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Abstract

PHYSICAL AND MODELLING CONCEPTS OF GALVANOMAGNETIC EFFECTS

IN BIPOLAR SEMICONDUCTOR STRUCTURES

M. A. Glauberman, V. V. Yegorov, N. A. Kanischeva, V. V. Kozel

The basic physical operation mechanisms of bipolar semiconductor magnetosensitive struc-

tures (BMSs) are analysed. The vertical structures have been shown to be subject to exclusion

from the BMS class, and horizontal BMSs form a single class irrespective of their magnetic axis

orientation. The BMS’s sensitivity mechanisms having the charge mobility as the determining

parameter allow a in-single model notion, and can be viewed as a single redistribution mecha-

nism. When determined by transduction efficiency, the BMS magnetic sensitivity is quite correct-

ly described by one-dimensional continuity equation irrespective of the boundary conditions.

Keywords: semiconductor structures, magnetosensing structures, magnetotransistors, model-

ling.
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 !-,6$%: :*+')/ 1+!)0*#&/ =!40'4("!&&? "
?)'406 &!16"1+'"63&*)'"*A 3!0#*)6" 5!B&60&'-

B' 1'$? " 0/1/+6:&6- #!4 =&!A'3?0% 0+!36.6-&6
3!0#*)* L'$! 0! 5!B&60'+/=*40'+*. M/ (&61'-

$?+&6 5!B&60'#(0$*"6 40+()0(+* (N8D), 5!B&6-
0'#(0$*"640% ?)*A ',(5'"$/&! /@/)0!5* "=!G-
5'36I 5!B&60&'B' 1'$? = '4&'"&*5* &'46?5* =!-
+?3(. OB!3!&6 @(&3!5/&0!$%&6 B!$%"!&'5!B&60-
&6 /@/)0* (L'$! 6 ;!(4!) "*)'+*40'"(>0%4? 0(0
" 0'5( "*B$?36, " ?)'5( ,($* "63)+*06 16"0'+!
40'+6##? 0'5(. O! 5*&($*- #!4 .6 /@/)0* 3'4)'-

&!$%&' "*"#/&6, F' 3'="'$?G ""!H!0* 1/+/0"'-

+>"!$%&6 5'H$*"'406 "631'"63&*A 40+()0(+ "*-

#/+1!&*5*. E+*+'3&'> 1/+41/)0*"&'> !$%0/-
+&!0*"&'> 40+()0(+!5 (&61'$?+&*5 G ,61'$?+-

&6 5!B&60'#(0$*"6 40+()0(+* (C8D), #(0$*"640%
)'0+*A 3' 5!B&60&'B' 1'$? ',(5'"$/&! -'B'
"1$*"'5 1/+/"!H&' &! &/'4&'"&6 &'46I.
 ! 1+'0?=6 80-A +')6" C8D "*)$*)!$* 3'

4/,/ :*+')*- 3'4$63&*.%)*- 6&0/+/4, ="‘?=!-
&*- = 4)$!3&'> "=!G5'36G> +6=&*A @6=*#&*A
/@/)06", ?)6 ',(5'"$>>0% IA #(0$*"640%.  !--

,6$%:/ "46 .6 /@/)0* 1+'?"$?>0%4? " 5!B&60'-

0+!&=*40'+!A (8P, [1...3]), )'0+6 - 1+*"/+0!$*
3' 4/,/ &!-,6$%:( ("!B(. Q$? '1*4( @6=*#&*A
1+'./46", ?)6 1+'06)!>0% " 8P, ,($' =!1+'1'-

&'"!&' +?3 5/A!&6=56". 23&!) .*5* 5/A!&6=-
5!5* "$!40*"'406 8P "*=&!#!>0%4? &/3'40!0-
&%' 1'"&' 0! )+65 0'B' 5!G 564./ &/'3&'=&!#-

&640% "631'"63&'406 ?"*F, ?)6 41'40/+6B!>0%4?
" /)41/+*5/&06, 0*5 #* 6&:*5 5/A!&6=5!5 [4].

9 0/1/+6:&6- #!4 0+/,! "63560*0* =&*H/&&?
6&0/+/4( 3' 0/'+/0*#&*A !41/)06" C8D 1+* 1'-

4*$/&&6 ("!B* 3' ')+/5*A 1*0!&% IA 1+!)0*#-

&'B' (3'4)'&!$/&&? " ?)'406 5!B&60&*A 3!0#*-

)6" (&!1+*)$!3, [5]). 23&!) ")!=!&6 5/0'3'$'-

B6#&6 1+',$/5* 0!) 6 =!$*:*$*4% &/ "*+6:/&*-

5*, 0'36 ?) +'="*0') 1+*)$!3&'B' &!1+?5)(
"*5!B!G #60)'B', '3&'=&!#&'B' 0! &! 1/"&'5(
+6"&6 )'&./10(!$%&' =!)6&#/&'B' +'=(56&&?
@6=*#&*A "$!40*"'40/- 0!)*A 40+()0(+.

9 3!&6- +','06 +',*0%4? 41+',! +6:/&&? 0!-
)'I =!3!#6 :$?A'5 (1'+?3)("!&&? (?"$/&% 1+'
@6=*#&6 1+'./4* " 8P 40+()0(+!A 0! 5/0'3*.6
IA 5'3/$>"!&&?.

