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Belozerov G. S. About number of solutions of one congruence on ring Z[i].

The task of building the exact formula for the number of solutions ρ(α, β, γ) of the congru-

ence α(x2 + y2) ≡ β (mod γ) over the ring of Gaussian integer Z [i] is investigated. Using

the multiplicative function ρ(α, β, γ) on γ is sufficient to calculate ρ(α, β, ℘n), where ℘ –

prime element in Z[i]. Here the problem is reformulated into a problem of computing of

special exponential sums, in particular, Gauss sums. The results of this kind of demand in

analytic number theory, in the part where the investigated additive problems with the sums

of the squares of integers.

Key words: congruence, ring of Gaussian integer, Gauss sums , finite field.

α(x2 + y2) ≡ β (mod γ) (α, γ) = 1
ρ(α, β, γ)

©



Z[i]

ρ(α, β, γ) =
∑

x,y∈Z[i]

α(x2+y2)≡β (mod γ)

1 . (1)

ρ(α, β, γ) γ

℘n ℘ Z[i] ℘ = p ≡ 3
(mod 4) ℘℘̄ = p ≡ 1 (mod 4) ℘ = 1 + i

℘

℘℘̄ = p ≡ 1 (mod 4) G℘n n ∈ N

℘n Z[i] G∗℘n

∑

x∈Gγ

e2πiRe(αx
γ ) =

{

N(γ), α ≡ 0 (mod γ),

0, α 6≡ 0 (mod γ).
. (2)

N(γ)
γ

∑

0

= ρ(α, β, γ) =
∑

x,y∈G℘n

1

N(℘n)

∑

z∈G℘n

e
2πiRe

(

(α(x2+y2)−β)z
℘n

)

=

=
1

N(℘n)

∑

z∈G℘n

e−2πiRe( βz
℘n )

∑

x,y∈G℘n

e
2πiRe

(

α(x2+y2)z
℘n

)

=

= N(℘n) +
1

N(℘n)

n−1
∑

δ=0

∑

z∈G℘n

(z℘n)=℘δ

e−2πiRe( βz
℘n )

∑

x,y∈G℘n

e
2πiRe

(

α(x2+y2)z
℘n

)

=

= N(℘n) +
1

N(℘n)

n−1
∑

δ=0

∑

z∈G∗
℘n−δ

e
−2πiRe

(

βz

℘n−δ

)

∑

x,y∈G℘n

e
2πiRe

(

α(x2+y2)z

℘n−δ

)

=

= N(℘n) +
1

N(℘n)

n−1
∑

δ=0

N(℘δ)
∑

z∈G∗
℘n−δ

e
−2πiRe

(

βz

℘n−δ

)

·
(

H(αz, ℘n−δ)
)2

,

H(α, ℘k) =
∑

x∈G℘k

e
2πiRe

(

αx2

℘k

)

, (α, ℘) = 1.

H(α, ℘k)

k ≥ 2

H(α, ℘k) =











N(℘k1), k = 2k1, k1 ∈ N,

N(℘k1)
∑

u∈G℘

e
2πiRe

(

αu2

℘

)

, k = 2k1 + 1.



x = u+ ℘k−1v u ∈ G℘k−1 v ∈ G℘

H(α, ℘k) =
∑

u∈G
℘n−1

e
2πiRe

(

αu2

℘k

)

∑

v∈G℘

e2πiRe( 2αuv
℘ ),

αx2 = αu2 + 2αuv℘k−1 + α℘2k−2v2 k ≥ 2 2k − 2 ≥ k,

αx2
≡ αu2 + 2αuv℘k−1 + α℘2k−2v2 (mod ℘k).

H(α, ℘k) = N(℘)
∑

u∈G
℘k−1

u≡0 (mod ℘)

e
2πiRe

(

αu2

℘k

)

= N(℘)
∑

u∈G
℘k−2

e
2πiRe

(

αu2

℘k−2

)

.

k

H(α, ℘k) =











N(℘k1), k = 2k1, k1 ∈ N,

N(℘k1)
∑

u∈G℘

e
2πiRe

(

αu2

℘

)

, k = 2k1 + 1.

k k ≥ 1
∑

u∈G℘

e
2πiRe

(

αu2

℘

)

=
∑

u∈G℘

e
2πiRe

(

α℘̄u2

p

)

p = ℘℘̄

α℘̄ ≡ a (mod p), a ∈ Zp
p

∑

x=1

e2πi
ax2

p = i(
p−1
2 )

2
(

a

p

)

p1/2 p ≡ 1

(mod 4)

p
∑

x=1

e2πi
ax2

p =

(

a

p

)

p1/2
(

a
p

)

H(α z, ℘n−δ)

H(αz, ℘n−δ) =







N(℘)
n−δ
2 , n− δ ,

N(℘)
n−δ−1

2

(

c

p

)

p1/2, n− δ .

