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FIRST PREDICTING THE GENERATION OF ULTRA-SHORT VUV

AND X-RAY PULSES IN SODIUM CLUSTER SYSTEM IN A STRONG

LASER FIELD

It is at first carried out modeling and predicted an effective generation of the atto-
second VUV and X-ray pulses under ionization of the sodium cluster system in a strong
field of laser radiation. The theory of studied phenomena is the physical basis for construc-
tion of the new nano-atomic sources of VUV and X-ray radiation, quantum Carnot engine,
single-atomic lasers etc.

In last years the phenomena of dynamical
chaos and dynamical stabilization attract a great
interest as a manifestation of this effect in pho-
to-optical systems may in a significant degree
change a functional regime (e. g. [1�7]). Cited
effect is usually observed in the physical sys-
tems and related to a type of non-linear effects.
As a rule, dynamical chaos is manifested in the
quantum systems, which are not linear in a clas-
sic limit. Above especially effective manifesta-
tions of this effect in the quantum systems one
could mention systems which interact with ex-
ternal, time dependent, for example laser, field.
It has been discovered that dynamics of atomic
and molecular, cluster and nano-optical systems
in a laser field has features of the random, sto-
chastic kind and its realization does not require
the specific conditions. The importance of stud-
ying a phenomenon of stochasticity or quantum
chaos in dynamical systems in laser field is pro-
vided by a whole number of technical applica-
tions, including a necessity of understanding
chaotic features in a work of different electronic
devices and systems. The important topic of the
laser-atomic dynamics and hierarchy systems
physics is connected with  governing and con-
trol of quantum chaotic diffusion and stabilisa-
tion effects in atomic systems in the intense
laser field (especially important case is atoms in
electromagnetic traps and heat bath) [1�32].
The principal aim of coherent control is to steer
a quantum system towards a desired final state
through interaction with light while simultane-
ously inhibiting paths leading to undesirable
outcomes. Controlling mechanisms have been
proposed and demonstrated for atomic and solid-
state systems. Gibson performs calculations for
three-level systems and 1D model of a two-elec-
tron molecule (e. g. [2�5]. Transitions to excited
state occur via a 12-photon interaction for an
800 nm intense pulse of length 244 au, or just
over 2 cycles. The stabilization dynamics of
model He beyond the dipole approximation and
with two active electrons was is investigated [6]
in the presence of a high-intensity and high-fre-
quency laser pulse. We show that the magnetic-
field component of the laser pulse and the elec-

tron-electron interaction jointly suppress the di-
chotomy  of the wavefunctions as well as the
atomic stabilization. There may exist a laser fre-
quency and intensity regime in which the total
ionization yield decreases with increasing laser
amplitude. In the near future, free electron la-
sers will further deliver laser pulses of such high
frequencies and intensities to meet the condi-
tions needed for the stabilization of atomic sys-
tems more easily. Along with those technologi-
cal developments, a wide range of theoretical
methods including analytical model calculations,
Monte Carlo simulations and numerical calcula-
tions have been applied to the ionization of hy-
drogen-like atoms. Further progress was
achieved concerning the ionization and stabiliza-
tion of atoms with two active electrons. In ref.
[27, 28] an effective approach to adequate treat-
ing and sensing a spectral hierarchy and dynam-
ical stabilisation in atomic systems in the in-
tense laser field is considered and based on
non-relativistic and relativistic time-dependent
complex rotation method (for atomic systems)
and non-Hermitian Floquet formalism (for mo-
lecular systems). The stabilization of helium
(study of the 2D two-electron atom) in intense
high-frequency laser pulses is modelled within
the relativistic scheme. It has been carried out
modeling generation of the atto-second VUV
and X-ray pulses under ionization of atomic
(molecular) system by femto-second optical
pulse. In this paper we present the first results
of modeling generation of the atto-second VUV
and X-ray pulses under ionization of cluster sys-
tem in a strong field of laser radiation and pre-
dicting the effective regime of generation. The
stabilization of helium (study of the 2D two-elec-
tron atom) in intense high-frequency laser
pulses.is carrried out within the time dependent
non-relativistic scheme of the complex rotation
method and non-Hermitian Floquet formalism
(e. g. [12, 14, 15, 28]). The theory of studied
phenomena is a physical basis for construction
of the new nano-atomic sources of VUV and X-
ray radiation, quantum Carnot engine, single-
atomic lasers etc.
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The main idea of the complex rotation coordi-
nates method which is earlier successfully used
in solution of the quasi stationary states in static
filed problems (e. g. [14, 28]) is connected with
transformation of coordinates: r′ = αr exp(iϕ) in
Hamilton operator of a system. Their eigen-val-
ues are corresponding to the quasi stationary
states, remain unchanged; the eigen functions
are transited to a space of quadratically integrat-
ed functions. As result, a problem of defining
energies is led to a search of eigen-values of non-
hermit matrice. Let us consider two-electron
atom. in an external elec-tromagnetic field:
F(t) = Fo(t)cos(ωt) (Fo is amplitude; for circular-
ly polarized wave F(t) = Fo {cosωt, sinωt, 0}.
Within the quasi stationary states problem solu-
tion, the equation on quasi stationary states for
atom in a field of circularly polarized wave in the
system, rotating with the field frequency, is as
follows: (the atomic units are used:
e = � = m = 1; 1 a. u. energy = 27,212 eV; 1a. u.
length = 0,529Å etc.):