1. 5=E9?>F8= G;H8=:9AD:?IB= C:FDJ:DFI >J

9C9K?IBIL J?;C 8;E=BEF9B=M8IJ9BIN

EOFO:B9F@B;A=B G;H8=:89H9 E9?>

 !-"!H$*"6:'> 1+*&.*1'"'> +6=&*./>
56H N8D 0! C8D G 5'H$*"640% =56&* " C8D
)'&./&0+!.6I &'46I" ','A 0*16" ,/= 1'+(:/&&?
/$/)0+'&/-0+!$%&'406. K'+*4&*- 4*B&!$ s "*-

)$*)!G0%4? 1+'40'+'"*5 1/+/+'=1'36$'5 )'&-

./&0+!.6I   +(A$*"*A &'46I" 163 36G> 5!B&60&'-

B' 1'$?. M/ 3'="'$?G " &!-6$%: =!B!$%&'5(
"*B$?36 "*=&!#*0* C8D ?) 0!)6 40+()0(+*, "
)'0+*A "/$*#*&! s "*+!H!G0%4? @(&).6'&!$'5
"63 @(&).6I +'=1'36$( )'&./&0+!.6I   &'46I" 3!-
&'B' 0*1( ( 5!B&60&'5( 1'$6:

s = F
1
 ( c ( r, B ) ) (1)

*889:;<I>

#&%&'-7"&- & +,!-./(P- 23-!7)*1.-(&0 , 4*./1*(,+*4(&)(P6

-##-")*6 1 5&2,.03(P6 2,. 23,1,!(&",1P6 7)3 ") 3*6

 . !. "#$%&'()$*, +. +. 5-.(./, 0. !. 1$*63'/$, +. +. 1.4'#

<&!$*=*+(>04? '4&'"&R/ @*=*#/4)*/ 5/A!&*=5R +!,'0R ,*1'$?+&RA 1'$(1+'"'3&*-

)'"RA 0+!&=*40'+&RA 40+()0(+ (C8D). E')!=!&', #0' "/+0*)!$%&R/ 5!B&*0'#("40"*0/$%-

&R/ 40+()0(+R 1'3$/H!0 *4)$>#/&*> *= )$!44! C8D, ! B'+*='&0!$%&R/ 4 0'#)* =+/&*?
5'3/$%&RA 1+/340!"$/&*- 4'40!"$?>0 /3*&R- )$!44 &/=!"*4*5' '0 &!1+!"$/&*? 5!B&*0-
&'- '4*. 8/A!&*=5R #("40"*0/$%&'40* C8D, " )'0'+RA '1+/3/$?>F*5 1!+!5/0+'5 ?"$?-

/04? 1'3"*H&'40% &'4*0/$/-, 3'1(4)!>0 /3*&'/ 1' @'+5/ 5'3/$%&'/ 1+/340!"$/&*/ * 1'-

S0'5( 5'B(0 +!445!0+*"!0%4? )!) /3*&R- 5/A!&*=5 1/+/+!41+/3/$/&*?. 8!B&*0'#("40"*-

0/$%&'40% C8D 1+* '1+/3/$/&** // S@@/)0*"&'40%> 1+/',+!='"!&*? 3'40!0'#&' )'++/)-

0&' '1*4R"!/04? '3&'5/+&R5 (+!"&/&*/5 &/1+/+R"&'40*, 1+*#/5 &/=!"*4*5' '0 )'&)-

+/0&RA B+!&*#&RA (4$'"*-.

"?@AOBQO C?9B;: 1'$(1+'"'3&*)'"R/ 40+()0(+R, 5!B&*0'#("40"*0/$%&R/ 40+()0(+R,

5!B&*0'0+!&=*40'+R, 5'3/$*+'"!&*/.
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P(0 r — "/)0'+, ?)*- "*=&!#!G 56&$*"( 0'#-

)( " ',‘G56 ,!=*; B — 5!B&60&! 6&3().6?.

24)6$%)*, &/'4&'"&6 &'46I " !)0*"&6- ',$!406
C8D 5'H(0% "*&*)!0* !,' "&!4$63') 0/+5'B/-
&/+!.6I, !,' =! +!A(&') 6&H/).6I, ! 40"'+>G5*-
&*5* )'+*4&*- 4*B&!$ 5'H/ =&65!0*4% !,' =

'56#&'B' )'&0!)0(, !,' = /)40+!B(>#'B' pn–1/-
+/A'3(, 0' 5!G 4/&4 163+'=36$?0* C8D = '3&'B'
,')(, &! 6&H/).6-&6 0! ,/=6&H/).6-&6, ! = 6&:'B'
— &! /)40+!.6-&6 0! ,/=/)40+!.6-&6. 963'56 [1,

6...8] +/!$6=!.6I C8D &! 16340!"6 "46A 41'$(#/&%
")!=!&*A @!)0'+6" (0!,$. 1).

P!,$*.? 1

C8D C/=6&H/).6-&6 7&H/).6-&6
C/=/)40+!).6-&6 ;!$%"!&'5!B&60'-+/)'5,6&!.6-&6 40+()0(+* 8!B&60'3*'3*
T)40+!).6-&6 D0+()0(+* U'&H*&* 8!B&60'0+!&=*40'+*

V/+/= 0/ F' 6&H/).6? 0! /)40+!).6? G :0(#-

&*5* /@/)0!5*, ?)6 3'1'"&>>0% 6&:6 /@/)0*,

1+*+'3&' "$!40*"6 C8D (0/+5'B/&/+!.6?, 5'-

3($?.6? '1'+( 0! 6&:/), " 6&H/).6-&'-/)40+!)-

.6-&*A 40+()0(+!A — 5!B&60'0+!&=*40'+!A —

1+'?"$?>0%4? "46 A!+!)0/+&6 3$? C8D "$!40*-

"'406. K+65 0'B', .6 3"! /@/)0* 1+*3!>0% 8P
.6&&6 3$? "*)'+*40!&&? "$!40*"'406: 6&H/).6?
3'="'$?G $/B)' )/+("!0* " :*+')*A 5/H!A
)'&./&0+!.6G> &/'4&'"&*A &'46I", ! /)40+!)-

.6? =!,/=1/#(G &/=!$/H&640% "&(0+6:&6A 1+'./-
46" " 40+()0(+6 "63 40!&( "*A63&*A )6$, F' 3'-

="'$?G $/B)' 6&0/B+("!0* ')+/56 /$/5/&0* "
@(&).6-&' =!"/+:/&*- 1+*$!3 1+*,'+ (&!-

1+*)$!3, [9]), 0! "/$*)*- 651/3!&4, ?)*- ',(-

5'"$>G 163"*F/&( =!"!3'406-)640% [10]. P'5(
&!-,6$%:/ 1+*"/+0!>0% ("!B( 3' 4/,/ 4!5/ 5!-
B&60'0+!&=*40'+*.

