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INTRODUCTION 

The study of the low-temperature plasma of the 
positive column in thin tubes is interesting not only 
as of the active medium of the wave-guiding lasers 
but also for the possible creation of the small-size en-
ergy sources for the gas laser emitting devices of low 
pressure. The out-come characteristics of the devices 
which use the gaseous discharge depend on the inner 
parameter of the positive column (PC) which is char-
acteristic for the discharge. A significant number of 
theoretical and experimental papers [1-5] is devoted to 
the studies of the inner parameters in the active media 
of gaseous lasers. In these papers the main attention is 
paid to the influence of the discharge current rI , 

the 
gas pressure

 
p and the inner radius of the discharge 

capillary 0R  on the longitudinal electric field strength 

zE , the electronic concentration eN , as well as on the 
electronic temperature eT  [3-6] assuming their Max-
well-type distribution over the velocity values. The in-
ner parameters of the discharge processes are defined 
by the given external parameters. 

The condition required for the stationary gaseous 
discharge existence is the temporal stability of the 
electronic concentration. The balance of the charged 
particles in the plasma of low-pressure PC is formed 
by ionization processes in the gaseous volume and the 
following deficiency of the charged particles due to the 
drift of electrons and ions towards the wall of the tube. 
It should be noted that the probability of the charged 
particles creation as well as the processes concerning 
the decrease of the charged particles, depend on the 
electronic temperature. 

SCOPE OF THE WORK 

In the present paper, basing on the closed sys-
tem of equations obtained in [7], for the evaluation 
of the inner parameters of PC of the discharge tube, 
the stable value of electronic temperature with the si-
multaneous account of the direct and step ionization. 
Usually, either the ionization of non-excited atoms 
(direct ionization), or the ionization of the excited at-
oms (step ionization) is taken into account [4, 6]. The 
simultaneous account of the direct and step ionization 

allows to evaluate and compare the input of these two 
processes into atoms’ ionization. The analysis is con-
ducted with the use of two main approximations — the 
diffuse regime of the discharge and the Maxwell distri-
bution of electrons over the velocity values. 

Let us write down the simplified (interpolated) 
equations for direct and step ionizations with the si-
multaneous account of the balance between the num-
ber of charged particles eN and metastable atoms mN
in the discharge controlled by the diffusion 

 0i e mi e ad eN N N !  "  . (1) 

 # $0m e md mj mN N % "  !  % . (2) 

Here 0 0 0i ik N " – the frequency of direct ioniza-
tion, mi mi mk N "  — the frequency of step ionization 
from the metastable level, ad  — the frequency of the 
diffuse departures of the electrons towards the tube 
walls, 0 0 0m mk N "  — the frequency of the metastable 
level’s excitation as a result of the atoms, being in the 
basic state, coincidence with the free electrons, md  — 
the frequency of diffuse departure of metastable atoms 
to the walls of the tube, mj mj ek N "  — the frequency of 
the metastable atoms extinguishing due to their coin-
cidence with free electrons, 0 ,i mik k  — the constants 
of the direct and step ionization velocity, correspond-
ingly, 0mk and 0mj mi mk k k" !  — the constants of the 
excitation and extinguishing velocities of the meta-
stable state by electron impact, correspondingly. The 
main role in the process of states’ destruction is played 
by the metatstable state ionization with the constant 

mik , as well as the transition of the excited atom to the 
ground state with the constant 0mk . 

MODEL AND DISCUSSION 

It is known that the frequency of the diffuse de-
partures in the cylindrical PC is being expressed by 

2

d D " & , where D  — the corresponding diffu-
sion coefficient, 0 2.405R& "  — diffusion length, 

0R  — the discharge tube capillary radius. For the 
charged particles, the ambipolar diffusion coefficient 
is: ad i eD kT e" ' , where i'  — the ions’ mobility. Ac-
cording to [2], the ions’ mobility with the account of 
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the resonant recharging, is proportional to the ion’s 
velocity and inversely proportional to the gas pressure. 
That’s why, the ambipolar diffusion coefficient is: 

0ad a eD D T T p" % , ànd the corresponding frequency 
equals to # $# $20 02.405ad a eD T T p R " . 

