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for the n=2 state of excitons in the Cu
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Àíîòàö³ÿ. Íà ï³äñòàâ³ ìåòîäó îïåðàòîðíî¿ òåîð³¿ çáóðåíü âèêîíàíî ðîçðàõóíîê Øòàðê-
åôåêòó äëÿ àòîìà âîäíþ, íàòð³þ òà åêñ³òîí³â Âàí’º-Ìîòòà (íàï³âïðîâ³äíèê Cu

2
O) ó îäíîð³-

äíîìó åëåêòðè÷íîìó ïîë³. Íåçâè÷àéí³ îñîáëèâîñò³ ó ñïåêòð³ ôîòî³îí³çàö³¿ âîäíåïîä³áíèõ 
ñèñòåì îïèñàí³ íà ï³äñòàâ³ àäåêâàòíî¿ êâàíòîâî-ìåõàí³÷íî¿ ìîäåë³. Åíåðã³¿ âèñîêî ðîçòàøî-
âàíèõ ðåçîíàíñ³â ó ³îí³çàö³éíîìó êîíòèíóóì³ äîáðå óçãîäæóþòüñÿ ç â³äîìèìè åêñïåðèìåí-
òàëüíèìè äàíèìè Gross et al. Ðîçðàõîâàí³ øòàðê³âñüê³ çñóâè äëÿ ðÿäà ñòàí³â åêñ³òîíó ó íà-
ï³âïðîâ³äíèêó Cu

2
Î (æîâòà ñåð³ÿ) â åëåêòðè÷íîìó ïîë³ 600 Â/ñì. Ïðîãíîçóºòüñÿ ìîæëèâ³ñòü 
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Introduction 

Observation of the Stark effect in a constant 
(DC) electric field near threshold in hydrogen and 
alkali atoms led to the discovery of resonances ex-
tending into the ionization continuum by Glab et 
al and Freeman et al (c.f.[1-5]). Though the known 
semi-empirical approach of Harmin [5] (c.f.[3]) is 
effective enough, a full adequate consistent theory 
of this phenomena is absent hitherto. Calculation 
of the atomic characteristics in a strong electric 
DC field remains very important problem of mod-
ern atomic physics and also of the physics of semi-
conductors [6-30]. It is well known [28] that the 
availability of excitons in semiconductors resulted 
experimentally in the special form of the main ab-
sorption band edge and appearance of discrete lev-
els structure (f.e. hydrogen-like spectrum in Cu

2
O). 

Beginning from known papers of Gross-Zaharch-
enya, Thomas and Hopfield et al (c.f.[28-30]), a 
calculation procedure of the Stark effect for exci-
ton spectrum attracts a deep interest permanently. 
As it is well known [11], external electric field shifts 
and broadens the bound state atomic levels. The 
standard quantum-mechanical approach mutu-
ally relates complex eigen-energies (EE) E = E

r
 + 

0,5iG and complex eigen-functions (EF) to the res-
onances’ shape. The calculation difficulties in the 
standard quantum mechanical approach are well 
known [3]. The WKB approximation overcomes 

these difficulties for the states, lying far from “new 
continuum “boundary and, as a rule, is applicable 
in the case of a relatively weak electric field. The 
same could be regarded to the widespread asymp-
totic phase method (c.f.[1-4], based on the Breit-
Wigner parameterisation for the phase shift depen-
dence on scattering energy. Some modifications of 
the WKB method were introduced by Popov et al. 
and Ostrovsky et al.(c.f. [3]). Quite another calcula-
tion procedures are used in the Borel summation of 
the divergent perturbation theory (PT) series and in 
the numerical solution of the difference equations 
following from expansion of the wave-function over 
finite basis. In refs. [10-13] a principally new con-
sistent uniform quantum — mechanical approach 
to the non-stationary state problems solution had 
been developed including the Stark effect and also 
the scattering problems. The essence of the method 
is the inclusion of the well known method of “dis-
torted waves approximation” in the frame of the 
formally exact PT [11]. The zeroth order Hamilto-
nian H

0
 of this PT possesses only stationary bound 

and scattering states. In order to overcome the for-
mal difficulties, the zeroth order Hamiltonian was 
defined using the set of the orthogonal EF and EE 
without specifying the explicit form of the corre-
sponding zeroth order potential. In the case of the 
optimal zeroth order spectrum , the PT smallness 
parameter is of the order of G/E, where G and E are 
the field width and bound energy of the state level. 

ïðîÿâëåííÿ íåçâè÷àéíèõ îñîáëèâîñòåé ó ñïåêòðàõ åêñ³òîí³â Âàí’º-Ìîòòà ïîáëèçó ãðàíèö³ 
³îí³çàö³¿ îñòàíí³õ. 