N "63&':/&&6 3' '4',$*"'40/- 5'3/$>"!&-

&? C8D &/',A63&' "63=&!#*0* 4$63(>#/.
2+0'B'&!$%&640% :"*3)'406 &'46I" 4*$6 U'-

+/&.! ',(5'"$>G IA 1/+/&'4 " "631'"63&*A "=!G-
5&' 1/+1/&3*)($?+&*A &!1+?5)!A. P'5( :*-

+')' +'=1'"4>3H/&/ 3$? 5'3/$>"!&&? 1/+/&'-

4( " 6&:*A &!16"1+'"63&*)'"*A 40+()0(+!A '3-

&'"*56+&/ &!,$*H/&&? (1' )+!-&6- 56+6, " 0+!-
3*.6-&6- 1+?5'$6&6-&6- 4*40/56 )''+3*&!0) 0(0
"*?"$?G0%4? &/1+*-&?0&*5 " 1+*&.*16.
24)6$%)* =56&! )'&./&0+!.6I G 1+*&.*1'-

"*5 @!)0'+'5 @(&).6>"!&&? C8D, ./ 5'3/-
$>"!&&? &/',A63&' ,!=("!0* &! +6:/&&6 +6"-

&?&&? ,/=1/+/+"&'406, 1+*#'5(, ?) 56&65(5,

3"'"*56+&'B'.

2. 1OF:IJ;?R8= :; H9FIS98:;?R8=

G;H8=:9:F;8SIC:9FI

E+!)0*#&*- 6&0/+/4 1+* "*)'+*40!&&6 "
?)'406  3!0#*)6"  1+/340!"$?>0%  "*)$>#&'
,!$!&4&6  5'3*@6)!.6 I  0!)*A  40+()0(+  —

3"'A)'$/)0'+&6 5!B&60'0+!&=*40'+* (Q8P),

)'$/)0'+&6 40+(5* ?)*A +6"&6 56H 4','> (
"634(0&'406 5!B&60&'B' 1'$? 0! '0+*5(>0%
+6=&6  1'  =&!)(  1+*+'40*  1+*  ")$>#/&&6
'40!&&%'B'.

W6=*#&' =!$/H&640% )'$/)0'+&*A 40+(56"
"63 5!B&60&'I 6&3().6I ',(5'"$/&! "63A*$/&&?5
3+/-@'"'B' 1'0')( 6&H/)0'"!&*A &'46I" (3$?
"*=&!#/&'406 — /$/)0+'&6") 4*$!5* U'+/&.!
0! A'$6"4%)'B' 1'$? ",6) '3&'B' = )'$/)0'+6"
(!,', F' 0/H, 1/+/+'=1'36$'5 )'&./&0+!.6I !
.*A &'46I" " ,!=6 40+()0(+*).

9=!G5'36? 3*@(=6-&'I 4)$!3'"'I 1'0')( =
5!B&60&*5 1'$/5 5!G '4',$*"*- @6=*#&*- A!-
+!)0/+ [11] 0! 0(0 +'=B$?3!0*4% &/ ,(3(0%. 9+!-
A'"(>#*, F' )'+*4&*5 4*B&!$'5 5!B&60'0+!-
&=*40'+! G =56&! )'$/)0'+&'B' 40+(5(, ?)*-
5!G /)40+!.6-&( 1+*+'3( 0! "*=&!#!G0%4? "*-

)$>#&' +'=1'36$'5 )'&./&0+!.6I &/'4&'"&*A
&'46I", "*B$?3 @(&).6'&!$! (1) 5'H/ ,(0* )'&-

)+/0*='"!&*- ?)

I
C
 (B ) =  ! !,nd "# grad r B , (2)

3/ d$ — S$/5/&0 B+!&*.6 =6 =,63&/&*5 :!+'5
)'$$/)0'+&'B' 1/+/A'3(
X) 6 3$? "46A ,61'$?+&*A 40+()0(+, +'=56+*

!)0*"&'I ',$!406 Q8P 5!G 4/&4 "*,*+!0* 1'-

+?3)( 3*@(=6-&'I 3'"H*&* &/'4&'"&*A &'46-
I" — 3/4?0)*-4'0&6 56)+'&. M/ G F/ '3&6G> "!-
H$*"'>  '4',$*"640>  C8D  (  1'+6"&?&&6  =
N8D, 3/ 1+*&.*1'"/ ',5/H/&&? ="/+A( &!
+'=56+* 40+()0(+* "634(0&6, F' =(5'"$>G "*-

,6+ 0/A&'$'B6I 56)+'/$/)0+'&6)* ?) G3*&' 5'-

H$*"'B' =!4',( "*B'0'"$/&&? Q8P. 9*40(1!-
>#* 1+* .%$'5( ?) "!H$*"*- ',5/H(>#*- @!-
)0'+, 41/.*@6)! 0/A&'$'B6I ',(5'"$>G 5'H$*-

"640% +/!$6=!.6I 3"'A )'&40+().6-&*A +6=&'"*-

36" Q8P — "/+0*)!$%&*A (+*4. 1, ") 6 B'+*='&-

0!$%&*A (+*4. 1, #, $), ?)6 '0+*5!$* &!="* " =!-
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$/H&'406 "63 &!1+!"$/&&? B(40*&* 40+(5( J
E

"63&'4&' 0/A&'$'B6#&'I 1'"/+A&6 ( I
E
 — 40+(5

/560/+!).