For metastable atoms, the diffusion coefficient 
is proportional to the atoms’ velocity and inversely 
proportional to the density of gas. Thus, one obtains 

0md mD D T T p" %  and then the corresponding of 
diffusive departures is # $# $20 02.405md mD T T p R "
. The values of the constants 0 0,a mD D  are defined by 
the type of gas and the system of units chosen [7]. 

In the written above simplified balance equa-
tions the particles’ space distribution over the area of 
the capillary cross-section is not considered. It is as-
sumed that 0 , mN N correspond to the values of the 
particles’ concentration in the ground and metastable 
states at the center of the tube and eN  — the con-
centration of the electrons at the center of the tube. 
It should be noted that according to the Mendeleev-
Clapeiron law, the density of atoms 0N is mutually 
connected with gas temperature through the relation 

0 00N p kT N p T" " %  (ð –gas pressure in the discharge 
tube, T — gas temperature, and the constant 00N  value 
is determined by the system of units choice). 

According to [2], while the energy spectrum of 
electrons is of the Maxwellian type, the frequency of 
the direct ionization of the atom from the ground state 
and that for the atom transfer from the ground to the 
excited one the following expression could be used: 

 # $ # $0 0 0 02 expi e i i e i ev v C eU kT eU kT N" ! ( % .  (3) 

Here 8e ev kT m" )  — average thermal velocity 
of the electron, iC – the constant characteristic for 
the given process, 0iU  — ionization potential for the 
atom transfer to the excited state. 

The frequency of the step ionization is determined 
by Thomson formula and could be written as: 
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ãäå miC  — the constant for given process, miU  — the 
excited atom ionization potential. 

It is seen that one could get the following expres-
sions for the density of metastable atoms and elec-
tronic density from the balance equations (1-2) as a 
functions of electronic temperature, pressure and the 
temperature of the working gas and of the radius of the 
discharge tube: 
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It is seen, also, that for 0mN 3  and 0eN 3  only 
if 0 0ad i (  3  and # $0 0 0m mi ad i mjk k (  (  4 . From 
these equations, with the use of the definitions made 

earlier, for adD  and 0N , the following boundary value 
could be proposed for the combination 0pR : 
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The two boundary equations for the electronic 
temperature follow the simplified balance equations 
(1) and (2). So, when the excited atoms are absent in 
the plasma of gaseous discharge, and only the non-ex-
cited atoms are being ionized the Schottky condition 
could be obtained from (1) or (5b) for the evaluation 
of the electronic temperature: 

 # $ # $0ad e i eT T "     (7à) 

what means the equality of the frequencies of the ion-
ization and of the diffuse departures of electrons to the 
walls of the tube. Inserting the expressions for the fre-
quencies into this equality, one could obtain the fol-
lowing equation for the eT  under the given pressure 
p and the gas temperature T  in the tube of the radius 

0R  
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During the increase of the electrons’ density caused 
by the increase of the discharge current the number of 
the metastable atoms increases as well and the mecha-
nism of the step ionization starts to act. In the limit of 

eN 7*  one could obtain from (5à) or (5b) the other 
following equation for the evaluation of eT  

 # $
# $
# $

# $ # $0 0

mj e

m e ad e i e

mi e

k T
T T T

k T
 "  (  8 9: ; ,  (8à) 

which is the analog of Schottky condition with the ac-
count of the processes of creation and destruction of 
the metastable atoms. Using the expressions for the 
frequencies, we obtain the following equation for eT  
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CALCULATION RESULTS 

At Fig.1 are presented the solutions of the equa-
tions (7b) (curves 1) and of the equation (8b) (curves 
2), as well as the difference between these solutions 
(curves 3) in dependence of the product 0pR . It is seen 
that the solutions of these equations behave almost 
uniformly in the chosen range of 0pR . The difference 
between these solutions decreases with the increase of 

