q(¢,¢,1, 21, 1),
Z1(t,e, v, z1, 1) € FYu= (e1, v, 20, p1)- The system (23) have a unique solution as(t, e,

m—1
wh 21, ,LL), b2(ta g, wla 21, ,u) S F#ﬁ? (517 «, 20, pl)
We make in the system (19) transformation (16) and require that the transformed
system have the kind:

dz
7; = MY(t,Z;"zQ,IU,) + MT+122(ta57¢2,227M)+

tean(t, e, 20, 1) + 2aa(t, €, 22, p) + €3az(t, €, 12, 22, B,

(41)
s
dt

= W(t, 6) + M(b(t, €,22, :u’) + /I’T+1q)2(t7 g, ¢23 22, ,U,)‘i‘

+8ﬁ1 (tv £, %22, H’) + 52ﬂ2 (t7 £, %22, :U‘) + 53};3 (tv g, ¢27 22, N)
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Then for functions go, ho we obtain the next system of the differential equations
in partial derivatives:

(w(t,e) + pd(t,e, zg,,u)) —l—uY(t €, 22, )8 +

0z
oY (t,e, 29, ~
+O[2(t,€, 227/’6) = N% 92 + a2(ta57w7 22)7 (42)
(w(t,€) + pd(t,e, 2 )) 2 4 pY(te, 2 )‘%2+
) 1% y €522, aw 14 2, 1 822
0P (t, ¢, 29, ~
+62(t7€a Z?u“’) = M(aTZQM) g2 + bQ(tv‘E?wv 22)' (43)

The functions Zs, ®,, 63,53 defined from the following systems of the linear algebraic
equations:

2 3g2 (b + (1 +E2 ag?) Z2 = Zl(t7£7w2 +€2h2a22 +5292ay’)7

(44
(1 +e? ah?) Py 424 8h2 27y = By (t 6,2 + %ha, 20 + %92, 1),
(142252 ) s + 2 902y =
ey Y (t, 6gz+ule g2)g%+
+8a1(t,a,giju§€2g2) gote (8@2(1& £, ¢2+V§€2£22722+V3E ha,p) ho+
+aaz(t,e,wg+u§s;:;,zﬁu;e%z,u) gz) _ %%’ (45)

2 0hs =~ 20hs \ 7. _ pe | <I>(tszz+u46 g2) 2
Ef)z +(1+E )b372 Bz +

AP (t,e,zotvie? Aba(t,e,patrieha,zatvie?ha,
L

+852(t,s,w2+v§€62:22,zz+vgszh2,u) 92) _ 10hy
where vivs, vy, v, vi,v5 € (0,1).

Exploring the systems (42), (43) and (44), (45) in the same systems (20), (21)
and (22), (23) we find that ag,ﬁg € 572 ,(e1,20,p2), g2, ha € FY2(e1, v, 20, pa),

by, 725 € Fq/)z’ 2(62,04 Z(hpg) ag,bg S Fq/)z’ 2(62,0& Zo7p2) (p2 S (0 pl) £o € (0 51))
Contmumg in this way, get to the transformation (17) and systems (18). We
establish, that

Zmq—1

am17176m171 S Sm_m1+1(5m1727f20;pm171)a

wm 1:%m 1
gml—lvhml—l S Fm 1ml+1 e (5m1—27a7207pm1—1)a
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Vmq—1:2mq —1
q)ml—thl—l S meinﬁ»l ! (Eml—lvaa'anpml—l)y

~ 7 PYmq—1,2mq —1
amlvbml € Fm—m1 (5m1—13a5Z07pm,1—1)7

where 0 < g5, -1 <émy—2<...<e2<€1 <60, 0< prmy—1 < pmy—2<...<p2<
< p1 < dy.

Reversibility of transformations (15) — (17) for sufficiently small ¢ is proved sim-
ilarly to Lemma 1.

Lemma 3 are proved.

4. Principal Results.

Theorem. Suppose that the system (1) satisfies (A), (B). Then 3 6¢ € (0,+00)
such, that ¥ ¢ € (0,0¢9) (6 — value in condition (A)) the system (1) have the integral
manifold

= w(t’ £, 0, :u) € ng’l_l(g»{’ a*)v

where €7 € (0,e0), a* € (0,a), and on this manifold the system (1) are reduces to
equation:

do
E = w(t7 8) + :u@(ta &, 07 'LU(t,E, 63 ,U)) + E(tv & 0,:“)

Proof. Consider the system (18). Right-hand parts of this system are bounded at
teR,e€(0,6m,-1) Ym,—1 € R. Therefore it is easy to see that if the m+1 > 2my,
the functions €™~ 1a,,, (t,€, Vi, —1, Zm,—1)5 eml’lgml (t, &, Wm, 1, 2m,—1) belong to
class Sf,;’l”_’f (Emy—1, 20, Pmq—1). And thus in fact these functions are slowly varying
and not oscillating, despite the dependence on 1,,, 1, thanks to the factor ™1 1.