Y*4.1. C!='"6 )'&40+().6I Q8P

Q+/-@ " "/+0*)!$%&6- 40+()0(+6 "63,("!G0%-

4? ( 1'$6 ',‘G5&'B' =!+?3( )'$/)0'+&'B' 1/+/-
A'3( (+*4. 2), " B'+*='&0!$%&*A — " 1+*4)'+>-

>#'5( 1'$6 E
0
, ?)/ 40"'+>G 41/.6!$%&/ 3H/+/-

$' &!1+(B* V. 2#/"*3&', F' "/+0*)!$%&6 Q8P
41+'5'H&6 +/B*40+("!0* $*:/ )'51'&/&0(
5!B&60&'B' 1'$? 1!+!$/$%&( 0/A&'$'B6#&6- 1'-

"/+A&6 [12], ! B'+*='&0!$%&6, " =!$/H&'406 "63
)'&40+().6I, — ?) 1!+!$/$%&( [13], 0!) 6 1/+1/-

&3*)($?+&( [14]. 9 ="‘?=)( = .*5 B'+*='&0!$%&6
Q8P 163+'=36$?>0%4? &! 40+()0(+* = 1'"=3'"-

H&'> (+*4. 1, #) 0! 1'1/+/#&'> (+*4. 1, $ ) 5!B-
&60&'> "644>.

24)6$%)* " ',$!406 ,!=* "/+0*)!$%&*A Q8P
/$/)0+*#&6 1'$? 1+!)0*#&' "634(0&6 ( "&(0+6-
:&65* 1'$?5*, ?)6 ',(5'"$/&6 &/'3&'+63&640>
$/B("!&&?, 5'H&! =&/A0("!0* ="!H!>#* &! IA
5!$640% ( 1'+6"&?&&6 = 1'$/5 =,63&/&'I ',$!4-
06), 1/+/&'4 " &6- 5'H&! ""!H!0* 3*@(=6-&*5.

E+* .%'5( 5!B&60&/ 1'$/ &/ "1$*"!G &! +'=1'-

36$ )'&./&0+!.6I [11], " ="‘?=)( = #*5 5!B&60&!
6&3().6? 163$?B!G "*)$>#/&&> = @(&).6I +'=-
1'36$( )'&./&0+!.6I " (1), (2). P'36 "*+!= (1)

1'0+6,&' 1/+/1*4!0* ( "*B$?36

I
C
 = F

2
 ( n ( r ) , B ) , (3)

3/ 5!B&60&! 6&3().6? G 1!+!5/0+'5 &'"'B' @(-

&).6'&!$! F
2
 , !$/ &/ @(&).6I n.

P'- @!)0, F' "63A*$/&&? 1'0')( &'46I" ( "/-
+0*)!$%&*A Q8P 4(00G"' 06$%)* " ',$!406 ',‘-

G5&'B' =!+?3( 1+*5(:(G 1/+/B$?&(0* @6=*#&(
4(0% 5/A!&6=5( IA 5!B&60'#(0$*"'406. 963A*$/-
&6 4*$'> 4*$'> U'+/&.! F

L
 &'46I (+*4. 2, :0+*-

A'"6 40+6$)*) " .6- ',$!406 &/ G &/'4&'"&*5*,

'4)6$%)* ,($* /)40+!B'"!&6 1+* 1'1!3!&&6 "
&/I. ZA "63A*$/&&? 1631'+?3)'"!&' 0*5 H/ =!-
)'&!5, F' 6 "63A*$/&&? '4&'"&*A &'46I" " A'-

$6"4%)*A 3!0#*)!A = 40+(5'"*5 "*A63'5 (&!-
1+*)$!3, [15]), ! 36$%&*.6 1+*A'"!&'B' :!+(,

0+!3*.6-&' ="!&6 )'$/)0'+!5*, 1' 4(06 G $*:/
'56#&*5* )'&0!)0!5*. P!)*5 #*&'5, "/+0*)!-
$%&6 40+()0(+* 163$?B!>0% "*$(#/&&> = )$!4(
Q8P (0! C8D "=!B!$6) ?) =! @'+5!$%&'-)'&-

./10(!$%&*5* '=&!)!5*, 0!) 6 =! @6=*#&'>
41/.*@6)'>.

N "63&':/&&6 B'+*='&0!$%&*A 40+()0(+ "!-
H$*"' "63=&!#*0*, F' ',*3"! IA +6=&'"*3* .6$-

)'5 3'1(4)!>0% G3*&/ 5'3/$%&/ (?"$/&&?.  !
+*4.3 4A/5!0*#&' 1'+6"&>>0%4? '4',$*"'406
1/+/&'4( 6&H/)0'"!&*A &'46I" " !)0*"&6- ',$!-
406 ,!=* (=!06&/&! &! +*4.1, #, $) 3$? Q8P = 1'-

1/+/#&'> (") 0! 1'=3'"H&'> (#) 5!B&60&'>
"644>. U6&6I = 40+6$)!5* 1')!=(>0% 1'0')* &'-

46I". 2#/"*3&', F' 3$? )'&./&0+!.6I .*A &'46I"
n ( x, y ) 1+* x > 0 " ','A "*1!3)!A 5!>0% 564./
5/H/"6 (5'"*

n ( x, b ) = 0 ; (4, ")

0y

n

y %

&
& = 0 . (4, #)

8. <. ;$!(,/+5!&, 9. 9. JB'+'",  . <. K!&6F/"!, 9. 9. K'=/$
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N5'"* &! 5/H6 x = a, ?) ,(3/ 1')!=!&' &*H-

#/, &! 5!B&60'#(0$*"'406 &/ 1'=&!#!0%4?. P!-
)*5 #*&'5, 1*0!&&? 1+' 5'3/$%&( /)"6"!$/&0-
&640% 40+()0(+ ="'3*0%4? 3' !&!$6=( (5'" &!
5/H6 x = 0, ?)6 "*=&!#!>0%4? +'=0!:("!&&?5
/560/+(.