0pR . The increase of the working gas temperature T  
causes the somewhat increase of the corresponding 
electronic temperature along with the non-significant 
increase difference between solutions. The character 
of the dependencies is not changing. 
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Fig.1. The dependencies of the equations (7) and (8) solu-
tions on the product 0pR  for two regions of 0pR changes.  Curves 
1 — solutions of equation (7), curves 2 –  solutions of equation (8), 
curves 3 – the difference of these solutions  

In two limiting cases which correspond to 0eN 7  
and eN 7* , the equations (7) and (8) for the electron-
ic temperatures do not include the electronic concen-
tration. From other part, in general case, the electronic 
density depends on the total discharge current, which 

could be written in the form # $
0

0

2

R

r e z eI e E rN r dr" ) ' 2 , 

where # $,e e p T' " ' - the electronic mobility, zE
- the longitudinal field strength, which stabilizes in 
the discharge. In the PC of the discharge, the elec-
tronic distribution over the section area is Besselian 

0 0 0( ) (2.405 )e eN r N J r R" % . Then, under the given 
discharge current, it is possible to obtain the following 
expression for 0eN  

 # $
2

0 0

0
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This value of electronic density should coincide 
with the value obtained from the balance equations 
(5à). That’s why it is necessary to solve the following 

equation taking into account the both the direct and 
step ionization 
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The strength of the longitudinal electric field held 
in the discharge 0( , , , )z z eE E T p R T"  is determined by 
the balance equation for the electronic energy with the 
account of the elastic energy losses during the impact 
energy exchanges between electrons and atoms of the 
working gas as well as of the non-elastic losses on the 
excitation and ionization of the atoms. Besides, the 
energy balance in thin gas-discharge tubes includes 
the energy transferred by the charged particles to the 
tube walls [4]. In present paper the longitudinal field 
strength zE is calculated through the following equa-
tion obtained in [7]: 

 2 2 ( )z m c g w w i i

i

e E m"  %  %<= !  %<= !  %<=> .   (11) 

Here m  — the effective electron collision fre-
quency, c  — elastic collisions frequency for electron-
neutral atom pairs, which in general case depends 
on the electronic temperature and atoms’ density, 

(2 ) (3 2)g em M kT<= " %  — energy losses during elas-
tic collisions of electrons with neutral atoms, w (  
electron collisions frequency with discharge tube walls 
which equals to the frequency of electronic diffuse 
departures to the walls w ad "  , w<= (  energy losses 
of the charged particles on the tube walls, i  — fre-
quency of non-elastic collisions of the electrons with 
atoms which excites or ionizes the atom, i<=  — elec-
tron energy losses given to the excitation or ionization 
of the atoms. 

We would like to limit ourselves to the case of ac-
count only the electron energy losses on the tube walls 
when the power contains only the recombination 
energy for positive ions and electrons eU

i
 and of ki-

netic energy they possessed before the recombination 

0 2w i kp eeU W kT<= " ! ! , where 0iU  is the ionization 
potential of the atom in the recombination state, 2 ekT  
and kpW  -are the average kinetic energies of the elec-
tron and ion during their approach the wall. 

Taking into account the processes of direct and 
step ionization, one could rewrite the last term in 
brackets in formula (11) for the power density in the 

form: # $0 0 0 0i i i i m m mi m mi

i

e k N U k N U k N U %<= " ! !> . 
Using the expression (6) for the metasta-
ble atoms’ density mN , it is evident that: 

# $0 0 0i i i m m ad mi

i

e k k N U U %<= " ! !  8 9: ;> . 

The losses on the direct iomization and atoms’ 
excitation into metastable state without the step 
ionization process are described by the expression: 

# $0 0 0i i i i m m

i

e k U k U N %<= " !> . 
It is possible to make it clear that:

# $ # $0 0 0 0 0 0i m m ad mi i i m mk k N U U k U k U N! !  3 ! , if 

0ad i 3  . 