α℘̄z ≡ c (mod p), c ∈ Zp

H(αz, ℘n−δ) =











N(℘)
n−δ
2 , n− δ ,

N(℘)
n−δ
2

(

c

p

)1/2

, n− δ .

∑

z∈G∗
℘k

e
2πiRe

(

βz

℘k

)

=



















ϕ(pk), β pk,

−pk−1, β pk−1 β pk,

0, β pk−1,

℘℘̄ = p



Z[i]

mod ℘k

mod pk G∗
℘k
∼= Z∗

pk

∑

z∈G∗
℘k

e
2πiRe

(

βz

℘k

)

=
∑

z∈Z∗
pk

e
2πiRe

(

β z

pk

)

=
∑

z∈Z
pk

e
2πiRe

(

β z

pk

)

∑

d\(pk,z)

µ(d) =
∑

1

.

µ(d)

∑

1

=
∑

d\pk

µ(d)
∑

z∈Z
pk

z≡0 (mod d)

e
2πiRe

(

βz

pk

)

=
∑

z∈Z
pk

e
2πiRe

(

βz

pk

)

−
∑

z∈Z
pk

z≡0 (mod p)

e
2πiRe

(

βz

pk

)

=

=
∑

z∈Z
pk

e
2πiRe

(

βz

pk

)

−
∑

z∈Z
pk−1

e
2πiRe

(

βz

pk−1

)

,

∑

0

∑

0

= N(℘n) + 1
N(℘n)

n−1
∑

δ=0

N(℘δ)
∑

z∈G∗
℘n−δ

e
−2πiRe

(

βz

℘n−δ

)

N(℘n−δ) =

= N(℘n) +
n−1
∑

δ=0

∑

z∈G∗
℘n−δ

e
−2πiRe

(

βz

℘n−δ

)

.

(β, ℘n) = ℘l l = n

∑

0

= N(℘n) +
n−1
∑

δ=0

ϕ̄(℘n−δ) = N(℘n)

(

1−
1

N(℘)

) n−1
∑

δ=0

1

N(℘δ)
=

= N(℘n) +N(℘n)− 1 = 2N(℘n)− 1.

ϕ̄ Z[i]

l ≤ n−1
∑

0

ϕ̄(N(℘n−δ)) l ≥ n − δ N(℘n−δ−1) l = n − δ − 1

∑

0

= N(℘n) +

n−1
∑

δ=n−l−1

∑

z∈G∗
℘n−δ

e
−2πiRe

(

βz

℘n−δ

)

=

= N(℘n)−N(℘l) +
n−1
∑

δ=n−l

ϕ̄(N(℘n−δ)) = N(℘n)− 1.

℘ = p ≡ 3 (mod 4)

∑

0

= N(℘n) +
1

N(℘n)

n−1
∑

δ=0

N(℘δ)
∑

z∈G∗
℘n−δ

e
−2πiRe

(

βz

℘n−δ

)

·
(

H(αz, ℘n−δ)
)2

,



H(αz, pn−δ) =
∑

x∈G
pn−δ

e
2πiRe

(

αzx2

pn−δ

)

,

pn−δ

H(α z, pn−δ) =
∑

u∈G
pn−δ−1

e
2πiRe

(

αzu2

pn−δ

)

∑

v∈Gp

e2πiRe( 2αzuv
p ) =

= N(p)
∑

u∈G
pn−δ−2

e
2πiRe

(

αzu2

pn−δ−2

)

.

H(αz, pn−δ) =











N(p
n−δ
2 ), n− δ ,

N(p
n−δ−1

2 )
∑

u∈Gp

e
2πiRe

(

αzu2

p

)

, n− δ .
(3)

[Gp : Zp] = 2
Fq q = p2

Fq

G(ψ, χ) =
∑

c∈F∗q

ψ(c)χ(c),

ψ χ Fq

χ χ(x) = e2πitr(x)/p p = Char(Fq) tr(x)
x

p s ∈ N Fq

q = p2 η χ

Fq

G(η, χ) =

{

(−1)s−1q1/2, p ≡ 1 (mod 4),

(−1)s−1isq1/2, p ≡ 3 (mod 4).

χ Fq q

f(x) = a2x
2 + a1x+ a0 ∈ Fq[x]

∑

c∈Fq

χ(f(c)) = χ(a0 − a
2
1(4a2)

−1)η(a2) · G(η, χ),

η Fq

∑

u∈Gp

e
2πiRe

(

αzu2

p

)

=
∑

u∈Fq

e
2πitr

(

αzu2

p

)

= η(αz)G(η, e2πitr(x)/p),



Z[i]

a0 = a1 = 0, a2 = α z

H(α z, pn−δ) =

{

N(p
n−δ
2 ), n− δ ,

N(p
n−δ−1

2 )η(α z)G(η, e2πitr(x)/p), n− δ .
.