E/+: =! "4/ "63=&!#*5', F' " 0*16#&*A
1+!)0*#&*A +/H*5!A &!1+(H/&640% 1+*4)'+>-

>#'B' 1'$? =!3!G0%4?, = 5/0'> '0+*5!&&? 1'
5'H$*"'406 "*4')'I 5!B&60'#(0$"'406, &!406-
$%)* "/$*)'>, #0' "'3&'#!4 "*)'&(G0%4?

' ( 
0

2 T

E L

)
 >> 1 (5, ")

6 * ( 021
exp 1

2 T

E r

)

+ ,- .
/ 01 2

1 2/ 03 45 6
7  > 1 , (5, #)

3/ ' ( E
0
 L / ( 2 )

 T
 ) — )'/@6.6G&0 1'$?; L —

3*@(=6-&! 3'"H*&!; )
 T
 — 0/51/+!0(+&*- 1'-

0/&.6!$; r — B$*,*&! $/B("!&&? /560/+&'I ',-

$!406.
E/+:! = .*A (5'" '=&!#!G 5'H$*"640% =&/-

A0("!&&? 3*@(=6-&'> 4)$!3'"'> 1'0')( &'46-

I" ( 1'+6"&?&&6 = 3+/-@'"'> " 4*$( II &/=&!#&'-

406. Q+(B! H, =B63&' = [16], 3'="'$?G ""!H!0*
0!)'> F' 6&H/)0(G $*:/ ',$!40% /560/+( 1+'-

0?H&640> 1'+?3)( r , ?)! 1+*$?B!G 3' (#!40)(
,!=* = &!-,6$%:*5 1'0/&.6!$'5 1+*4)'+>>-

#'B' 1'$?.

9 Q8P = 1'1/+/#&'> "644> (+*4. 3, ", 0!)'H
+*4. 1, $ ) 1+*4)'+>>#/ 1'$/ 1+!)0*#&' '3&'-

+63&', 1'06) &'46I", " 4*$( (5, #), 6&H/)0(G0%4?
$*:/ 36$?&)'> x 8 x

E
 6 +'=1'"4>3H(G0%4?, "

4*$( (5, "), 5!-H/ "*)$>#&' (=3'"H OX ('4)6-
$%)* " &!1+?5)( OY -3/ $*:/ 3*@(=6?). 9 +/-
=($%0!06 1+'@6$% )'&./&0+!.6I ( 1$'F*&6 x = 0

1'"0'+>G 1+'@6$% II &! /560/+6, 0',0' 6&H/)-

.6> 5'H&! ""!H!0* $')!$6='"!&'> &! 36$?&.6
0 9 y 9 : b .6GI 1$'F*&*, 3/ : — "63&':/&&?
1+'0?H&'406 /560/+! 3' 56H)'$/)0'+&'I "63-

40!&6 2b .

9 Q8P = 1'=3'"H&%'> "644> (+*4. 3, #; 1, # )

1'$/ &/'3&'+63&': " ',$!40?A x < 0 6 x > 0 3'56-
&(>0% 4)$!3'"6 &!1+(H/&'406 E

0
 6 B(40*&*

40+(5( J, ?)6 41+?5'"!&6 "631'"63&' (=3'"H OY

6 OX. 9 4*$( (5, #) 4(00G"' 6&H/)0(G $*:/ 36$?&-

)! /560/+( y > b, 3/ .6 4)$!3'"6 "/+0*)!$%&6.
<$/, ?) ,(3/ 1')!=!&' &*H#/, 5'3/$6 1/+/&'4(

Y*4.2. E/+/&'4 &'46I" " "/+0*)!$%&'5( Q8P

Y*4.3. E/+/&'4 &'46I" " B'+*='&0!$%&*A Q8P = 1'1/+/#&'> (!) 0! 1'=3'"H&'> (,) 5!B&60&'> "644>
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" ',$!40?A x
E
 < x < 0, y > b 6 x ; 0, y < b 63/&0*#&6.

9 1$'F*&6 x = 0 +'=1'36$ )'&./&0+!.6I ?"&'
3/$')!$6='"!&*-. 23&!) 6 0(0 5'H&! +'=B$?3!-
0* .> 1$'F*&( ?) /@/)0*"&*- /560/+, 1+*1(4-
)!>#* : 8 1 6 =!3!>#* =!)'& +'=1'36$( n (0, y ),

F' 3'="'$?G B'"'+*0* 1+' ?)64&( 63/&0*#&640%
5'3/$/- &! +*4.3.