2 1( 1/ 2 ( )c zr V r L−− ⋅ ∇ − + + ω +

) ( ) ( ).o E EF x r E r+ Ψ = Ψ (1)

Here ω is the field frequaency; Lz is z-th
component of the full pulse moment; Vc(r) is the
model potential, which describes an interaction
of electron with field of others. After the com-
plex coordinates transformation the Eq. (1) is
rewritten as follows:
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Here 21/ 2( )o

nE n= − − δ  is the non-perturbed
energy value; δ is a quantum defect. The quad-
ratic integrality of the quasi-stationary state
functions is provided under values of the angle
for complex rotation of coordinates j, and cited
values are determined by the following inequal-
ities:

1/ 2 1/ 2| arg[ ( )] / 2 arg{ [ ( 1) ]} .E N E N− + ω < ϕ < π − − + − ω

Here N is the threshold number of photons
needed for ionization. Under choice of the finite
basis for diagonalization of (2) the complex ei-
gen-values are dependent upon the angle j as a
parameter.  Standard approach is in a choice of
the definitive exactness of calculation and in
further the basis size is chosen in such a way
that their variations do not change the exact-
ness of calculation.  In our opinion, the most
effective procedure is an use of the optimal basis
of the operator perturbation theory in the Stark
problem for the non hydrogen atom [17] with
application the well known Hellman potential as
the potential Vc(r). In further a problem is re-
sulted in stationary task on the eigen-values and
eigen-vectors for the matrice À:
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Here |nlm> is a radial part of the basis func-
tions. A full diagonalization of the matrice (4) is
quite complicated task. As usually, it is possible
to make a search for one eigen-value, which is

transited to the state o

nE  under switching on a
field. A solution of determining the maximal ei-
gen-value and the corresponding eigen-vector is
realized by usual iterative methods (ñì. [12, 15,
21]). Relativistic version of this method operates
with the Dirac hamiltonian for atomic system
[28]. Under the complex transformation of the
spatial variables: r′ = αr exp(iϕ) the Dirac hamil-
tonian is as follows:

H(ϕ) = [αp � αZ/r + Vc(r)] exp(�iϕ) +

+ β � (α)1/2 Fz exp(�iϕ) (5)

where α is the fine structure constant, Vc is the
screening potential, other symbols are standard.
To diagonalize the complex rotated Hamiltonian
(5), one should chose a proper basis. Alternative
versions are presented in refs. [12, 14]. In the
time dependent formalism, one should solve the
corresponding time dependent Dirak (Schrödin-
ger) equation of the following type:

[ ( ) sin ] .i i
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t

ϕ ϕ∂Ψ
= + ω Ψ

∂
(6)

The wave function of atomic (or molecular
system) in the external field is represented as
expansion on the basis of the corresponding
wave functions for stationary states (F = 0).
Substitution of such expansion to the master
equation (6) allows to get the system of diffren-
tial equations, which can be solved by the
Runge-Cutt method [16].

Using considered methods for molecular sys-
tems, in particular, diatomics, requires the solu-
tion of two centre problem of quantum mechan-
ics at the first step. Because of the axe
symmetry of task, it is natural to use the pro-
late spheroidal co-ordinates. Stationary problem
is reduced to solving the master differential
equations system, which has the following form
(e. g. [21, 22]):

{d/dµ(µ2 � 1) d/dµ � [λµl + µ2/(µ2 � 1) + µ2c2 +

+ Rab g(µ)/2}Tnlm = 0

{d/dη(�η2 + 1)d/dη + [lml + η2c2m2(1 � η2)]}

 Slm = 0, {d2/dϕ2 + m2}Σm = 0, (7)

where the model ion-electron potential Φ(µ, η) =
= �2a exp[�αRabµ]]/[Rab(µ2 � η2)] = g(µ)/(µ2 � η2)
for multielectron diatomics and exp[�] = 1 for
the ion of H2