Êëþ÷îâ³ ñëîâà: àòîì, åêñ³òîí Âàí’º-Ìîòòà, Øòàðê-åôåêò, ôîòî³îí³çàö³ÿ 

ÝÊÑÈÒÎÍÛ ÂÀÍÜÅ-ÌÎÒÒÀ È ÀÒÎÌÛ Â ÏÎÑÒÎßÍÍÎÌ ÝËÅÊÒÐÈ×ÅÑÊÎÌ 
ÏÎËÅ: ÔÎÒÎÈÎÍÈÇÀÖÈß, ØÒÀÐÊ ÝÔÔÅÊÒ È ÐÅÇÎÍÀÍÑÛ 

Â ÈÎÍÈÇÀÖÈÎÍÍÎÌ ÊÎÍÒÈÍÓÓÌÅ 

À. Â. Ãëóøêîâ, ß. È. Ëåïèõ, Ñ. Â. Àìáðîñîâ, À. Ï. Ôåä÷óê, Î. Þ. Õåöåëèóñ, À. Â. Èãíàòåíêî 

Àííîòàöèÿ. Íà îñíîâå ìåòîäà îïåðàòîðíîé òåîðèè âîçìóùåíèé âûïîëíåí ðàñ÷åò Øòàðê-
ýôôåêòà äëÿ àòîìà âîäîðîäà, íàòðèÿ è ýêñèòîíîâ Âàíüå-Ìîòòà (ïîëóïðîâîäíèê Cu

2
O) â 

îäíîðîäíîì ýëåêòðè÷åñêîì ïîëå. Íåîáû÷íûå îñîáåííîñòè â ñïåêòðå ôîòîèîíèçàöèè âî-
äîðîäîïîäîáíûõ ñèñòåì îïèñàíû íà îñíîâå àäåêâàòíîé êâàíòîâîé ìîäåëè. Ýíåðãèè âû-
ñîêî ëåæàùèõ ðåçîíàíñîâ â èîíèçàöèîííîì êîíòèíóóìå íàõîäÿòñÿ â õîðîøåì ñîãëàñèè ñ 
èçâåñòíûìè ýêñïåðèìåíòàëüíûìè äàííûìè Gross et al. Ðàññ÷èòàííûå øòàðêîâñêèå ñäâèãè 
äëÿ ðÿäà ñîñòîÿíèé ýêñèòîíà â ïîëóïðîâîäíèêå Cu

2
O (æåëòàÿ ñåðèÿ) â ýëåêòðè÷åñêîì ïîëå 

600 Â/ñì. Ïðåäñêàçàíà âîçìîæíîñòü ïðîÿâëåíèÿ íåîáû÷íûõ îñîáåííîñòåé â ñïåêòðàõ ýêñè-
òîíîâ Âàíüå-Ìîòòà âáëèçè ãðàíèöû èîíèçàöèè ïîñëåäíèõ. 

Êëþ÷åâûå ñëîâà: àòîì, ýêñèòîí Âàíüº-Ìîòòà, Øòàðê-ýôôåêò, ôîòîèîíèçàöèÿ 
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One could see that G/E   1/n even in the vicinity 
of the "new continuum" boundary (where n is the 
principal quantum number). This method is called 
the operator PT (OPT) approach [11,12]. It is very 
important to note that the hamiltonian H

0
 is defined 

so that it coincides with the general Hamiltonian H 
at ! " 0. (! is the electric field strength). Let us note 
that perturbation in OPT does not coincide with the 
electric field potential though they disappear simul-
taneously. An influence of the corresponding elec-
tric potential model function choice on the values 
of the Stark resonances energies and bandwidths 
does not significantly change the final results for the 
resonances shifts and widths [11,12]. All said above 
regards the Wannier-Mott exciton characteristics in 
semiconductors as well. 

In ref. [13-17] the OPT approach have been 
used for solution of the isotopes separation problem 
and an account of the non-hydrogenic effects was 
done as well as the improvement of the convergence 
procedure. In ref. [18-24] the OPT approach have 
been successfully used for studying new laser-elec-
tron nuclear spectral effects in thermalized plasma 
(speech is about new cooperative laser-electron- 
nuclear processes), new laser-electron-nuclear ef-
fects in atoms, ions and diatomic molecules. There 
is very effective application of the OPT approach 
in conjuction with S-matrix Gell-Mann and low 
formalism to studying the resonance states of com-
pound super-heavy nucleus and electron-positron 
pair production in heavy nucleus and ioons col-
lisions and under availibuility of the external su-
perintense electromagnetiv filed, when the EPPP 
chanell is opened [22-24]. 