Q'3!0)'"' "63=&!#*5', F' ( "*1!3)( ")+!-
:*+')'B' /560/+(, : < 1, 6 '3&'+63&'406 +'=-
1'36$( n (0, y), "1$*" "63A*$/&&? 1'0')( &'46I"
4*$'> U'+/&.! &! )'$/)0'+&6 40+(5* 40+()-

0(+ = 1'1/+/#&'> "644> 4(00G"' 1'4$!,$>G0%-

4? 6 =+'40!G 1' 56+6 =5/&:/&&? : [17]. O 6&:'B'
,')(, " +','06 [18] 1')!=!&', F' 1'3!"$/&&?
,')'"'I 6&H/).6I " Q8P = 1'=3'"H&%'> "644>

:$?A'5 p+-$/B("!&&? ',$!406 x
E
 < x < 0, y > b ,

"&!4$63') #'B' 1'0') &'46I" 6&H/)0(G0%4? 06$%-

)* "&*=, "/3/ 3' +6=)'B' 1'4*$/&&? .%'B' "1$*-

"(. 9 &!:*A (?"$/&&?A ./ ?) +!= "631'"63!G
=5/&%:/&&> : - (=B'3H(G0%4?, 0!)*5 #*&'5, =
63/G> 5'3/$%&'B' '0'0'H&>"!&&? Q8P 0*1(
# 6 $ (+*4.1).

3. 3=B8>88> KOSEOFOFB89C:= = GON;8=SGI

AD:?IB9C:= H9FIS98:;?R8IN MG:

9 3/)!+0'"*A )''+3*&!0!A OXYZ , 1+* &!-
1+?5$/&'406 E

0
 (=3'"H OX, ! 5!B&60&'I 6&3().6I

B — (=3'"H OZ, 3"'"*56+&/ +6"&?&&? ,/=1/+/-
+"&'406 5'H&! =!1*4!0* ( "*B$?36

 !
2 2

2
2 2

*2 2
N N N N

L L L B N % x, y
effx yx y

' ' = >
- .
1 2
1 2
1 2
3 4

& & & &? 7 7 7 % 7
& && &

, (6)

3/ N, >, 
*
eff

=  — "631'"63&' 3"'"*56+&! )'&./-

&0+!.6?, #!4 H*00? 0! /@/)0*"&! (3*". &*H#/)

A'$6"4%)! +(A'5640% 6&H/)0'"!&*A &'46I"; @ —

3"'"*56+&! B(40*&! 1'0(H&'406 3H/+/$ 6&H/-

).6I.
E+!"'56+&640% 3"'"*56+&'B' (! &/ 0+%'A"*56-

+&'B') 163A'3( 3$? 40+()0(+ = 1'=3'"H&%'> "64-
4>, +*4.1, #, '#/"*3&! (1' )+!-&6- 56+6, 1+* 3'-

40!0&6- 1+'0?H&'406 /$/)0+'36" (=3'"H OZ, F'
"*)'&(G0%4? " +/!$%&*A )'&40+().6?A = 5/0'>
=,6$%:/&&? )'$/)0'+&*A 40+(56" 3$? 163"*F/&-

&? #(0$*"'406), ! 3$? 40+()0(+ = 1'=3'"H&%'>
"644> "'&! ',B+(&0'"!&! " [16]. P!5 H/ 1')!=!-
&', F' ( "*1!3)( (5, #) 41+!"/3$*"' @ = 0.

963'5' +6:/&&? /$610*#&'B' +6"&?&&? (6)

3$? ',5/H/&'I = (46A ,')6" ,!=* ( "*B$?36 1'-

3"6-&'B' +?3( [19] * &/',5/H/&'I ,!=* = "*)'-

+*40!&&?5 @(&).6- C/4/$? [14], ! 0!)'H -'B'
1!+!,'$6#&'B' "!+*!&0( 1+* "*)'&!&&6 (5, "),

0!) F' ' >> 1 A & 2/&x 2 = 0; @ = 0, ( "*B$?36
1+'40'B' +?3( [17]. 946 +6:/&&? '0+*5!&6 1+*
&($%'"*A (5'"!A Q6+6A$/, 0! 6= (46A &*A "*1$*-

"!G '3&!)'"*- "*+!= 3$? /@/)0*"&'406 1/+/-
0"'+/&&? Q8P:

S
R
 ( 

1

0BB

BB7

%

&
&

 = 
0

*

2 T

eff
E b=

)
, (7)

3/ B ( I
C
 /I

E
 — )'/@6.6G&0 1/+/3!#6 40+(5(.

9*&?0)'"' "!H$*"' "63=&!#*0*, F' +/=($%-

0!0 (7) '0+*5(G0%4? 1+* =!"3!&&6 ,(3% ?)*A
5/H/"*A (5'", F' "631'"63!>0% "*1!3)!5 &/-
',5/H/&'I [14], &!16"',5/H/&'I [17] 0! ',5/-
H/&'I [19] ,!=*, ! 0!)'H 0/, F' " 3!&'5( "*+!=6
5640*0%4? $*:/ '3*& B/'5/0+*#&*- 1!+!5/0+
b. E/+:! ',40!"*&! "*36$?G "/$*#*&( S

R
 ?)

&!-,6$%: (&6"/+4!$%&*- 1!+!5/0+ 3$? '.6&)*
1/+/0"'+>"!$%&*A "$!40*"'40/- Q8P. Q+(B!
H '=&!#!G, F' 3$? 3'4$63H/&&? "$!40*"'40/-
06$%)* .6GI "/$*#*&* .6$)'5 3'40!0&%' +'=B$?-

3!0* '3&'"*56+&/ +6"&?&&? ,/=1/+/+"&'406
1+* "*,'+6 )''+3*&!0&'I "6446 ( &!1+?5)( "*-

=&!#/&&? b.