+ [23, 24]. Wave function can be rep-



152

resented as follows: Ψnlm = Tnlm(µ) Slm(η) Σm(ϕ).
One- electron energy Å = �2ñ2/Rab2 is depend-
ent upon the ground quantum number and also
the symmetry of quantum numbers l, m; λml is a
coupling constant. Usual molecular orbitals
(MO) correspond to the orbitals-solutions (MOS)
of (11) as follows: (ÌÎ) � (ÌÎS) = 1σg � 1sσ;
1σu � 2pσ; 2σg � 2sσ; 2σu � 3pσ; 3σg � 3dσ;
1πu � 2pπ; 1πg � 3dπ; 3σu � 4pσ. A new, more ef-
fective method of the eigen-values definition and
functions problem solution, which is based on
the operator perturbation theory and Runge-Cutt
integration procedure, was proposed in [21,22].
This basis is further used in the time-dependent
problem. A consideration of the cluster system
in a laser field is fulfilled within the relativistic
scheme of the X∀ � scattered waves method
(see details in ref. [33]). For all systems the final
action includes the following steps: i). general-
ized complex scaling pseudospectral discretiza-
tion of wave function and hamiltonian in the
prolate spheroidal coordinates (methodics [13]);
ii). construction and diagonalization of time evo-
lution operator for one optical cycle, which
yields the complex quasienergy eigenvalues and
Floquet eigenstates (e. g. [13]); iii). time propa-
gation of the selected Floquet states and evalu-
ation of the time-dependent expectation values of
dipole moment, momentum with further Fourier
analysis of the above cited quantities to produce
the harmonic generation rates [25].

Let us start from considering the non-relativ-
istic consideration of stabilization of the helium
(study of the 2D two-electron atom) in intense
high-frequency laser pulses. At once let us note
that non-relativistic and relativistic studying of
the system gives in fact the same results. For
the numerical integrations, we have chosen
grids with equidistant spacing of 0.2 au and
total sizes ranging between 409.6 and 512.0 au
in each spatial dimension; these parameters
have been chosen to ensure that the wavepack-
ets can evolve without boundary problems in
position space while their maximal momenta are
resolved. In figure 1 the ionization probability of
the outer electron in dependence of the peak
laser electric-field amplitude is depicted, where
laser pulses of four optical cycles linear turn-on
and four cycles constant intensity of frequency
ω = 1a. u. have been employed. The results from
ref.[6] are denoted by squares and three-angles.
Our results are denoted by solid lines. Using
more correct numerical procedure in comparison
with [6] provides more accuracy of our data.
One can observe in figure 1 the typical features
of stabilization: after a rise in ionization proba-
bility with increasing laser peak intensity, ioni-
zation is suppressed for a certain intensity re-
gime; after this region of stabilization, the
ionization probability rises again with increasing
intensity, as expected due to the Lorentz force.
At high laser intensities with electron-electron
repulsion, the probability for ionization is higher
for the outer electron, while at a laser electric
field around Eo = 5,3 au a substantially larger

fraction of the inner electron wavefunction ion-
izes. The largest degree of stabilization is not at
the same intensity for both electrons;theouter
electron stabilizes best at Eo=8 au,the inner at
Eo = 10 au maximal electric-field strength. The
general behaviour was explained in ref. [6] and
connected with the stronger interaction between
the inner electron and nucleus. Regarding the
role of ionic core, tight binding to the nucleus
disturbs the regular motion of the electrons in
the laser field. Thus  higher laser intensities are
necessary for optimal stabilization for the inner
electron compared to outer one.

Fig. 1. Ionization probability of the outer electron as a
function of the maximal electric-field strength E0(ω = 1 au),
depending on whether the electron-electron repulsion has
been taken into account or neglected. (data from ref. [6] are
denoted by squares and triangles; our data-by solid lines)

Furthermore, stabilization breaks down at
higher intensities for the inner electron due to
the stronger binding by the nucleus. Presence of
electron repulsion is crucial because it effective-
ly enhances the binding of the inner electron
and weakens it due to shielding for the outer
electron. The relative ionization rates are virtu-
ally the same for both electrons, showing max
for ionization at Eo = 4,4 au and min at
~Eo = 8,5 au peak electric field strength. The
overall ionization probability here is lower than
when the interaction between the electrons is
taken into account, which is most pronounced
in the intensity regime where stabilization
emerges (see figure). So, the repulsion between
electrons in a 2D two-electron atom reduces
stabilization jointly with the magnetically in-
duced Lorentz force. In result the data from [6]
indicate on increasing effect in the overall ioni-
zation probability. From this point of view, our
results look more physically reasonable.