H(α z, pn−δ) =

{

N(p
n−δ
2 ), n− δ ,

N(p
n−δ−1

2 )η(α z), n− δ .
.

∑

0

∑

0

= N(pn) +
1

N(pn)

n−1
∑

δ=0

N(pδ)
∑

z∈G∗
pn−δ

e
−2πiRe

(

β z

pn−δ

)

·N(pn−δ) =

= N(pn) +
n−1
∑

δ=0

∑

z∈G∗
pn−δ

e
−2πiRe

(

β z

pn−δ

)

.

(β, pn) = pl l = n

∑

0

= 2N(pn)− 1.

l ≤ n− 1

∑

0

= N(pn) +

n−1
∑

δ=0

∑

z∈G∗
pn−δ

e
−2πiRe

(

β z

pn−δ

)

= N(pn) +

n−1
∑

δ=0

∑

z∈G∗
pn−δ

e
−2πiRe

(

β1 z

pn−δ−l

)

,

(β1, p) = 1

∑

0

= N(pn) +
∑

0≤δ<n−l

∑

z∈G∗
pn−δ

e
−2πiRe

(

β1 z

pn−δ−l

)

+

+
∑

n−l≤δ≤n−1

∑

z∈G∗
pn−δ

e
−2πiRe

(

β1 z

pn−δ−l

)

=

= N(pn) +
∑

0≤δ<n−l

N(pl)
∑

z∈G∗
pn−δ−l

e
−2πiRe

(

β1 z

pn−δ−l

)

+
∑

n−l≤δ≤n−1

N(pl)
∑

z∈G∗
pn−δ−l

e
−2πiRe

(

β1 z

pn−δ−l

)

=

= N(pn) +
∑

2

+
∑

3

.

Z[i] (β, p) = 1

∑

z∈G∗
pk

e
2πiRe

(

β z

pk

)

=

{

0, k > 1,
−1, k = 1.



∑

2

=−N(pl)
∑

3

= N(pl) · ϕ̄(pn−δ−l)

∑

0

= N(pn)− 1.

℘ = 1 + i

∑

0

= N(℘n) +
1

N(℘n)

n−2
∑

δ=0

N(℘δ)
∑

z∈G∗
℘n−δ

e
−2πiRe

(

ᾱβ z

℘n−δ

)

·
(

H(z , ℘n−δ)
)2

.

δ H( z, ℘) = 0 αᾱ ≡ 1
(mod ℘n) H(z, ℘2) z =
w1 + iw2 (z, ℘) = 1 w1 w2

H(z, ℘2) =

{

0, w1 ,

4, w1

∑

0

= N(℘2) +
1

N(℘2)
·N(℘)

∑

z∈G∗
℘2

Re(z)≡1 (mod 2)

e
−2πiRe

(

ᾱβz

℘2

)

·N
(

℘4
)

=

= N(℘2) +N(℘2) · e−iπ Im(ᾱβ).

H(z, ℘3)
{0, ±1, ±i, 1± i, 2} H(z, ℘3) = 0

n = 3

∑

0

= N(℘3) +
1

N(℘3)
·N(℘)

∑

z∈G∗
℘2

Re(z)≡1 (mod 2)

e
−2πiRe

(

ᾱβz

℘2

)

· (H(z, ℘2))2 =

= N(℘3) +N(℘2) · e−iπ Im(ᾱβ).

H(z, ℘k) k ≥ 4 k = 2k1
x = u+ ℘k1v u, v ∈ G℘k1 H

H(z, ℘k) =
∑

u∈G
℘k1

e
2πiRe

(

zu2

pk

)

∑

v∈G
℘k1

e
2πiRe

(

2z uv

℘k1

)

=

= N(℘k1)
∑

u∈G
℘k1

2u ℘k1

e
2πiRe

(

zu2

℘k

)

= N(℘k1)
∑

u1∈G℘2

e
−2πiRe

(

zu2
1

℘4

)

=

= N(℘k1)
∑

u1∈G℘2

e
2πiRe

(

zu2
1

4

)

.



Z[i]

z = w1 + iw2

H(z, ℘k) = N(℘k1)











2 , w1 ,

2 , w1 ≡ 0 (mod 4),

−2 , w1 ≡ 2 (mod 4).

k = 2k1 + 1 k ≥ 4, x = u+ ℘k1+1v u ∈ G℘k1+1 v ∈ G℘k1

H(z, ℘k) =
∑

u∈G
℘k1+1

e
2πiRe

(

zu2

pk

)

∑

v∈G
℘k1

e
2πiRe

(

2z uv

℘k1

)

=

= N(℘k1)
∑

u∈G
℘k1+1

2u ℘k1

e
2πiRe

(

zu2

℘k

)

= N(℘k1)
∑

u1∈G℘3

e
−2πiRe

(

zu2
1

℘5

)

.