9 0'- H/ #!4 3$? B "46 ")!=!&6 +6:/&&? 3!-
>0% =!&!30' B+'56=3)6 "*+!=*, ?)6 1+!)0*#&'
&/1+*3!0&6 3$? !&!$6=(. P'5( :*+')/ +'=1'-

4>3H/&&? '0+*5!" !$%0/+&!0*"&*- 5/0'3 1'-

,(3'"* 5'3/$6 Q8P &! ,!=6 0/'+6I '3&'"*56+-

&*A 0+!&=*40'+6" (&!1+*)$!3, [20]), )'0+*- 0(0
5* ,(3/5' &!=*"!0* 5/0'3'5 $6&6-&'B' 0+!&-

=*40'+!. E+* .%'5( 3$? "+!A("!&&? "1$*"(
5!B&60&'B' 1'$? &! 5'3/$%&6 1!+!5/0+* =!-

1+'"!3H(G0%4? (?"$/&&? 1+' 4()(1&640% ')+/-
5*A @6=*#&*A /@/)06" (5/A!&6=56" #(0$*"'406),
= ?)*5* 1'"’?=(G0%4? #(0$*"640% Q8P [1]. O!
"*&?0)'5 41/.*@6#&'B' 5!B&60')'&./&0+!.6--

&'B' /@/)0( [6], ?)6- 1+'?"$?G0%4? "*&?0)'"'
1+* "*4')*A +6"&?A 6&H/).6I 0! &/ 1633!G0%4?
!&!$60*#&'5( '1*4( " 4*$( &/'3&'+63&'406 E

0

(0*5 ,6$%: F' 0!)*- +/H*5 &/ G 0*16#&*5 1+*

8. <. ;$!(,/+5!&, 9. 9. JB'+'",  . <. K!&6F/"!, 9. 9. K'=/$
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1+!)0*#&'5( =!40'4("!&&6 Q8P), .6 5/A!&6=-
5* 0!)6:

1. T@/)0 (1+?5'B') "63A*$/&&? &'46I" 4*$'>
U'+/&.!

2. T@/)0 (&/1+?5'B') "63A*$/&&? &'46I" A'-

$6"4%)*5 1'$/5
3. T@/)0 5'3($?.6I 6&H/).6I A'$6"4%)*5 1'-

$/5
4. T@/)0 5'3($?.6I )'/@6.6G&0( 1/+/3!#6 B

A'$6"4%)*5 1'$/5 (8KE).

 ! 16340!"6 3!&'B' (?"$/&&? '0+*5!&' ,!-
B!0' .6&&*A +/=($%0!06", '3&!) " 5/0'3*#&'5(
"63&':/&&6 0!)*- 163A63 "*?"$?G0%4? &/ 3'4*0%
3'4)'&!$*5. P!), &!1+*)$!3, 64&(G &/"*=&!#/-
&640% " 1*0!&&6 1+' 3'56&(>#*- /@/)0 " 40+()-

0(+!A = 1'1/+/#&'> "644>: 5!>04? "!B'56 3'-

"'3* &! )'+*40% ?) /@/)0( "63A*$/&&? [21], 0!)
6 5'3($?.6I 6&H/).6I [22]. V(0$*"640% '3&6GI -
06GI H 40+()0(+* = 1'=3'"H&%'> "644> [23] 1'-

"’?=(G0%4? " [1] = 5'3($?.6G> )'/@6.6G&0( 1/+/-
3!#6, " [2] — = /@/)0'5 "63A*$/&&?, 0'36 ?) 4!56
!"0'+* [23] +'=B$?3!>0% II ?) 1+'?"$/&&? 5!B-
&60')'&./&0+!.6-&'B' /@/)0(.

P'- @!)0, F' " '4&'"6 "46A 5/A!&6=56" $/-
H*0% G3*&*- @(&3!5/&0!$%&*- /@/)0 — 36?
4*$* U'+/&.! &! &'46I ?)6 +(A!>0%4?, — 3!G
16340!"* 3$? 41+',* (=!B!$%&/&&? 5'3/$%&*A
(?"$/&% 0! +'="’?=!0* 0*5 4!5*5 "63=&!#/&6 &/-
"*=&!#/&&'406.  ! 0!)( 5'H$*"640% ")!=(G -
"*3 +6"&?&&? (6), 3/ $*:/ '3*& 3'3!&') 564-
0*0% "/$*#*&( 5!B&60&'I *&3().6I, 1+*#'5( "

3',(0)( = +'=56+&*5 1!+!5/0+'5 
*
eff

= . 2#/"*-

3&', F' 06$%)* ./- 1!+!5/0+ 5'H/ &/40* 6&@'-

+5!.6> 1+' '4',$*"'406 B!$%"!&'5!B&60&*A
?"*F " 40+()0(+6, 0!) F' 41/.*@6)! 5/A!&6=5(
&/ "1$*"!G &! "*B$?3 +6:/&&? +!"&?&&? (6) 0!
"+!A'"(G0%4? $*:/ "*,'+'5 =&!#/&&? .%'B'
1!+!5/0+!.

K+') 3' 0!)'B' (=!B!$%&/&&? 5640*0%4? "H/
" 1/+:6- 0/'+/0*#&6- +','06 [14], 3/ 5/A!&6=5*
1+?5'B' 6 &/1+?5'B' "63A*$/&&? '1*4(>0%4?

'3&'#!4&' ( 1+*1(F/&&6 
*
eff

= = * *
n p= =? . Q!$6,

6= "40!&'"$/&'B' " [17] )6$%)64&'B' 416""63&'-

:/&&? ")$!36" /@/)06" "63A*$/&&? 0! 5'3($?.6I
6&H/).6I 3$? 40+()0(+ = 1'1/+/#&'> "644> "*-

06)!G, F' "1$*" '40!&&%'B' 5/A!&6=5( 0!)'H
5'H/ ,(0* "+!A'"!&*- "631'"63&*5 "*=&!#/&-

&?5  
*
eff

= :  1+*  =56&6  1+'0?H&'406  /560/+!