The results of the numeric solution of the equa-
tion (10) for the discharge in He are presented at 
Fig.2 — 4. The partial dependencies on the gas 
pressure and capillary radius are presented as they 
in contrary to the solutions of equations (7) and 
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(8), from the equation (10) the solution’s depen-
dence on the product 0pR , and 0( )eT f pR? doesn’t 
follow. We have used the following constants: 

170.12 10iC
(" % cm2/eV, 170.45 10mC

(" % cm2/eV, 
146.5 10miC

(" % cm2/eV, 0 24.6ieU " eV, 0 20meU " eV, 
4.6mieU " eV. Besides, it is assumed that the gas tem-

perature equals to that of the outer walls’ one. For 
this latter parameter we have used the experimentally 
measured value of 0 020 7 rT C C I" ! % , where 020 C  is 
the temperature of the ambient, rI  — the discharge 
current in mA. 

The numeric calculations have shown that the 
electronic temperature in the real situation with the 
account of both the direct and step ionization takes 
the value which doesn’t coincide with any limit value 
determined by equations (7) and (8). At the figures 
presented, it is seen that the electronic temperature’s 
value obtained as the solution of the equation (10), is 
smaller than the temperature obtained from the equa-
tion (7), but the greater than that obtained from equa-
tion (8). Only at small pressures and not significant 
discharge currents and in thin tubes, the real elec-
tronic temperature is almost the same as the electronic 
temperature obtained from Schottky’s condition (7) 
(see, please, the curves at Fig.2à). With the increase of 
the pressure, the step ionization plays the greater role 
and the solution of the equation (10), even for thin 
tubes, differs slightly from the solution of the modi-
fied Schottky equation (8) (see, please, the curves at 
Figs.2, 3). 

In the present paper, in the framework of the as-
sumptions taken, the electronic temperature depends 
only on the temperature of the ambient and is pro-
portional to the discharge current value. The propor-
tionality quotient is a constant determined from the 
experiment. Really, according to the results of [7], 
the temperature of the working gas is the function 
of the discharge inner parameters such as: the elec-
tronic temperature, longitudinal electric field strength 
and electrons’ concentration. As it is seen from Fig.4 
(curves 1), with the increase of discharge current the 
metastable atoms’ concentration increases as well and 
the electronic temperature decreases as a result. But, 
afterwards, under the following growth of the discharge 
current and of the gas temperature, the gas density de-
creases due to the termal gas expansion to the ballast 
volume. This effect is accompanied by the increase of 
the electronic temperature. The placement of the dis-
charge tube into the thermostat causes the decrease of 
the electronic temperature which could be explained 
by the growing role of the step ionization due to the 
gas pressure increase (see, please, Fig.4, curves 2). 
Thus, under the taken assumptions, the working gas 
temperature T remains stable and the solutions of the 
equations (7b) and (8b) do not dependent on the dis-
charge current as it is seen at Fig.4 (horizontal lines). 

 

b

 

 Fig. 2. The results of the numeric solution of the equation 
(10). The solid lines represent the dependencies of the electron-
ic temperature during the gas pressure changes. Punctured and 
pin-stripe ones correspond to the solutions of the equations (7) 
and (8).  The discharge current 10rI mA" , gas temperature 

020 7 rT C I" ! % ,  à) discharge capillary radius 0 0.05R cm" , 
b) discharge capillary radius 0 0.5R cm"  

 

Fig. 3. The results of the numeric solution of the equation 
(10). The solid line represents the dependence of the electronic 
on the capillary radius. The punctured and pin-stripe ones cor-
respond to the solution of the equations (7) è (8). Discharge cur-
rent 10rI mA" , gas pressure 10p Torr" , gas temperature 

020 7 rT C I" ! %    
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Fig. 4. The results  of the numeric solution of the   equation 
(10). The solid lines – dependencies of the electronic temperature 
on the discharge current. Gas pressure 10p Torr" , capillary  
radius  0 0.05R cm" , 1 – gas temperature  

020 7 rT C I" ! % , 
2 –  gas temperature 

020T C" . 