H(z, ℘k) = N(℘k1)

{

2
√
2 , w1 + w2 ≡ 1 7 (mod 8),

−2
√
2 , w1 + w2 ≡ 3 5 (mod 8).

(β, ℘n) = ℘l0

∑

4

=
∑

z∈G∗
℘n−δ

e
−2πiRe

(

ᾱβz

℘n−δ

)

(

H(z, ℘n−δ)
)2

=
∑

z∈G∗
℘n−δ

e
−2πiRe

(

ᾱβ1z

℘n−δ−l0

)

(

H(z, ℘n−δ)
)2

,

β = ℘l0β1, (β1, ℘) = 1. l0 ≥ n− δ

∑

4

= ϕ̄(℘n−δ) ·
(

H(z, ℘n−δ)
)2

.

l0 < n− δ t = n− δ − l0

∑

4

= N(℘l0)
∑

z∈G∗
℘t

e
−2πiRe

(

ᾱβ1z

℘t

)

(

H(z, ℘n−δ)
)2

=

=
(

H(z, ℘n−δ)
)2

{

−N(℘l0), t = 1,
0, t > 1,

n ≥ 4

∑

0

= N(℘n) +
1

N(℘n)

(

n−4
∑

δ=0

N(℘δ)
∑

4

+
n−2
∑

δ=n−3

N(℘δ)
∑

4

)

= N(℘n) +
∑

5

+
∑

6

.



∑

5

=
1

N(℘n)

n−4
∑

δ=0

N(℘δ)
∑

4

=
1

N(℘n)

n−4
∑

δ=n−l0

N(℘δ) · ϕ̄(℘n−δ)
(

H(z, ℘n−δ)
)2
−

−
1

N(℘)

(

H(z, ℘l0+1)
)2

.

∑

6

=
n−2
∑

δ=n−3

N(℘δ−n)
∑

4

= N(℘−3)
∑

z∈G∗
℘3

e
−2πiRe

(

ᾱβ1z

℘3−l0

)

(

H(z, ℘3)
)2

+

+N(℘−2)
∑

z∈G∗
℘2

e
−2πiRe

(

ᾱβ1z

℘2−l0

)

(

H(z, ℘2)
)2

=

= N(℘−2)
∑

z∈G∗
℘2

e
−2πiRe

(

ᾱβ1z

℘2−l0

)

(

H(z, ℘2)
)2

=

=



















N(℘2) , l0 ≥ 2,

−N(℘2) , l0 = 1,

N(℘2) , l0 = 0, Im(ᾱβ1) ≡ 0 (mod 2),

−N(℘2) , l0 = 0, Im(ᾱβ1) ≡ 1 (mod 2).

(4)

δ
∑

5

∑

0

=







































































N(℘) , n = 1,

2N(℘2) , n = 2, Im(ᾱβ) ≡ 0 (mod2),

0 , n = 2, Im(ᾱβ) ≡ 1 (mod2),

N(℘3) +N(℘2) , n = 3, Im(ᾱβ) ≡ 0 (mod2),

N(℘3)−N(℘2) , n = 3, Im(ᾱβ) ≡ 1 (mod2),

N(℘4) +N(℘5)(N(℘)− 1) +
∑

6

, n = 4,

N(℘n) +N(℘5)(N(℘l0−3)− 1)−

−N(℘l0+2) +
∑

6

, n ≥ 5,

∑

6

ρ(α, β, γ) = E(α, β, γ) ·
∏

℘n||γ
℘ 6=1+i

(E(β)N(℘n)− 1) ,

℘ Z[i]

E(β) =

{

2, ℘n|β,

1, ℘n ∤ β,



Z[i]

E(α, β, γ) =



























































N(℘) , n = 1,

2N(℘2) , n = 2, Im(ᾱβ) ≡ 0 (mod 2),

0 , n = 2, Im(ᾱβ) ≡ 1 (mod 2),

N(℘3) +N(℘2) , n = 3, Im(ᾱβ) ≡ 0 (mod 2),

N(℘3)−N(℘2) , n = 3, Im(ᾱβ) ≡ 1 (mod 2),

N(℘4) +N(℘5) +
∑

6

, n = 4,

N(℘n)−N(℘5) +
∑

6

, n ≥ 5.

℘ = 1 + i ℘n||γ

ρ(α, β, γ) α(x2 + y2) ≡ β (mod γ)
Z [i] ρ(α, β, γ) γ