In this paper we have used the OPT method 
[11,12] for studying and exact calculation of the 
DC Stark effect for hydrogen, sodium atoms and 
Wannier-Mott excitons in an external uniform DC 
electric field and the corresponding photoioniza-
tion spectra. New adequate model for description 
of the unique especialitites in the photoionization 
spectra of the atoms is proposed. It is found that 
the Stark shift for the n=2 state of excitons in the 
Cu

2
O semiconductor (yellow series) at the electric 

field strength 600 V/cm results in — 3,1 10 -4 eV 
which agrees well with experimental data of Gross 
et al. It is indicated also that the analogous unique 
especialitites may possibly take a place in the 
Wannier-Mott excitons spectra near the threshold 
boundary. 

Operator perturbation theory approach [10-13] 

As usually, the Schrodinger equation for the 
electronic eigen-function taking into account the 
uniform DC electric field and the field of the nu-
cleus (Coulomb units are used: a unit is h2 /Ze2 m 
and a unit of mZ2 e4 /h2 for energy) looks like: 

 [-(1 – N/Z) / r + ! z – 0,5# – E] $ = 0, (1) 

where E is the electronic energy, Z — charge of nu-
cleus, N — the number of electrons in atomic core. 
Our approach allow to use more adequate forms for 
the core potential (c.f.[25-27]), including the most 
consistent quantum electrodynamics procedure for 
construction of the optimized one-quasi-electron 
representation and ab initio core potential , provid-
ing a needed spectroscopic accuracy. For multielec-
tron atom one may introduce the ion core charge 
z*. According to standard quantum defect theory 
(c.f.[26]), relation between quantum defect value 
%
l
, electron energy E and principal quantum num-

ber n is: %
l
=n-z*(-2E)-1/2. As it is known, in an elec-

tric field all the electron states can be classified due 
to quantum numbers: n, n

1
, n

2
,m (principal, para-

bolic, azimuthal: n=n
1
+ n

2
+m+1). Then the quan-

tum defect in the parabolic co-ordinates &(n
1
n
2
m) is 

connected with the quantum defect value of the free 
(!=0) atom by the following relation [14]: 

' &(n
1
n
2
m)=(1/n)

1
2

, ;(2 1)( )
n

JM

J M m lm l

l m

l C
(

(
)

* %+ , J=

 =(n-1)/2, M=(n
1
-n

2
+m)/2. 

Naturally, it is possible to use more complicated 
forms for the ion core potential (c.f.[3,17]). After 
separation of variables, equation (1) in parabolic 
co-ordinates could be transformed to the system of 
two equations for the functions f and g: 

 f,, + 
| | 1m

t

*
 f, +

 +[0,5E + (-
1 
– N/Z) / t- 0,25 !(t) t] f = 0; (2) 

 g. + 
| | 1m

t

*
 g, +

 + [0,5E+-
2 
/ t + 0,25 !(t) t] g = 0, (3) 

coupled through the constraint on the separation 
constants: 

' -
1
+-

2
=1. 

For the uniform electric field ! (t) = !. In ref. 
[11], the uniform electric field ! in (3) and (4) was 
substituted by model function !(t) with param-

A. V. Glushkov , Ya. I. Lepikh, S. V. Ambrosov, O. P. Fedchuk, O. Yu. Khetselius, A. V. Ignatenko 
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eter / (/ = 1.5 t
2
) . Here we use similar function, 

which satisfies to necessary asymptotic conditions 
(c.f.[11,12]) : 

' !(t) = 
1

t
 ! 

2

2 2
( )t

t

0 1/
( / * /2 3/ *4 5

.  (4) 

Potential energy in equation (4) has the barrier. 
Two turning points for the classical motion along 
the 6 axis, t

1
 and t

2
 , at a given energy E are the so-

lutions of the quadratic equation (- = -
1, 
E = E

0)
. 

It should be mentioned that the final results do not 
depend on the parameter / . It is necessary to know 
two zeroth order EF of H

0
: bound state function 7

Eb
 

(!8 98 :) and scattering state function 7
Es

 (!8 68 :) 
with the same EE in order to calculate the width 
G of the concrete quasi-stationary state in the low-
est PT order. Firstly, one would have to define the 
EE of the expected bound state. It is the well known 
problem of states quantification in the case of the 
penetrable barrier. We solve the (2, 3) system here 
with the total Hamiltonian H using the conditions 
[11]: 

 f(t); 0 at t " <8 

' =x(-, E) / =E = 0,  (5) 

with 

 x(-, E) = 
t
lim
"<
 [g2 (t) + {g,(t) / k}2] t| m| + 1. 