Therefore we can to rewrite the system (18) in form:
92 = pY (t,e,z,p) + i Z(t e, 2, 1) + €alt, €, 2, ),

(46)
L = w(t,e) + pd(t,e, 2, 1) + p (L e, 9, 2, ) + eblt, e, 2, 1),

where Y, ® € S%, _,(e*,20,d4), Z,V € F;/’l’_zml (e*, a1, 20, ds), abe 87 _1(e%, 20, dy),

mi—1
(8* S (0,50)7 o] € (0,0&)).
In system (46) using the transformation:
z =20+ pk, P =1 (47)
Since zo(t, e, p) € Sm(€0), then

dZO

E = —EZl(t,&‘LL), (48)

where z1 € S;—1(g0). We denote:

8Y(t7 &%, /’L)
At =7
(t,e, p) 5%
On the basis of Lemma 2:

Gi(nf) IA(t e, p)[ =7 (p) > 0. (49)

€0
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As a result of transformation (47) system (46) takes the form:

dé Qay(t75520 +VM£7M) 2 €
S RENG: St
dt 12 (75:/'l‘)+/1‘ 9z g +uzl(787:u')+
+/U'TZ(tagv¢»ZO+,u§au) ﬁ a(taEaZO+U§7M)7
(50)
d
dqu = w(t7 E) =+ :u@(tv €,20 + /UJg? lu’) + :ur+1qj(t757 7/17 zo + :u‘gv [L)+
+Eg(tv €,20 + /1467 l’l’)v
where 0 < v < 1.
Based on the assumption (B) the system (50) can be rewritten as:
d oY (t,e, zg + vué, €
© o nte e e TSIV 2y 2y oy
t 0z I
(51)
_ €
+iPE(t e, & ) + o lte: 20+ i, o)
W Dt 22, (t
E —OJ( ,5‘) +l1/ ( » €520 +N§7M) +:LL '—‘2( a57€7u)+
(52)

+€Z(t7 €, %0 + ,ugv :u)7

where 2y (t,e,&, 1), Ea(t,e,&p) € anfm](s*,zo,udzl).
Now we can consider equation (51) it regardless of the equation (52). Consider
corresponding to equation (51), a linear non-homogeneous equation:

d €
% = ,U,)\(t7€, /,L)fo + ; 21 (t: g, mu) (53)

Consider the next solution of this equations:

ot ) = - Tl (b, ), (54)

where . .
I[z1(tye,p)] = z1(rye,pexp | 1 [ A(s,e,p)ds | dr, (55)

/ /

and sign at the lower limit of integration coincides with sign of A(¢,e, ). Using the
unequality (49) and known estimates for integrals of the kind (55), we obtain, that
&o(t,e, ) € Spmy—1(e*), and 3 K € (0,+00) such that

KQE*
lollsm, ey = =zl ae0)- (56)

The solution belongs to class S, —1(e*) of the equation (51), we seek by iterative
method, identifying as an initial approximation &(t, ¢, 1), and subsequent iterations
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are defined by formulas:

8Y(t, €, %0 + V,ué'sa ,LL)
0z

g
£s+1(ta€7,u) =1 |:,LL Zl(tagau) + /J/2 §§+

_ € .
+/u2‘:‘(ta g, 58) /’L) + ; a/(tv €,20 + /’L£S7 :u):| . (57)
We define the set:

0= { &€ Smy—1(e7) 1 ||€ =&

Smq—1(e* <h }

and denote:
Y (t,e,z0 + vu&, 1)

Hy(h,p) = sup 92

£EQ

52

)

Sm,l—l(g*)

Ha(h, p) = sup |E(t,e,&, 1)ls,,, 1 (e+)> Ha(h, p) =sup [[a(t, e, zo + p&, p)lls,,, (e
£eQ eq

H(h, p) = max(Hy(h, ), Ha(h, 1), H3(h, 11)).

Since the funcrions Y,Z1,a are analytic with respect &€ € Q, 3 Lo(h,u) € (0,+00)
such that V &, n €

8Y(t7 £, 20 + V/‘”]? /*’L) 772

2_
¢ 0z

IN

Y (t,e,z0 +vu&, 1)
0z

Sm,lfl(E*)

S LO(ha M)”g - n‘|5m1—1(6*)'
Using a technique known contraction mapping principle [7], it is easy to show that
if
KQH(h“u)(S < h’O <h
(6 — the constant, which defined in condition (B)), all iterations (57) belongs to . If

K2L0(hnu’)5 < 17

that process (57) is converge to solution £ = £*(t,e, 1) € Sm,-1(e7) (e1% € (0,+€*))
of the equation (51). At the same time this solution determines the integral manifold
of system (51), (52). Given Lemmas 1 — 3, this proves the theorem.

CoNCLUSION. Thus, for the system (1) the conditions of existence of the integral
manifold, which represented for sufficiently small values €, u by as an absolutely and
uniformly convergent Fourier-series with slowly varying coefficients, are obtained.
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