Further we present the first results of mod-
elling and first predicting the generation of the
atto-second VUV and X-ray pulses under ioniza-
tion of the cluster system N10 in a intense laser
field. In ref. [28] the results of our modelling the
generation of the atto-second VUV and X-ray
pulses under ionization of the cluster system
molecular system 2D H2

+ by femto-second opti-
cal pulse have been presented. Figure 2 pre-
sentes the cluster Na10 response (our result),
the molecular H2

+ response for different internu-
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clear distances 2.5, 3.5, 7.4, 16a.u. (data from
refs. [20, 28]) with smoothed Coulomb potential
and atomic (H) response [20] (spectral depend-

ence) under ionization of  the system by femto-
second optical pulse. The stable configuration
[29] of the cluster Na10 is taken and modelled.

Fig. 2. Cluster Na10 (our result; stable configuration),  molecular H2
+ [20,28] and atomic H [20] response (spectral

dependence) under ionization of  the system by femto-second optical pulse (ωo � the laser field frequency)

Our calculation show that the generation of
the atto-second pulses (the splashes in fig. 2) in
cluster  system is more effective and profitable
(as minimum the 2�3 orders) than in similar
molecular atomic one. Correspondingly, it has
been shown earlier [20, 28] that the generation
of the atto-second pulses (the splashes in fig. 2)
in molecular system is more profitable too (as
minimum the 1�2 orders) than in similar atomic
one. Corresponding spectral dependence of
atomic (atom of H) response is also presented in
fig.2. Last experimental achievements in field of
generating high harmonics of optical radiation
during atomic ionization by powerful femtosec-
ond laser pulses demonstrated a possibility of
construction of the compact sources of VUV ra-
diation (e. g. [2, 20]). The effects considered in
this paper give a hope of the further progress in
this direction, especially in work with cluster
systems. In conclusion let us note again that
the presented theory of studied phenomena can
be used as the physical basis for the construc-
tion of new nano-atomic devices (sensors, sourc-
es of VUV and X-ray radiation, quantum Carnot
engine, single-atomic lasers, quantum comput-
ers elements etc).
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ðåíòãåíîâñêîãî èçëó÷åíèÿ, êâàíòîâûõ ìàøèí Êàðíî, îäíîàòîìíûõ ëàçåðîâ è ò. ä.

ÓÄÊ 539.184, 539.186

Î. Â. Ãëóøêîâ, O. Ï. Ôåä÷óê, Î. Þ. Õåöåëèóñ

ÏÅÐØÅ ÏÅÐÅÄÁÀ×ÅÍÍß ÃÅÍÅÐÀÖ²¯ ÓËÜÒÐÀÊÎÐÎÒÊÈÕ ²ÌÏÓËÜÑ²Â ÂÓÔ ÒÀ ÐÅÍÒÃÅÍ²ÂÑÜÊÎÃÎ
Ä²ÀÏÀÇÎÍ²Â Â ÊËÀÑÒÅÐÍ²É  ÑÈÑÒÅÌ² (NA) Ó ²ÍÒÅÍÑÈÂÍÎÌÓ ÏÎË² ËÀÇÅÐÍÎÃÎ ÂÈÏÐÎÌ²ÍÞÂÀÍÍß

Âïåðøå âèêîíàíî ìîäåëþâàííÿ ³ ïåðåäáà÷åíî åôåêòèâíèé ðåæèì ãåíåðàö³¿ àòòîñåêóíäíèõ ³ìïóëüñ³â ÂÓÔ òà
ðåíòãåí³âñüêîãî âèïðîì³íþâàííÿ ïðè ³îí³çàö³¿ êëàñòåðíèõ ñèñòåì (Na) ó ñèëüíîìó ïîë³ ëàçåðíîãî âèïðîì³íþâàííÿ.
Òåîð³ÿ øóêàíèõ ÿâèù ìîæå ñëóæèòè ô³çè÷íîþ  îñíîâîþ äëÿ ïîáóäóâàííÿ íîâèõ íàíî-àòîìíèõ äæåðåë ÂÓÔ òà
ðåíòãåí³âñüêîãî âèïðîì³íþâàííÿ, êâàíòîâèõ ìàøèí Êàðíî, îäíîàòîìíèõ ëàçåðîâ òîùî.