These two conditions quantify the bounding 
energy E, with separation constant -

1
 . The fur-

ther procedure for this two-dimensional eigenvalue 
problem results in solving of the system of the ordi-
nary differential equations(2, 3) with probe pairs of 
E, -

1
. The bound state EE, eigenvalue -

1 
and EF for 

the zero order Hamiltonian H
0
 coincide with those 

for the total Hamiltonian H at ! " >, where all the 
states can be classified due to quantum numbers: n, 
n

1
, l , m (principal, parabolic, azimuthal) that are 

connected with E, -
1
, m by the well known expres-

sions. We preserve the n, n
1
 ,m states-classification 

in the !?0 case . The scattering states' functions 
must be orthogonal to the above defined bound 
state functions and to each other. According to the 
OPT ideology [11,12], the following form of g

E,s 
:is 

possible: 

 g
E,s(t) = g

1
 (t) — z

2
, g

2
(t),  (6) 

with f
E,s , and g

1
(t) satisfying the differential equa-

tions (2) and (3). The function g
2
(t) satisfies the 

non-homogeneous differential equation, which 
differs from (3) only by the right hand term, disap-

pearing at t "'<. The coefficient z
2
’ ensures the or-

thogonality condition and could be defined as [11]: 

 z
2
, = { @@dAd6 (A+6) f

 
2
Eb
(A)g

Eb 
(6)g

1 
(6) }/

 / {@@ dAd6 (A+6) f
 
2
Eb
(A)g

Eb 
(6)g

2 
(6) }.

The imaginary part of state energy in the lowest 
PT order is: 

 Im E = G/2 =B <7
Eb
 |H|7

Es
 2C ,  (7) 

with the general Hamiltonian H (G- resonance 
width). The state functions 7

Eb
 and 7

Es
 are assumed 

to be normalized to unity and by the &(k -k')-condi-
tion, accordingly.. The photoionization cross sec-
tion could be defined as follows: 

 

2

' 1

' '

, '

4 /137

0 | | [ | ] | | 0 ,

F

m l ll l m

l l

r r(

D ) B E F

F G 7 C G7 7 C G 7 C+
 

 (8) 

where |0> is the initial state of the atom, mr z)  for 

B-polarized light and (1/ 2)( )mr x iy) H for D-po-

larization; '

' |l lG 7 7 C - the overlap matrix of the 
set {7} (see details of its definition in [3] and cited 
ref. therein). Note then that the whole calculation 
procedure at known resonance energy E and sepa-
ration parameter -

 
has been reduced to the solution 

of one system of the ordinary differential equations. 
For its solution we use our numeral atomic code 
(“Superatom” package [3, 10-16,24-27]). 

Stark resonances energies and widths calculation 
results 

The calculation results for Stark resonances 
energies and bandwidths for some states of Í atom 
are presented in Tables 1. For comparison we have 
indicated the data, obtained within another ap-
proach — complex eigen-values and numerical 
calculation (c.f.[1,3,11]. In table 2 we present the 
calculation results for Stark resonances energies 
for some Rydberg states of Na atom in an electric 
field 3,59 kV/cm. For comparison we have also 
presented the experimental data [5], the results of 
calculation within the 1/n-expansion method by 
Popov etal , semi-empirical approach of Harmin 
(c.f. [5,14]). 

For the most long-living Stark resonances with 
quantum numbers n

2 
= 0

 
, m = 0, a width of energy 

level is significantly less than a distance between 
them. These states are mostly effectively populated 
by B-polarized light under transitions from states 
with (n

1
-n

2
) = max, m = 0. As a result, the sharp 
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isolated resonances (their positions under E>0 are 
determined by energies of quasi-stationary states 
with n

2
=0

 
, m=0) are appeared under photo ioniza-

tion from these states in a case of B-polarization. 
In particular, calculated values of photo ionization 
cross-sections (!=6,5 kV/cm.): (24, 23, 1, 0) DF= 
0,63 (atomic units), (24, 23, 0, 0) DF= 1,7 (atom-
ic units) [14]. In general, the agreement between 
theory and experiment is good. Let us note that our 
results are obtained in the first PT order, i.e. already 
the first PT order provides the physically reasonable 
results. 

 Table 1 
The energies E

r 
(at.units) and widths G (at.units)of 

Stark resonances of the hydrogen atom ina DC electric 
field with strength: !=6,5 kV/cm. 