CONCLUSIONS 

As a result, we would like to make the following 
conclusions: 

1. The performed theoretical analysis has shown 
that it is impossible to calculate the electronic temper-
ature in the positive column of the gaseous discharge 
using only the Schottky equation (7) which takes into 
account the processes of direct ionization (limiting 
case of small discharge currents 0rI 7 ) or the equa-
tion (8) which operates only the processes of step ion-

ization (limiting case of extremely high discharge cur-
rents rI 7* ). In the intermediate 

2. In the intermediate case of the medium values 
of discharge currents, the electronic temperature is de-
termined by the equation (10) obtained in the present 
paper, which accounts both direct and step ionization. 

3. As a result of this equation solution, the dependen-
cies of electronic temperature on gas pressure, discharge 
current value as well as the capillary radius value. 

4. It is shown that in the real range of discharge 
parameters changes such as gas pressure, discharge 
current and capillary radius, for the physical processes 
in positive column plasma adequate description it is 
necessary to take into account all possible ways of at-
oms excitation and ionization. 
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The theoretical analysis of dependence of the steady-stated electron temperature on the external parameters of discharge, such, 

as a value of discharge current, pressure of working gas and size of radius of discharge capillary, has been done taking into account the 
simultaneous processes of direct and stepped ionization. This analysis has been done on the basis of solution of the closed system of the 
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Ðåçþìå 
Ñ ó÷åòîì ïðîöåññîâ ïðÿìîé è ñòóïåí÷àòîé èîíèçàöèè íà îñíîâå ðåøåíèÿ çàìêíóòîé ñèñòåìû áàëàíñíûõ óðàâíåíèé 

ïðîâåäåí òåîðåòè÷åñêèé àíàëèç çàâèñèìîñòè óñòàíîâèâøåéñÿ òåìïåðàòóðû ýëåêòðîíîâ îò âíåøíèõ ïàðàìåòðîâ ðàçðÿäà, òà-
êèõ, êàê âåëè÷èíà òîêà ðàçðÿäà, äàâëåíèå ðàáî÷åãî ãàçà è ðàçìåðà ðàäèóñà ðàçðÿäíîãî êàïèëëÿðà. Íàéäåíû óñëîâèÿ, ïðè 
êîòîðûõ îïðåäåëÿþùóþ ðîëü â îáðàçîâàíèè çàðÿæåííûõ ÷àñòèö èãðàåò ñòóïåí÷àòàÿ èîíèçàöèÿ. 

Êëþ÷åâûå ñëîâà: ñòóïåí÷àòàÿ èîíèçàöèÿ, ïðîöåññ, ãàçîðàçðÿäíàÿ òðóáêà. 
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äåíî òåîðåòè÷íèé àíàë³ç çàëåæíîñò³ óñòàëåíî¿ òåìïåðàòóðè åëåêòðîí³â â³ä çîâí³øí³õ ïàðàìåòð³â ðîçðÿäó, òàêèõ, ÿê âåëè÷èíà 
ðîçðÿäíîãî ñòðóìó, òèñê ðîáî÷îãî ãàçó òà ðîçì³ð ðàä³óñà ðîçðÿäíîãî êàï³ëÿðó. Çíàéäåí³ óìîâè, ïðè ÿêèõ âèçíà÷àëüíó ðîëü â 
óòâîðåíí³ çàðÿäæåíèõ ÷àñòèíîê ãðàº ñòóï³í÷àñòà ³îí³çàö³ÿ. 

Êëþ÷îâ³ ñëîâà: ñòóï³í÷àñòà ³îí³çàö³ÿ, ïðîöåñ, ãàçîðàçðÿäíà òðóáêà. 