"=3'"H OY "63 &($? 3' B+!&6#&'B' =&!#/&&? "/-

$*#*&! .%'B' 1!+!5/0+! 5'&'0'&&' =56&>G0%-

4? " 5/H!A "63 * *
n p= =?  3' *2 n=  [24]. E')!H/-

5', F' 0!)*5 H/ #*&'5, 0',0' =! +!A(&') "*-

,'+( =&!#/&&? 
*
eff

= , 5'H&! '1*4!0* - /@/)0

8KE .

O! "*=&!#/&&?5 [1], ./- /@/)0 1+'?"$?G0%4?
" 40+()0(+!A, F' 1')!=!&6 &! +*4. 1, #,  ?)
"1$*" A'$6"4%)'B' 1'$? E

H
 &! 3*@(=6> &'46I"

"63 /560/+! 3' )'$/)0'+!.  ! +*4. 4, 3/ 1')!=!-
&*- @+!B5/&0 0!)'I 40+()0(+*, =!06&/&' (5'"-

&' "63')+/5$/&6 ',$!406 ,!=*, " ?)*A 1+*-&?0'
+'=B$?3!0* /@/)0* 8KE ( I ) 0! "63A*$/&&? &'-

46I" ( II ). D0!"$?#* =!3!#( "*=&!#/&&? $*:/ "/-
$*#*&* S

R
 , 3'40!0&%', ?) "H/ "63=&!#!$'4?,

+'=B$?&(0* '3&'"*56+&/ +6"&?&&? ,/=1/+/+"-

&'406. P'36, "*)'+*40'"(#* 3$? ',$!406 I +6"&?&-

&? (6), 3/ 1+*-5/5' & /&y = 0 6 ' = *
p= E

0
 L / (2 ) 

T
 ) ,

&! 16340!"6 -'B' +6:/&&? N (x) 1+* (5'"!A
N (0) = const; N (b) = 0, '0+*5(G5' "*B$?3 (7) =6

=&!#/&&?5 
*
eff

= = *
p= . P!)*5 #*&'5 1')!=!&',

F' "46 1/+/$6#/&6 "*F/ /@/)0* ?)64&' 0'0'H&6
0! 5'H(0% +'=B$?3!0*4? ?) G3*&*- /@/)0, F'
'1*4(G0%4? +6"&?&&?5 (6) 1+* &!$/H&'5( "*-

=&!#/&&6 "/$*#*&* 
*
eff

= .

Y*4.4. T@/)0 5'3($?.6I )'/@6.6G&0( 1/+/3!#*

4. +O:9MIJ; 9M89BIG=F89H9 G9MO?@B;88>

!+)

Q!>#* =+(#&6 3$? !&!$6=( 0! ?4&6 3$? +'=(-

56&&? +/=($%0!0* ( "*B$?36 /$/5/&0!+&*A @(&-

).6-, '3&'"*56+&6 5'3/$6 Q8P, ?) "H/ "63=&!-
#!$'4%, 3'4*0% :*+')' - /@/)0*"&' "*)'+*4-
0'"("!>0%4? &! 1+!)0*.6. 23&!) "63=&!#/&!
"*F/ 1+*&.*1'"! &/)'+/)0&640% '3&'"*56+-
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&'B' 5'3/$>"!&&? C8D 1+*5(:(>0% 1/+/3*-

"*0*4% -'B' 5/0'3*#&( 4(0%. 9 4*$( "63=&!#/-
&'I "*F/ (&6"/+4!$%&'406 "*+!=( (7) "1$*" 5!B-
&60&'B' 1'$? &! )'$/)0'+&*- 40+(5 Q8P $/B-
)' "*=&!#!G0%4? (1' )+!-&6- 56+6, " 1+!)0*#&'
"!H$*"'5( "*1!3)( -'B' $6&6-&'I =!$/H&'406
"63 B) ?) B ( B ) = B (0) " S

R
 , 0!) F' 6&0/+/4

1+/340!"$?G $*:/ +'=+!A(&') B (0).

 !4!51/+/3 0+/,! "63560*0*, F' " (46A "63'-

5*A 3"'"*56+&*A 5'3/$?A [14, 17, 19] 0+!3*.6--

&' "*)'+*40'"(G0%4? 1+?5'$6&6-&! (3/)!+0'-

"!) 4*40/5! )''+3*&!0. E+* .%'5( 1'0') &'46-
I" &/5*&(#/ 1/+/0*&!G "46 )''+3*&!0&6 1'"/+A-

&6, 4!5/ ( ="’?=)( = #*5 =!1*4 '1/+!0'+! 3*"/+-

B/&.6I B(40*&* 40+(5( " '3&'"*56+&6- @'+56
"*?"$?G0%4? &/5'H$*"*5. P'36 '#/"*3&', F'
3'40!0&%'> (5'"'> 3$? 0!)'B' =!1*4( G 1!+!-
$/$%&640% $6&6?5 40+(5( "46A )''+3*&!0&*A 1'-

"/+A'&%, )+65 '3&6GI.
P!)*5 #*&'5, 1',(3'"! '3&'"*56+&'I 5'-

3/$6 Q8P "*?"$?G0%4? 5'H$*"'> " )+*"'$6-
&6-&6- 4*40/56 )''+3*&!0 1+* "*,'+6 B+!&*.%
0+(,') 40+(5( ?) )''+3*&!0&*A 1'"/+A'&%.

 ! +*4. 5, " =',+!H/&' @+!B5/&0 40+()0(+*
=B63&' +*4. 1, $ ( "*A63&6- 3/)!+0'"6- XOY ("64%
OX $/H*0% " 1$'F6 4*5/0+6I) 0! '+0'B'&!$%&6-
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