(n n
1
 n

2
 m)

E, 
Ref. [5]

G , 
Ref. [5]

E , 
Present 
paper

G , 
Present 
paper

24,23,0,0 0,1192 0,2752 0,1194 0,2754

25,23,1,0 0,2748 1,0868 0,2749 1,0871

25,23,0,1 0,8298 0,7484 0,8301 0,7487

25,24,0,0 1,4329 0,4175 1,4331 0,4177

Table 2 
The energies (cm-1)of the Stark resonances for the Na 

atom (!=3,59 kV/cm): 
A-experimental data ; B- Popov et al; C- semi-

empirical approach of Harmin; 
D- OPT approach. 

State:n
1
n
2
m & A B C D

26,0,0 
25,0,1 
25,0,0 
24,0,1 
24,1,0 
24,0,0 
23,0,1 
23,0,0 
22,0,1 
22,1,1

0,140 
0,007 
0,145 
0,008 
0,130 
0,151 
0,008 
0,157 
0,009 
0,016

15,5 
21,1 
35,5 
41,1 
50,5 
56,5 
61,2 
79,3 
84,1 
75,0

15,5 
21,2 
35,6 
40,4 
50,3 
57,0 
60,7 
80,3 
83,1 
74,8

15,5 
21,2 
35,7 
40,5 
50,4 
57,2 
60,8 
80,6 
83,5 
74,9

15,5 
21,1 
35,5 
41,0 
50,5 
56,5 
61,1 
79,4 
83,9 
75,1

Wannier-Mott Excitons in a DC electric field 

The analogous method can is formulated for de-
scription of the Stark effect in the Wannier-Mott 
excitons in semiconductors (CdS, Cu

2
O). The Sch-

rodinger equation for the Wannier-Mott exciton 
has a standard form: 

 

2 2 * 2 2 *

2

[ / 2 / 2

/ ]

e e h h

eh e h

m m

e r eEr eEr E

( I ( I (

( ! ( ( 7 ) 7

  

.  (9) 

Here all notations are standard. A vector poten-
tial is as follows: A(r)=1/2 [Hr]. Under transition to 
system of exciton masses centre by means of intro-
ducing the relative coordinates: e hr r r) (  

 * * * *( ) /( ) 'e e h h e hm r m r m mJ ) * * , 

one could rewrite (9) as: 

 

2 2 2

* * 2 2

[ / 2 / / 2

(1/ 1/ ) ] [ /8 ]h e

e r

m m K p eEr F E K F

( I % ( ! ( F

F ( K ( ) ( %

  

 . 

This equation then could be solved by the 
method, described above. Preliminary estimates 
show that this approach, in a case of electric DC 
field, gives the results for Stark states in a reason-
able agreement with known results of Thomas and 
Hopfield (TH) [28]. According to our preliminary 
estimate, the Stark shift for the n=2 state of exci-
tons in the Cu

2
O semiconductor (yellow series) at 

the electric field strength 600 V/cm results in — 3,1 
10 -4 eV. This value agrees well with experimental 
data of Gross et al.[28]. Ionization of the exciton in 
an electric DC field occurs if a change of potential 
on a small enough distance (the orbits diameter) is 
comparable with a bonding energy of particle on 
this orbit. According to data of Gross et al., the 
corresponding electric field is ~ 9 103 V/cm. Our 
calculation agrees with this value. Near ionization 
boundary, a hydrogen atom demonstrates a behav-
iour of quantum chaotic system, including the dif-
fusion mechanism of ionization. Besides, for non-
hydrogen atoms, there are unique especialitites in 
the photoionization spectra (alkali atoms) [5,14]. 
Probably, the analogous unique especialitites may 
take a place in the Wannier-Mott excitons spectra 
in semiconductors (of Cu

2
O type) near the thresh-

old boundary. One could suppose very interesting 
mechanism of the exciton ionization under differ-
ent values of the electric field strength with possible 
positive energy resonances in spectra. 

Conclusions 

We have applied earlier developed the operator 
perturbation theory method [10-13] in numerical 
calculation of the DC Stark effect for hydrogen-like 
atoms and Wannier-Mott excitons in an external 
uniform DC electric field. We have demonstrated 
the existence of common features in behaviour of 
such a different physical objects as hydrogen atom, 
non-hydrogen (alkali) atoms and Wannier-Mott 
exciton under Stark effect caused by a DC electric 
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field.. The latter is to be the generator of the states 
mixture leading to the resonance states ionization 
threshold lying in the continuum, which can not be 
correctly described by standard available quantum-
mechanical methods [4] as specch is about suffi-
ciently strong fileds. 
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